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Abstract

The use of geometric invariants has recently played an important role in the
solution of classification problems in non-commutative ring theory. We construct
geometric invariants of non-commutative projectivizataions, a significant class of
examples in non-commutative algebraic geometry. More precisely, if S is an affine,
noetherian scheme, X is a separated, noetherian S-scheme, £ is a coherent Ox-
bimodule and Z C T'(€) is a graded ideal then we develop a compatibility theory
on adjoint squares in order to construct the functor I';, of flat families of truncated
T(€)/Z-point modules of length n + 1. For n > 1 we represent I';, as a closed
subscheme of Py2(£%"). The representing scheme is defined in terms of both 7,
and the bimodule Segre embedding, which we construct.

Truncating a truncated family of point modules of length i + 1 by taking its
first ¢ components defines a morphism I'; — T';_; which makes the set {T',,} an
inverse system. In order for the point modules of T(£)/Z to be parameterizable
by a scheme, this system must be eventually constant. In [20], we give sufficient
conditions for this system to be constant and show that these conditions are satisfied
when ProjT'(£)/Z is a quantum ruled surface. In this case, we show the point
modules over T'(£)/Z are parameterized by the closed points of Px2(E).
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CHAPTER 1

Introduction

Many solutions to classification problems in non-commutative ring theory have
recently been attained with the aid of geometric invariants. By associating to a
non-commutative ring a scheme whose geometric properties reflect the properties
of the ring, we may use the geometry of schemes to study the ring. The discovery of
geometric invariants associated to non-commutative rings has proved enormously
helpful in classifying non-commutative rings of low dimension. In [2, 3], this tech-
nique is used to classify domains of dimension two and to classify three dimensional
non-commutative rings which are close to commutative polynomial rings, including
three-dimensional Sklyanin algebras, the enveloping algebra of the Heisenberg Lie
algebra, and a significant class of three-dimensional iterated Ore extensions.

1.1. Geometric invariants in the absolute case

We recount the construction and use of geometric invariants of graded rings
over a field k given in [3]. Suppose V is a finite dimensional k-vector space, T'(V)
is the tensor algebra of V, I C T(V) is a homogeneous ideal and A = T'(V)/I.

DEFINITION 1.1. [3, Definition 3.8, p. 45] A graded right A-module M is a
point module if:

(1) it is generated in degree zero,

(2) My =k, and

(3) dim M; =1 for all ¢ > 0.
A truncated point module of length n + 1 is a module M satisfying (1) and
(2) above and whose Hilbert function is 1 if 0 <14 < n and 0 otherwise.

If A is commutative, an A-point module is isomorphic to a polynomial ring
in one variable, and is thus the coordinate ring of a closed point in Proj A. Fur-
thermore, if k is algebraically closed, the point modules of A are parameterized by
Proj A.

DEFINITION 1.2. [3, Definition 3.8, p. 45] Let R be a commutative k-algebra. A
flat family of A-point modules parameterized by SpecR is a graded R® A
module M, generated in degree zero, such that My = R and M; is locally free of
rank one for each ¢. Families of truncated point modules are defined similarly.

Let k denote the category of affine noetherian k-schemes.

DEFINITION 1.3. The assignment I';, : k — Sets sending U to

{isomorphism classes of truncated U-families of length n+1}

and sending f : V — U to the map T',(f) defined by T',,(f)[M] = [f*M], is the
functor of flat families of truncated A-point modules of length n + 1.
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2 1. INTRODUCTION

PROPOSITION 1.4. [3, Proposition 3.9, p. 46] The functor Ty, of flat families of
truncated A-modules of length n + 1 is representable. We abuse notation by letting
I',, denote the scheme representing the functor I'y,.

The scheme T, is a subscheme of Pgpeck (V)™ which depends on I,,, the nth
graded piece of I.

Truncating a truncated family of point modules of length i + 1 by taking its
first ¢ components defines a morphism I'; — T';_; which makes the set {T',,} an
inverse system. In order for the point modules of A to be parameterizable by a
scheme, this system must be eventually constant.

If A =T(V), then it is not hard to show that I';, = Pspeck (V)" for all n. In this
case, the inverse system {I',,} is never constant, and the point modules over A are
not parameterizable by a scheme. If A = S(V), the symmetric algebra of V| then
the truncation morphisms I'; — I';_; are isomorphisms for all 4 > 1. In particular,
T, = Pspeck (V) for all n > 1. Thus, the inverse limit, I', of the inverse system {T',, }
is just Pgpeck (V) = Proj A. This is not surprising in light of the fact that when A is
commutative and k is algebraically closed, the closed points of I' correspond to the
closed points of Proj A. Although I',, is relatively easy to compute in case A = T'(V)
or A = S(V), the computation of T';, is usually more complicated. Nevertheless,
Artin, Tate and Van den Bergh describe sufficient conditions for the inverse system
{T"s,} to be eventually constant [3, Propositions 3.5, 3.6, and 3.7, pp. 44-45]. They
then show that these conditions are satisfied when A is a regular algebra of global
dimension two or three generated in degree one. If A is a regular algebra of global
dimension two generated in degree one, the truncation map I';, — T's is an iso-
morphism, and T'; is the graph of an automorphism of P!. Furthermore, two such
algebras are isomorphic if and only if the conjugacy classes of the corresponding
automorphisms of P! are the same ([3, p.47-48]). Regular algebras of dimension
three generated in degree one are also classified by their associated point scheme,
but the description of their classification is more complicated than the dimension
two case [3, Theorem 3, p. 36].

While regular algebras of global dimension four generated in degree one are far
from classified, important classes of such algebras are characterized by their point
schemes and by higher dimensional geometric invariants. For a brief discussion of
work in this direction, see [23, 24].

1.2. Bimodules and algebras

The aim of this paper is to obtain a relative version of Proposition 1.4. More
precisely, if S is an affine, noetherian scheme, X is a separated, noetherian S-
scheme, & is a coherent Ox-bimodule, T'(£) is the tensor algebra of £ (Example
3.25) and Z C T'(€) is an ideal, then we associate to B = T(£)/Z a scheme of points
which specializes to Artin, Tate and Van den Bergh’s construction when S = X is
the spectrum of a field.

Important examples in noncommutative algebraic geometry are constructed
from B. For example, suppose X is a smooth curve over k and £ is an Ox-bimodule
which is locally free of rank two. If @ C £ ®p, £ is an invertible bimodule, then
the quotient B = T'(£)/(Q) is a bimodule algebra. A quantum ruled surface was
originally defined by Van den Bergh to be the quotient of GrmodB by direct limits of
modules which are zero in high degree [21, p.33], ProjB. In order that B has desired
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regularity properties, Patrick imposes the condition of admissibility on Q [21, Sec-
tion 2.3] and birationally classifies many instances of such quantum ruled surfaces
[22, Section 3]. In [20] we follow a suggestion of Van den Bergh by insisting that
Q be nondegenerate [20, Definition 2.17]. Quotients of four-dimensional Sklyanin
algebras by central homogeneous elements of degree two provide important exam-
ples of coordinate rings of quantum ruled surfaces in this sense [26, Theorem 7.4.1,
p. 29].

In order to describe our generalization of Proposition 1.4, we first describe
our generalization of a flat family of point modules. Just as when S = X is the
spectrum of a field, in order to define such a family, we need to know that if
f:V — U is a map of affine S-schemes, B is an Oy« x-bimodule algebra, and if
f=fxidy:VxX — UxX, then (f x f)*B inherits an Oy , x-bimodule algebra
structure from B. Because the definitions of the bimodule tensor product (Defini-
tion 3.5), the associativity isomorphisms of this product (Proposition 3.6), and the
left and right unit morphisms (3.5) are quite complicated, the fact that a bimodule
algebra can be lifted to a different base poses technical difficulties. However, the
compatibilities one needs in order to lift a bimodule algebra can be neatly described
in the language of indexed categories. The fact that a bimodule algebra can be lifted
reduces to the fact that associativity of the bimodule tensor product and the left
and right unit morphisms are indexed natural transformations. In order to prove
these facts, we define, in Chapter 2, the category of squares. After reviewing the
definitions of indexed category, indexed functor and indexed natural transforma-
tion, we give necessary conditions under which families of functors between indexed
categories are indexed (Proposition 2.25) and under which transformations associ-
ated to squares of indexed categories are indexed (Proposition 2.27). Since both
the bimodule tensor product associativity maps and the left and right unit maps
are a composition of transformations associated to squares, they can be shown to
be indexed (Proposition 3.37 and Proposition 3.38).

1.3. Geometric invariants in the relative case

Now suppose B is an Ogx x-bimodule algebra, U is a noetherian affine S scheme,
[ U — Sis the structure map, d : U — UxU is the diagonal map and f = fxidx :
UxX — 8 xX. Let BY = (f x f)*B.

DEFINITION. A family of B-point modules parameterized by U is a
graded BY-module My @ M; @ --- generated in degree zero such that, for each
1 > 0 there exists a map

g :U—X
and an invertible Op-module £; with £y = Oy and
M; = (idy X ¢;)«du L.

A family of truncated B-point modules of length n + 1 parameterized by
U is a graded BY-module My @ M; @ -- - generated in degree zero, such that for
each ¢ > 0 there exists a map
g :U—X
and an invertible Oy-module £; with £y & Oy,
M; = (idy X q;)«dsL;
for i <n and M; =0 for i > n.
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DEFINITION. Let S be the category of affine, noetherian S-schemes. The as-
signment I',, : S — Sets sending U to

{isomorphism classes of truncated U-families of length n+1}

and sending f : V — U to the map I',(f) defined by T, (f)[M] = [f*M)], is the
functor of flat families of truncated B-point modules of length n + 1.

We show that the functor I';, is representable. In order to describe the repre-
senting scheme, we introduce a generalization of the Segre embedding, which we
now proceed to describe. First, we need some definitions. If W is a scheme and A
is a quasi-coherent Oy -module, then we let SSupp A denote the scheme theoretic
support of A. Let p4 : Py (A) — W be the structure map.

DEFINITION. Let X, Y, and Z be schemes, suppose £ is a quasi-coherent
Ox «xy-module and F is a quasi-coherent Oy yz-module. We say that £ and F
have the affine direct image property if the restriction of the projection map
pryz to

SSupp(pry, "€ ® proyg*“F)
is affine.

We denote by
Pxxy (&) @y Pyxz(F)
the fiber product in the following diagram:

Pxxy(€) @y Pyxz(F

/\

Pxxy (€ Py z(F)
X xY Y xZ

N/
Y

We prove the following Theorem (Theorem 6.5):

THEOREM. Let £ be a quasi-coherent Oxyy-module and let F be a quasi-
coherent Oy y z-module such that £ and F have the affine direct image property.
Then there exists a canonical map

5:Pxxy(€) ®y Pyxz(F) = Pxxz(€ ®oy F)

such that s is a closed immersion which is functorial, compatible with base change,
and associative.

We call the map s in the previous theorem the bimodule Segre embedding.
The bimodule Segre embedding is uniquely determined by algebraic data (Theorem
6.5).

Our generalization of Proposition 1.4 takes on the following form: if we let
X =Y and define the trivial bimodule Segre embedding s : Px2(£)® — Py (E®1)
as the identity map, then we have Theorem 7.1:
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THEOREM. For n > 1, I',, is represented by the pullback of the diagram
Px2(€)%"

]sz (5@71/_’[”) —_— ]sz (5®n)

Now suppose S = Speck.

DEFINITION 1.5. A point module over B is an N-graded B-module My &
My @--- such that, for each ¢ > 0, the multiplication map M, ®o,,, x B1 — M1
is an epimorphism and M; = O,,, for some closed point p; € X.

As in the case when S = X = Speck, truncating a truncated family of point
modules of length ¢ 4+ 1 by taking its first ¢ components defines a morphism I'; —
I’;—1. This collection of morphisms makes the set {I';,} an inverse system. In order
for the point modules of B = T'(£)/Z to be parameterized by a scheme, this system
must be eventually constant. In [20], we prove, as suggested by Van den Bergh,
analogues of [3, Propositions 3.5, 3.6, and 3.7, pp. 44-45] in order to give sufficient
conditions for the inverse system {I',,} to be eventually constant. Our main result
in this direction is [20, Proposition 2.22, p. 775]:

PROPOSITION 1.6. (1) For n > m, Let p}, : 'y, — Ty, denote the map
induced by truncation. Assume that, for some d, pg‘H defines a closed
immersion from I g1 to g, thus identifying I g1 with a closed subscheme
E CTy. ThenTyyq defines a map o : E — Ty such that if (p1,...,pa) is
a point in F,

U(plv s 7pd) = (p27 o apd-‘rl)a

where (p1,...,pd+1) s the unique point of T'qy1 lying over (p1,...,pa) €
ry.

(2) If, in addition, o(E) C E, T is generated in degree < d and ' has linear
fibres [20, Definition 2.17, p. 773], then p}j : T';, — E is an isomorphism
for everyn >d+1.

In [20], we use Proposition 1.6 to show that, when ProjB is a ruled surface in
the sense of [20], the point modules over B are parameterized by the closed points
Of Px2 ((‘:) .

Van den Bergh has developed another definition of quantum ruled surface [27,
Definition 11.4, p.35], based on the notion of a non-commutative symmetric algebra
generated by &£, which does not depend on Q! Van den Bergh proves [27] that the
functor of flat families of B-point modules is represented by Px=2 (), without using
Theorem 7.1, then uses this parameterization to show that the category of graded
modules over a non-commutative symmetric algebra is noetherian. While Van den
Bergh’s proof is specific to non-commutative P!-bundles, our results apply to any
non-commutative projectivization.

1.4. Organization of the paper

In Chapter 2 we study the category of squares, and use the resulting theory to
provide conditions under which a family of functors between indexed categories is
indexed, and conditions under which a family of natural transformations associated
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to a square of indexed categories is indexed. In Chapter 3, after reviewing the
definitions and basic properties of bimodules and bimodule algebras, we use the
results of Chapter 2 to show that a bimodule algebra, and a module over a bimodule
algebra, may be lifted to a different base. This allows us to define I';,,. In Chapter
4 we show that T, is compatible with descent (Definition 4.1). This fact allows
us to deduce that I';, is representable by showing that a suitable subfunctor of T,
imbeds in the scheme of points which ostensibly represents I';,.

Now, suppose (Z); = 0 for i < n. In Chapter 5, we represent I'; for 0 < i < n.
The proof is technical and employs the compatibility result Corollary 2.10. In
Chapter 6 we define the bimodule Segre embedding and show that it is functorial,
associative and compatible with base change. These properties allow us to show
the map s : Px2(£)®" — Px2(E®™) is well defined. We then show, in Chapter 7,
that T'; is representable for ¢ > n.

1.5. Advice to the reader

Our attention to compatibilities tends to remove emphasis from the basic idea
behind the proof of Theorem 7.1. For the reader who wishes to ignore issues of
compatibility, we offer a list of items which can be read independently of the rest
of the paper, and which gives the reader the idea behind the proof of Theorem 7.1.
For those who want to read the complete proof of Theorem 7.1, we recommend first
reading this list of items before attempting to read the entire paper.

e Chapter 2: Introduction, Definition 2.3 through the definition of the “2-
cell dual to ®”, Examples 2.4 and 2.5.

e Chapter 3: Introduction, Section 3.1, Section 3.2, Section 3.4 through
the statement of Lemma 3.45, the statement of Proposition 3.46, and
Definition 3.47.

e Chapter 4: Through Section 4.3, Lemma 4.34 and Lemma 4.35.

e Chapter 5: Through the proof of Proposition 5.19, Step 2, and Proposition
5.20.

e Chapter 6: Through Section 6.1 (ignoring Example 6.3), Lemmas 6.13
and 6.22, and Propositions 6.23 and 6.24.

e Chapter 7: Everything except the proof that X" is natural in Proposition
7.4.

1.6. Notation and conventions

We will denote indexed categories by 2, 98, €, ..., indexed functors by §, &,
9, ... and indexed natural transformations (and ordinary natural transformations)
by A, ©, Q, .... We will denote categories and objects in 2-categories by A, B, C,

. and functors by F, G, H, .... We will denote objects in an ordinary category
by A, B, C, .... We will denote morphisms between objects «, 3, v, .... In a
2-category, 2-cells will be denoted by =, while 1-cells will be denoted by —. In
an ordinary category, morphisms will always be denoted by —.

There are four exceptions to the above conventions. If (F, G) is an adjoint pair
of functors with F' left adjoint to GG, then we denote its unit 2-cell by 7 : id = GF
and its counit 2-cell by € : FG = id, thus using lowercase Greek letters instead
of our usual uppercase. In addition, I';, will denote a functor, violating the usual
convention that upper-case Greek denotes a natural transformation. If f: Y — X
is a map of schemes, then f* and f, will denote extension and restriction of scalars,
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respectively. Similarly, if f : V' — U is a morphism in a category S and 2l is an
indexed category, then we write the induced functor f*AV — AV Finally, the map
of sheaves of rings associated to f, Ox — f.Oy will sometimes be denoted f#.

If C and D are categories and F': C — D and G : D — C are functors, then we
write (F,G) if F is left adjoint to G. In this case, we will often make use of the
fact that the compositions

Fx €% *G Gx*
(1.1) F=2por <= p G == GFG —= G

are identities ([16, IV.1 Theorem 1 (ii)]).

If X is a scheme, then we let QcohX denote the category of quasi-coherent
Ox-modules and we let CohX denote the category of coherent Ox-modules. We
say M is an Ox-module if M is a quasi-coherent O x-module.

Throughout this paper, S will denote an affine, noetherian scheme and, from
Chapter 3 onwards, S will denote the category of affine, noetherian S-schemes.
Unless otherwise stated, all schemes are S schemes so that products are over S. If
f:V = Uisamorphismin$, welet f=f xidx:V x X — U x X, and we let
f2: (VxX)x(VxX)— (UxX)x (Ux X) denote the map f x f. We will
reintroduce this notation throughout to avoid confusion.

If U is a scheme and Y is a U-scheme, then we denote the n-fold product of Y
over U by (Y)%. Thus, for example, (X x V)3 = (X xY) xy (X x Y). This is,
roughly speaking, the subscheme of (X x Y) x (X x Y) where the Y-coordinates
are equal.

We will often abuse notation as follows: if ¢ : U — X and r : U — Y are
morphisms of schemes and if d : U — U x U is the diagonal morphism, then we
sometimes write ¢ X 7 to denote the morphism (¢ x r)od : U — X x Y. When
this abuse is employed, we write ¢ x r : U — X x Y or we indicate that (¢ x ).
is a functor from the category of quasi-coherent Op-modules to the category of
quasi-coherent Ox wy-modules.

Acknowledgments. We thank M. Artin, C. Ingalls, D. Patrick, P. Perkins,
S.P. Smith, M. Van den Bergh and J. Zhang for numerous helpful conversations and
feedback on earlier versions of this paper. We thank the referee for their numerous
useful comments. We are especially indebted to S.P. Smith for suggesting the
study of points on quantum ruled surfaces, and for providing invaluable guidance
and support throughout the formulation of the ideas in this paper.







CHAPTER 2

Compatibilities on Squares

When working with several functors simultaneously, one sometimes finds dif-
ferent ways of constructing canonical natural transformations between their com-
positions. For example, let F': A — B be a functor and suppose (F, G) is an adjoint
pair with unit and counit (7, €). Then there are two obvious canonical morphisms
between F' and itself. There is an identity transformation idp : F' = F', and there
is also the transformation

Fx €x

where the symbol “x” denotes the horizontal product of natural transformations
(Definition 2.2). This map equals the identity transformation (Equation 1.1). We
call equalities of this kind compatibilities, although our use of this term is not
standard. More generally, we call any commuting diagram of canonical morphisms
between objects in a category a compatibility. Authors faced with potential com-
patibilities sometimes assume all such diagrams commute since tedious proofs of
the commutativity of such “natural” diagrams exist on a case by case basis. For
an example of confessions of these assumptions, see [11, Chap. IL.6].

The purpose of this chapter is to establish many of the compatibilities we need
in order to define and represent the functor I',,. Suppose X is a noetherian separated
scheme, f : V — U is a morphism of affine, noetherian schemes, f = f xidx and
B is an Oy« x-bimodule algebra. In order to define I';,,, we must show that fQ*B
inherits an Oy «x x-bimodule algebra structure from B. The proof of this fact reduces
to the verification that several large diagrams, one involving the associativity of the
bimodule tensor product, the others involving the left and right scalar multiplication
maps, commute. Rather then check these complicated compatibilities directly, we
note that both the associativity of the tensor product and the scalar multiplication
maps are composed of canonical maps (Proposition 3.6, Proposition 3.7), each of
which can be described as data associated to a square (Definition 2.3). Motivated
by this observation, we study squares in general. Since the compatibilities we must
verify are neatly stated in the language of indexed categories, we introduce this
language (Definitions 2.16, 2.19 and 2.21). Then, using the theory of squares we
have developed, we reduce the compatibilities we must verify to more easily checked
compatibilities (Propositions 2.25 and 2.27).

The definition of a square (Definition 2.3) is inspired by the following situation
in algebraic geometry: Let Y)Y’ Z and Z’ be schemes with maps between them as
in the following diagram:
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/

(2.1) y sy

ol

Z/T>Z'

Suppose that diagram (2.1) commutes. We then have the equality
@ : f*p/* = p*f/*
Applying p* to the left of this equation and p’* to the right, we have the equality

P = pp
Composing this with various adjointness maps, we have the 2-cell dual to ¢
induced by (2.1):
Vip'fo=p fd' 0" =00 f T =

We show (Lemma 2.8) that ® and ¥ are dual to each other. It is this duality which
allows us to reduce a property of ¥ to its dual ®. In the example above, since ® is
trivial, we expect ® to be an easier map to study then W. This expectation is not
disappointed (Corollary 3.36).

We employ various results from the theory of squares elsewhere. Corollary 2.10
allows us to establish useful compatibilities in the category of sets, and is crucial
in the proof that the bimodule Segre embedding has desired properties. We also
use the Corollary to show that our representation of T, is natural (Proposition
5.19). Propositions 2.13 and 2.14 allow us to relate the canonical and dual 2-cell of
a diagram to the canonical and dual 2-cells of various subdiagrams. These results
reflect the duality between ® and W.

2.1. 2-Categories

We review the definition of 2-categories since many of our results involve the
2-category of all categories. The following definition is from [7, Section 5].
DEFINITION 2.1. A 2-category T consists of the following data:

(1) A class of objects ob T,

(2) for each pair X, Y € obT, a category Hom(X,Y) whose objects, called 1-
morphisms, are represented by X I Y and whose morphisms, called
2-morphisms or 2-cells, are represented by

F
T
X {ay
~
G
subject to the following conditions:
(a) (Composition of 1-morphisms) Given a diagram

X—LEsy—Ss7

there exists a diagram

XGOFZ
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and this composition is associative,

(Identity for 1-morphisms) For each object X there is a 1-morphism
idy : X — X such that if F': X — Y is a 1-morphism, then F oidyx =
idy oF = F,

(Vertical composition of 2-morphisms) Given a diagram

F
/AN . .
X@Y there exists X \gﬂicb Y
H

and this composition is associative,
(Horizontal composition of 2-morphisms) Given a diagram

F G GoF
T T . TR
X Jay e z there exists X JJoxa 7
~__=7 ~_ 7 ~_Y 7
F’ [ed G'oF’

()

and this composition is associative,

(Identity for 2-morphisms) For every l-morphism F there is a 2-
morphism idg (or sometimes just F' or id when the context is clear)
such that, given a diagram

P
PN
X day iz
S~—7 ~—7
F' G

Ao idF = idF/ oA and idG *idF = idGoF,
(Compatibility between horizontal and vertical composition of 2-cells)
Given a diagram

F G
NADVALS

’ Y !
F" G"

we have (00 0) x (Ao A) = (0" xA')o (0% A).

Let Cat denote the category of categories, whose objects are (small) categories
and whose morphisms are functors between categories. If A and B are categories,
then the collection of functors between them, Hom(A, B) forms a category which has
natural transformations between functors as morphisms. We describe a horizontal
composition of natural transformations, #, (2d in Definition 2.1) which is associative
and satisfies 4e,f.

DEFINITION 2.2. Suppose we are given a diagram of categories, functors, and

/E\ A
X lay ez
~—7 ~—7

F’ G’



12 2. COMPATIBILITIES ON SQUARES

The horizontal composition of A and O, denoted © * A is defined, for every
object X of X, by the formula
(@ * A)X = @F’X e} G(AX) = G/(Ax) e} eFX

This composition makes Cat a 2-category [16, Theorem 1, p. 44].

2.2. The category of squares

We define the category of squares and describe some of its properties. Appli-
cations of the theory will be deferred to later chapters.
DEFINITION 2.3. Let Sq be the category defined as follows:

e The objects of Sq consist of
(1) a diagram of categories and functors

A
g
C

such that (F,G) and (F',G’) are adjoint pairs with units/counits
(n,€) and (1, €') respectively, and
(2) a pair of natural transformations

G/
—_—
-~ B

F/

ll

G
E—
-

F

D.

d:IG—GH V:F]—=HF'
such that ¥ is the composition

FIx oo € !

An object composed of this data will be denoted

el

We call @ the canonical 2-cell associated to (2.3) and we call ¥
the 2-cell dual to (2.3) or the 2-cell dual to .
e A morphism (J,9)

el T
(2.4) A "B — A_"B
F’ ad
Hl \<I> j[ H\L \5 l[
a\y Z\
c._"D C.___ D
F F

in Sq consists of
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(1) functors
JABED A B,C,D—AB,C,D

and
(2) natural transformations

— O — OF
FJD:>JCF F/JB:>JAF/
Oc Oqr  __
JDG —— GJC JBG/ —— G’JA
— Ox — o1
HJA:>JCH IJB:>JDI

such that the diagrams

(a)

n/xJB - _ FxOg
JBU:>G/F/JB FJDGAFGJC
JB*W/\“/ \H/G/*@Fl @F*Gﬂ H/E*Jc
JBG'F ==, G"JAF’ JCFG=——=J¢
@G/ * B’ Jc*e
and
(b)
I1JBG
Ty Y’
IG'JA JPIG
un’*ﬂ ﬂf’*@
GHJA JPGH
GJCH
commute.

Suppose (J, O) is a morphism (2.4) and (K, A) is a morphism whose domain equals
the codomain of (J,©). Suppose the codomain of (K, A) is the square

A E

Hl\% l
e

c_ "D

Then the composition (K, A) o (J,0) is defined to be the pair (KJ,E) where = is
defined as follows:
EE = (KC * @f) (e} (AE* JD)
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and Zp g1 are defined similarly, and
Eg = (Ag*J) o (KP xOg)

and Eg is defined similarly. It is an easy but tedious exercise to show that the
composition (K J, E) is actually a morphism. We call Sq the category of squares.

Remark. An arbitrary square (2.3) will have an arbitrary ®. Hence, calling ®
canonical might seem ill advised. However, the following examples show that there
exists a canonical choice for ® in important situations.

EXAMPLE 2.4. Let Y,Y’, Z and Z’ be schemes with maps between them as in
the following diagram:

(2.5) Y’ L> Y

A T> Z.
Suppose (2.5) commutes. If

@ : f*p/* ép*f/*
is equality, then

/

D«
QcohY”’ QcohY
pl*
f,*l \¢\ lf*
Px
QcohZ’ _ ~ QcohZ.

*

p

is a square. We sometimes call ® the canonical 2-cell induced by (2.5) or the
canonical 2-cell of the square induced by (2.5). We sometimes say ¥ is the
dual 2-cell to (2.5) or the dual 2-cell to the square induced by (2.5).

ExAMPLE 2.5. Let f:Y — X be a map of schemes. For each P in QcohY’, let
T fP® fim = fu(P® ).
be the natural transformation

f*lp®f** = f*f*(f*’P®f*7) = f*(f*f*'P®f*f*—) = f*(P® *)'
Then

fs
(2.6) QcohY i QcohX
N
‘I)P
id\
QcohX QcohX.
id

ﬂ(P@—)l lf{/’@—

is a square, and the dual to (2.6),
VP PR — = f(P®f'-)

is the projection formula.
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2.2.1. Elementary properties of squares.

LEMMA 2.6. If

N
Hl 2\ I
D.

—_—
-
F

A G
F

C
is an object in Sq, then the diagrams

Ixn' we!
I:"]G/F/ H&HF’G/

n*Iﬂ ﬂn*(IG’F/) e*H/W ﬂe*(HF'G')

/A nll ral
GFIWGFIG F FGHW FGHF'G

commute.

PROOF. We first prove the left diagram commutes. To prove this assertion, we
apply 2f of Definition 2.1 to the diagram

idg I

B/@MB%D

G'F’ GFI

and conclude that (nx I)xn' = (GFI+n')o(n*1I). But (n«I)xn =nx (I xn')
by 2d of Definition 2.1. We claim n * (I xn') = (n* IG'F’) o (I x7'). In fact, this
follows easily by applying 2f of Definition 2.1 to the diagram

idg I

B/%Bml)

G'F’ GFI

Thus, the left square does indeed commute. The proof that the right diagram
commutes is similar, and we omit it. O

Objects in the category Sq enjoy the following compatibilities:

ProrosITION 2.7. If
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is an object in Sq, then the diagrams

By * ’
| —2—= GFI FIG =25 HP' @
I*n'ﬂ/ \H,G*‘IJ F*(bﬂ/ H/H*e’
IG’F’ﬁGHF’ FGH?H

commute.

PROOF. We show the left diagram commutes. The argument that the right
diagram commutes is similar, so we omit it. We claim

’

VES «F'
I y IG'F S F GHF'

n*[ﬂ ﬂn*(lG’F’) “n*GHF’

Al !
GFI ? GFIG'F ﬁ GFGHF

commutes. For, by Lemma 2.6, the left square commutes, while the right square
commutes by naturality of n. Since

=8 gra &

is the identity map, the diagram

I : IG/F/ % GHF’

W*Iﬂ /WG*e*HF'

A nli /
GFI TGFIG F ﬁGFGHF

commutes also, which is just what we needed to establish. O

LEMMA 2.8. (Duality). Suppose

(2.7) A T

is a square. Then the map
f:Nat(IG',GH) — Nat(FI,HF")

sending ® : IG' = GH to the natural transformation ¥ : FI = HF' given by
the composition

FI 2 1o 228 pap s g

is a bijection whose inverse, g, sends VW : FI => HF"' to the composition

16 22X orre C2C o el qo.
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PROOF. We show that gf(®) = &. We must show that the diagram

(2.8) I 2 GH
n*IG'“ WGH*E/
GFIG GHF'G'

GFI*’/]’*G/“ /WG*e*HF/G/

GFIG'F'G’ W GFGHF'G'

commutes. We note that

G’ GH
n*IG/\H/ ﬂn*GH
GFIG =———=———=GFGH

G’FIG'*&'/W /WG'FGH*G/

GFIG'F'G’ W GFGHF'G’

commutes by naturality of 17 and ¢, so that

el 2 GH
n*IG'“ /W\G*E*H
GFIG' GFGH

GFx+®

GFI*U/*G/H /H\GFGH*e'

GFIG'F'G’ W GFGHF'G'

commutes also. Thus, the result will follow provided

H
/W Hxe'
exH
FGH HF'G
FGH*E’,W
exHF'G'
FGHF'G’

commutes, since we may attach G applied to this diagram to the right of the
previous one and recover diagram 2.8. This last diagram commutes by Lemma 2.6.
Thus gf = id as desired. O

Remark. Compare [13, 2.1, p.167].
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COROLLARY 2.9. If

is a square, then A : FI => HF' has the property that

FIG =% Hri @

(2.9)
mﬂ ﬂH

FGH?H

commutes if and only if A =¥, and © : IG' = GH has the property that

*1
[ ——— GFI

I*n'ﬂ ‘“/G*\IJ

IG'F —= GHF'
OxF

commutes if and only if © = ®.
PROOF. We establish the first assertion. The latter fact is proved in a similar

fashion. The diagram
= HEF'

FI
FIGF =2 g

F*@*F’ﬂ ﬂH*e/*F’

FGHF’ ? HF’

commutes: the top commutes by the naturality of ” while the bottom commutes
since (2.9) commutes. The right vertical is the identity while the left route is ¥, so
O

® = A. The converse holds by Proposition 2.7.

COROLLARY 2.10. If
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s a square, then the diagram

(2.10) Homa(F'B, A) Homg(B,G' A)
H()l ll()
Homc(HF'B, HA) Homp(IB,IG' A)

—O\IIB\L ltbAo—

Homc(FIB,HA) — Homp(IB,GHA)
whose horizontal maps are the adjoint isomorphisms, commutes.

PrOOF. Let
w:F'B— A.
Then p goes, via the left route of the diagram, to the map

xI G*xW GHpu
8- s N g S A

On the other hand, p goes, via the right route of the diagram, to the map

Ixn’ 1G’
8- g LM rara

((I)*F’)Bl lqu

GHF’BWGH.A

where the right square commutes by naturality of ®. To show that these two maps
are the same, it suffices to show that the diagram of functors

Ixn’
I —= IG'F

n*Iﬂ ﬂé*F’

GFIﬁGHF’

commutes. The commutivity of this diagram follows from Proposition 2.7. O

The Corollary asserts that the data in the hypothesis of Proposition 2.7 gives
an adjoint square [16, ex. 4. p.101].

LEMMA 2.11. If JABCD - A B, C.D — A,B,C,D are identity functors, Ox 7
are identity morphisms, @F,F,G,G' are isomorphisms, and if (J,0) defines a mor-
phism

G’ G’

A T B - A T B
N N ——
Hl \\\\}; l] H\L \%l i]
A\ 3\

C. D C_ D.
F 7
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in Sq then the diagrams

no o _  FxOg __
(2.11) id ——= G'F e —2FG
n,“ ﬂm@p @F*Gﬂ ﬂg
G'F = F FG=—=>1d
(")G/*F
and
Ox*1

HF =55 HF’

commute.

PROOF. In the proof, all 2-morphisms will be either a unit, a counit or ©.
Since it will be clear which is which, we will not label the maps. Suppose O is a
morphism. Then, by definition of a morphism, (2.11) and

IG' —= |G’

|

commute. Thus, the top center of the diagram

FI=—= FIG'F' == FGHF' =—= HF'

L

FIG'F' == FGHF'

I

FI=—=FIG'F ——= FGHF' ——= HF'
commutes. The bottom center of this diagram commutes by naturality of ©%. The

fact that the left and right rectangles of the diagram commute follows readily from
(2.11) so we omit the details. O

DEFINITION 2.12. Fix categories A, B, C and D. Let Sq(A,B,C,D) be the
subset of ObSq consisting of all objects of the form

el

We introduce three composition laws between various Sq-categories. There is
a vertical composition from an appropriate subset of

Sq(A7 B7 C7 D) X Sq(c7 D’ E) F)
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to Sq(A, B, E, F) a horizontal composition from a subset of
Sq(A,B,C,D) x Sq(B,E,D,F)

to Sq(A, E, C, F) and a rotation from a subset of Sq(A, B, C,D) to Sq(B, D, A, C). We
now describe these laws.

PROPOSITION 2.13. (Vertical composition of squares). Suppose

GII
A -
Hl \\\{I)t l]
N\
C D

il

is an element of Sq(A, B, C,D) while

is an element of Sq(C, D, E,F). If we define
d° = (®* x H) o (K * ®)

then

is an element of Sq(A, B, E, F) which has
WO = (J % U)o (Wb x1).

PROOF. Our strategy is to show three diagrams commute, then arrange them
left to right and note that the top circuit of this large diagram equals

(J % W) o (U0 % 1)
while the bottom circuit equals ¥°. First, the diagram

FKxn'sI

FKI*n”ﬂ HFKG’*\I/t

FKIG'F" ﬁ FKG'HF"
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commutes by Proposition 2.7. Next, the diagram

oL
FRG P =20 pGIFT

FKG’*\I/‘ﬂ

FKG'HF" FGJxUt

Fx®°«HF"
FK+®'«F"

FKIG'F" g FGJHF"

commutes, as follows: The top commutes by 2ef of Definition 2.1, while the bottom
commutes by hypothesis. Finally, the diagram

FGJ*\I/tﬂ ﬂ.l*‘lﬂ’

FGJHF" T JHE"

commutes, by naturality of e. Combining these three diagrams left to right, we
note that
Vs T =(ex JF'I)o (F+® « F'T)o (FK x1 % 1)
is just the top row of morphisms of this large diagram, while
VO = (ex JHF") o (F*®°+« F")o (FKI*n"),
is the bottom route. The assertion follows. O

The proof of the following result is similar, so we omit it.

PROPOSITION 2.14. (Horizontal composition of squares). Suppose

G/ G///
A _ and B _ "E
Hl \\\qﬂ l[ l \\gb" iJ
N\y N
C_ D D_ F
F F//

are elements of Sq(A, B, C,D) and Sq(B, E,D,F) respectively. If we let
P° = (G" + D)o (d" x G)

then
G///G/

I

B

g
D
FFN

is an element of Sq(B,E, D, F) such that
PO — (\I/l % F///) o (F* \I/T).

[ 4

E
F

ledd

e/*q

By
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Remark. We have assumed that the unit and counit of (F'F"",G"'G') are the
canonical unit and counit one gets by composing adjoint pairs [16, Theorem 1,

p.101].
PROPOSITION 2.15. (Rotation). Let
Gl

be an object in Sq(A, B, C,D) such that I has left adjoint I and unit/counit (nz,er)

while H has left adjoint H and unit/counit (ng,eg). If @ = U, then

B I
D

el N
A
A_

H

C

is an object of Sq(B,D, A, C) such that

HF«®xF'T — _
HFGHFE'I

H(EHO(H*E*H))*F/I

(2.13) HFIG'F'T
HF*((I*n'*I)onI)/W

HF —

F'I

commutes.
PRrOOF. By Proposition 2.7 applied to the square
Gl

(2.14) A
Hl \\\\F l]
C

we know the diagram
HFsnxIT

— HF»np . _ — —

(2.15)
“FFG*W*T

ﬁFI*n’*T\H]
HFIG'F']————=>HFGHF'IT
HFx®xF'T
“ﬁ*e*HF'T

EHF/T _ F/T

eg*F'T

commutes. Since the bottom route of this diagram is exactly the top route of (2.13),
it suffices to show that the top route of (2.15) equals U2, If we can show that the
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second, third and fourth maps of the top route of (2.15) equals H * ¥ % I, then
the assertion will follow from the definition of . To show the second, third and
fourth map of the top route of (2.15) equals H * ¥ x I, it suffices to show that the
composition

FI

ﬂF*n*I

FGFI

HFG*\I/

HF' <= FGHF'
exHF

equals W. This follows from the commutivity of

FI

\H]F*n*]
exFI

FI <—— FGFI

l Jrees

HF' <= FGHF'
exHF

2.3. Indexed categories

We define the terms indexed category, indexed functor, and indexed natural
transformation. We give relevant examples of the above terms. In the next section
we will use some of the consequences of Proposition 2.7 to give criteria as to when
a family of functors or natural transformations is indexed (Propositions 2.25 and
2.27).

DEFINITION 2.16. [17, p.63] Let S be a category with finite limits. An S-
indexed category, %, consists of the following data:

(1) for each W € S, a category AW,

(2) for each f : W — V in S a functor f* : AV — AW called an induced
functor

(3) for each composable pair

g f

W—V—U

in S, a natural isomorphism Zy , : ¢* f* = (fg)*,
(4) for each W in S, a natural isomorphism Ty : (1 )* = 1w,

subject to the following compatibilities:
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(C1) for each composable triple X h w g 14 ! U in S, the dia-

gram

T .
h*g* f* =% h*(fg)

Eg.hf*“ “Efg,h

(gh)"f* == (fgh)"

Ef.gh
commutes, and

(C2) foreach f: V — U in S,
S5 =Ty

Note that we have not specified a category structure on 2, so that an indexed
category is not a category.

LEMMA 2.17. [15, (3.6.2), p.104] Suppose X, Y and Z are ringed spaces with
maps between them
g f

X—Y ——2Z.

Then there is a unique isomorphism g* f* = (fg)* making the diagrams

(f9)*(f9) == 9" [*(f9) == ¢" " .9+

ﬂ |

idQeohx 9" g« G f4gx
and
(f9)«(f9)" <= (f9)+g"[* == fug.g" [*
idQcth f*f* f*g*g*f*
commute.

PROOF. Since (fg)« = figs, the unique isomorphism ¢* f* = (fg)* is due to
the uniqueness of the left adjoint of a given right adjoint. O

The following example will be used in the next chapter to define I',,.

EXAMPLE 2.18. Suppose I = {1,...,n}, {X;},.; are schemes and U is an affine
noetherian scheme. We remind the reader that x,;(U x X;)y is the product of the
n spaces U xg X; over U. Let S denote the category of affine noetherian schemes,
and let x;X; denote the indexed category defined by the following data: for each
Ues, let

XiXiU = QCOh X (U Xs Xi)U-
Foreach f:V — U in S, let
f=xi(f x1x,): x(V x X))y — x3(U x X;),

and let
=1 (aX)V = (X))
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For each composable pair

w2y -ty

in S and each object M in (x;X;)Y, let
Efgm g [TM— (fg)"M

be the isomorphism constructed in Lemma 2.17. Finally, for each U in S and each
object M in (x;X)Y, let

Tun: (lu)"M—1,xoM
be the canonical isomorphism of O, x,),-modules
Oxi(UXXi)U ®O><,;(U><X7;)U M= M.

To verify that x;X; is an S-indexed category, we must verify that our morphisms =
and Y satisfy conditions (C'1) and (C2). These conditions may be checked locally,
and x;X; is indeed an S-indexed category.

DEFINITION 2.19. [17, p.63-64] Suppose 2 and B are indexed categories. A
weakly indexed functor § : 2 — B consists of the following data:
(1) for each W € S, a functor FW,
(2) for each f: W — V in S a natural transformation
Ap: f*FV = FW f~
subject to the condition

(F) for each composable pair
w—Lsv Lo

in S, the diagram

* L3k Ef’ FU *
g f*FY == (fg)"FY

g*Afﬂ

g*FVf* Agg

o]

R FY(fg)*
commutes. If Ay is an isomorphism for all f in S, then we say § is
indexed.

EXAMPLE 2.20. We retain the notation from Example 2.18. Suppose X and Y
are noetherian schemes. We define an S-indexed functor, § : X — ). Let F be an
Ox —Oy-bimodule (3.4). For U,V € S, suppose p : (UxX)xy (UxY) = X xY is
the projection map and, for each U € S, let pr;V : (UxX)xy(UxY) — UxX,UxY
be the standard projection map. If

FY = pr,Y (pr,V" — @p* F) : QecohU x X — QcohlU x Y,
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then we check that § satisfies Definition 2.19, 2. Suppose f : V — U is a morphism
inS, fx = f xidx, fy = f xidy, fxy = fx X fy and suppose M is an Oy« x-
module. Since

fxy

(2.16) (VxX)xy (VxY)—=(UxX)xy(UxY)
VxY r UxY

is a pull-back diagram, we will later show (Proposition 3.3) the dual 2-cell of the
square induced by (2.16), applied to the functor prlU* — @p*F,

* * *
UprY, fry (o - @p*F) =
* *
frrpnY (o7 = @p* F) = Y,

is an isomorphism. On the other hand, there is a natural isomorphism

* * *

pryY, fxy (pr Y — @p*F) = FV fx".

Composing these maps, we have a natural isomorphism

Af : fy*FU = FVfX*
as desired. We will show in Lemma 3.33 that these maps satisfy (F).

DEFINITION 2.21. [17, p.64] Suppose §,F : 2A — B are two weakly indexed
functors. An indexed natural transformation A : § = § consists of a natural
transformation AU : FU = F'Y for each U € S such that for each f:V — U in
S,

* AU
(2.17) fEV LSS pprt

Afﬂ HM

FV *: 1V e
A A
comimutes.

We mention a convention we will employ. Suppose we are given, for each
U € S, a category AV, and for each morphism f : V — U in S we are given a
functor f* : AV — AV. If we show that this assignment satisfies the axioms of an
indexed category, then we will write 2 for the resulting indexed category.

S-indexed categories, functors, and natural transformations form a 2-category
in an obvious way [8, p.45]. For example, if 2, B and € are S-indexed categories,
f:V = Uisamorphismin S, § : 2 — 9B is a weakly indexed functor with indexed
structure A? : f*FU = FVf* and & : B — € is a weakly indexed functor with
indexed structure A]Cf : f*GY = GV f*, then the indexed structure of &F is given
by the composition

AGFY GV *AF
(2.18) fFGUVFV == GV f*FV =—= GV FV f~.

We make use of this fact routinely.
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EXAMPLE 2.22. Retain the notation of Example 2.18. Suppose J C [ =
{1,...,n} and, for each U € S, pr¥ : x;e1(U x X;)u — Xies(U x X;)y denotes
projection. Then the S-indexed set {pr{*} induces, given the obvious A in Defini-
tion 2.19, an indexed functor pr¥% : X;ejXi — x;crXi. It is easy to prove this by
localizing, since the localization of a sheaf under an inverse image functor is easy
to describe in terms of the localization of the sheaf. Similarly, if P is in Qcoh x; X,
and if p! : U x X; — X; is projection, then — 0., wxxp (x;p¥)*P induces an
S-indexed functor, as above. Thus, compositions of these functors are indexed.
Similarly, if there is some family of natural transformations (indexed by S) between
two such indexed functors, then one can check whether or not such a family of
transformations is indexed by localizing. We will routinely suppress these sorts of
computations.

Although we will not make use of this fact, we mention that indexed cate-
gories have a coherence theorem ([17, Theorem, p.61]) for diagrams involving Z’s
(Definition 2.16, (3)), Y’s (Definition 2.16, (4)) and ©’s (Definition 2.19, (2)).

2.4. Squares of indexed categories

In the next chapter, we will have many examples of families of functors whose
ostensible indexing structure, A (Definition 2.19 (2)), happens to be the dual 2-cell
of some square of indexed categories (Definition 2.26). We show that the family
of canonical 2-cells associated to a square of indexed categories is indexed if and
only if the family of dual 2-cells is indexed (Corollary 2.27). We also give sufficient
conditions for a family of functors between indexed categories to be weakly indexed
(Proposition 2.25).

DEFINITION 2.23. An indexed category is said to be adjointed if for each
f:V — U in S, there is an adjoint pair (f*, f.) with unit and counit (n¢,ey)
where f* is the functor induced by f, such that there is a natural isomorphism
Qg (fg)« = frg. which induces Zy 4 : ¢* f* => (fg)* and such that if

wtsy oy

are morphisms in S, then the pair associated to fg is ((f¢)*(fg)«) with unit and
counit

(2.19) (g *Epg) o (Ferng* f*) ong, €0 (9" % €p % g2) 0 Fj g Q).

EXAMPLE 2.24. By Lemma 2.17, the indexed category X" is adjointed. More
generally, if S is the category of schemes, it is easy to show that the assignment
W €S — QcohW makes S an index for an indexed category, & which, in light of
Lemma 2.17, is naturally adjointed.

PRrROPOSITION 2.25. Let A and 9B be S-indexed, adjointed categories. Suppose,
for each U € S, there is a functor HY : AV — BY. In addition, suppose for each
morphism f:V — U in S, there is a natural transformation

o HY f. = f.HY
such that if

A Ay
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is a diagram of objects and morphisms in S, then

HY (fg). =2 (fg), HY

ﬂQ*HW

HY+Q feg HY

=2

HUf*g*ﬁf*va*

commutes. Let
U, f*HY = HY f*
be the dual 2-cell of the square

Then W gives the set {HY} the structure of a weakly indexed functor.
PRrROOF. Let
g f
W—V—U
be a diagram of objects and morphisms in S and consider the horizontal diagram

gx fx
AW AV AU
le \gg le\\‘I{f lHU
g*\ f*\
BW BY BY
g" f

The horizontal composition of these squares is the square
frgs
—
W o<
A s AU
le \cb\ l HY
BW fs9- RU
g f
with unit/counits (7, €), where

D = (fuxPy) o (Dy *gu).
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Suppose ¥ is dual to ®. By Proposition 2.14, the diagram

N4

g*f*HU HWg*f*
g*HVf*

commutes. Thus, to complete the proof, we must show that the diagram

v

Ef_,g*HUﬂ ﬂHWEM

(f9) HY === H"(fg)"

commutes. By Lemma 2.11, in order to show this diagram commutes, it suffices
to show that the data JA" A”B":BY — 1d . AW AU BW BU — AW AU BW BU,
O(rg) = E;’;, Ot.q. = Q;;, Opw gu equal identity transformations, defines a
morphism (J, 0)

frgs (fg)«

— _—
AV AT — AV Trg AU
N N

- -

g fr (f9)”

We proceed to show (J,0) is a morphism. Since 2 and B are adjointed, the
diagrams

= Q*Q’lg
id =———=(f9).(f9)" 9 F* foge ——L25 (f9)*(f9)-
ﬁﬂ ﬂ(fg)**Ef.g eﬂ ﬂe
Je9:9" ™ ﬁ(fg)*g*f* id = id

fi9

commute. Thus, we need only show that the other data defining a morphism,
HUf*g* s HU(fg)*

ﬂ

f*va*

ﬂ

commutes. This is true by hypothesis. Thus, the hypothesis of Lemma 2.11 are
satisfied by (J,0) so (J,©) is a morphism and the result follows. O
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DEFINITION 2.26. Suppose 2, B, € and D are S-indexed categories, §, &, 9
and J are S-indexed,  and &’ are weakly S-indexed, and for each U € S,

AV T gU

Ul\’f l
H D I

—__ D

6,
A _ 7B
N
H J
_ %X
c_. D
s

such that for each morphism f: V — U in S, the diagrams

(2.20)
* e VY fr FV f*qU % FYGY f*
f*m,/Uﬂ HG’V*AfF’l AfF_l*GUﬂ “ev*f*
el v GV JRIGY === I

where A gives the indexed structure of the various (weakly) indexed functors, com-
mute.

Remark. If

is a square of indexed functors, then € and 7’ are indexed natural transformations
by (2.20).

PROPOSITION 2.27. Suppose

6/
(2.21) A — B
N
H J
_ %3
¢ )
S

is a square of indexed categories. Then ® : J& — & is an indezed natural
transformation if and only if U : §J = HF' is an indezed natural transformation.
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PROOF. Since (2.21) is a square of indexed categories, € and 7’ are indexed
natural transformations. Thus, by definition of ¥, the fact that ® is indexed implies
U is indexed.

Conversely, since, for every f : V — U in S, the diagrams (2.20) commute, then
by Corollary 2.9,

G/U GU
AU o BU and cv & DY
f*l \AG/ lf* f*l \AG lf*
™\ a™\y
AV ___ " BY cv___ " D".
F/V FV

are squares with duals (AF")~1 and (AF)~! respectively. Thus, by Proposition 2.7,
the diagrams

V*f* F/V A
I :>77 GVFVf* F’Vf*G/U :}F/VG/V]E*
f**nU“ \H/GV*A}FI A?II*G’Uﬂ “E/V*‘f*
* YU U V gx U « U ~U *

commute also. Thus, 7 and € are indexed so that by definition of ¥, the fact that
¥ is indexed implies ® is indexed. (I

The following easy result gives criteria for a family of squares to be a square of
indexed categories.

LEMMA 2.28. Suppose 2, B, € and D are S-indezed categories, §, §, &, &,
$ and T are S-indezed functors, and, for each U € S,

G/U
(2.22) AU~ gUu

HUJ( \gUU lIU
\y
CU - DY

FU

is a square. Then this data defines a square of indexed categories if and only if, for
all f:V —=-U

G/U GU
(2.23) AV T RU and (S » 1%

AG
'™\ GV\
AV v __"bv.

BV
F/V FV

are squares with duals (AT )~1 and (AF)~! respectively.
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PROOF. Suppose (2.23) are squares with duals (AF/)_1 and (AF)~! respec-
tively. Then the diagrams

(2.24)
£ ALY NN VY FV f+GU ALY SR FYGY f*
f**n’”ﬂ HG’V*AF/l AFI*GUH ﬂev*f*
f*G’UF’UﬁG'Vf*F’U f*FUGUf**E:U>f*

must commute by Proposition 2.7 so that (2.22) defines a square of indexed cate-
gories.

Conversely, if (2.22) defines a square of indexed categories, (2.24) commutes by
definition. O






CHAPTER 3

Construction of the Functor I',,

All schemes introduced in this chapter are separated, noetherian schemes. As
before, we let S denote the category of affine noetherian schemes. We use the results
in the previous chapter to define the functor I',,. After we review the definition of
bimodule and bimodule algebra and give basic properties of these objects, we show
that if f : V — U is amorphism in S, f = fxidy : Vx X — U x X, B
is an Oy x-bimodule algebra (Definition 3.19) and M is a B-module (Definition
3.19), then f2*B inherits a bimodule algebra structure from B and f*M inherits a
f2*B-module structure from M (Theorem 3.39). These observations are required
in order to define I';, (Definition 3.47) and this definition concludes the chapter.

3.1. Bimodules

We define the term bimodule. We use a slightly different notion than that
appearing in [26].

DEFINITION 3.1. Let Y be a scheme, and suppose M’ is a coherent Oy -module.
Then the set Supp M’ is closed ([12, Proposition 1.22 i]). From now on, we abuse
notation by calling this closed set with the induced reduced scheme structure Supp

M.

DEFINITION 3.2. Let f : Y — X be a morphism of schemes and let M be
a quasi-coherent Oy-module. We say M is relatively locally affine (rla) for
f, if for all coherent M’ C M one has that f|Supp v is affine. We call the full
subcategory of QcohY consisting of all quasi-coherent Oy-modules which are rla
with respect to f rlay.

Compare [26, Definition 2.1, p.439].

The next result is a variation on [26, Proposition 2.2]. The only difference
is that we work with maps that are relatively locally affine, while Van den Bergh
works with relatively locally finite maps. The proof of the following result is the
same as that appearing in [26].

PROPOSITION 3.3. Let Z, Z', and Y be schemes, andlet f:Y — Z,p:Z' — Z
be morphisms.

(1) (Projection formula) If M is an Oy -module, rla for f, and N is a quasi-
coherent O z-module, then the map

(3.1) Uy fiM @0, N = fu(M R0, [*N)

appearing in Fxample 2.5 is an isomorphism.

35
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(2) (Base change) If there is a pullback diagram

Y/LY

s

Z7'——=>Z

and if M is a quasi-coherent Oy -module, rla for f, then p'* M is rla for
f', and the map

(3.2) Upg:p*fuM — f 0" M
dual to ® in Fxample 2./ is an isomorphism.

Remark. In the previous proposition, it is important that the maps (3.1) and
(3.2) are those constructed in Examples 2.4 and 2.5 respectively. With these choices
of maps, one can show that the tensor product of bimodules is associative in such a
way that the associativity isomorphisms satisfy MacLane’s pentagon axiom (Propo-
sition 3.6). Thus, the category of Ox-bimodules is a monoidal category with its
tensor product. This allows us to define an Ox-bimodule algebra as an algebra
object in this monoidal category.

We now define bimodules. Our definition is essentially the same as [26, Defini-
tion 2.3, p.440].

DEFINITION 3.4. Let X and Y be schemes. An Og-central Ox—0Oy-bimodule,
or just an Ox — Oy-bimodule when the base S is understood, is a quasi-coherent
Ox x gy-module, rla for the projections pry 5 : X x5V — X, Y.

For completeness, we define the tensor product of bimodules and prove some
basic facts about this product. The following Definition and Proposition are from
[26]. For the remainder of Section 3.1, let pr;; : X x Y xZ — X xY, Y x Z, X x Z
be the standard projections.

DEFINITION 3.5. [26, p.442] If M is an Ox — Oy-bimodule and A is an Oy —
Oz-bimodule then the tensor product of M and N is an Ox — Oz-bimodule,
defined by

M Koy N = prlB*(prm*M QOxxyxz pr23*./\/).

Suppose M is an Oy-module and NV is an Oy — Oz-bimodule. If pr; : Y x Z —
Y, Z is a projection, then we define

M Koy N = pI‘2*(pI‘>{M ROy xz N)
Associativity of the tensor product is established using only the canonical isomor-
phisms in Proposition 3.3. For the readers convenience, we include the proof of this
fact appearing in [26].
PROPOSITION 3.6. [26, Proposition 2.5, p.442] The tensor product of bimodules

is associative and satisfies MacLane’s pentagon axiom. The tensor product of a
coherent module to the left of two coherent bimodules is associative.

PROOF. Let X7, Xo, X5 and X4 be schemes. For I C {1,2,3,4} denote by X;
the product x;e;X; and for I C J C {1,2,3,4} let pry{ be the projection X; — X;.
Let M; ;11 be an Og-central Ox, — Ox,, ,-bimodule. Then

(M2 ®oy, Maz) ®oy, Mas
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is by definition,
(3.3)  prifi(pri3 ¥ prizs(pris’ Mz ®oy,,, Pras’ Mas) ®ox,,, Praf Maa).
By Proposition 3.3 (2) applied to the diagram

X934 — X923

L

Xz — X33

it follows that
134%__ 123 1234 1234x
Priz  Prigy = Pri34,Priss

hence (3.3) is isomorphic to
134, 1234 1234%( 123+ 123+ 134
Priyy (Prizasprizs  (Priz” Miz ®ox,,, Prag” Mas) @oy,,, Pray Mas) =

134/ 1234, 1234x 1234% 134+
(3.4) priy, (Prise, (Priz” "Miz ®oy .. Praz” " Mas) ®oy, .. Pray Maa).

Applying the projection formula (Proposition 3.3 (1)) for pri33* shows that (3.4) is
isomorphic to
P11 (P13 (Pri3™ Miz o5, Pras™ Moz ®0x,,,, Prisi Prsi’ Mad)) =

1234 1234x 1234+ 12345
prigy (Pria” Miz ®ox,,,, Praz” Mas ®oy,,, Pras” Maa).

A similar computation shows that we get the same result if we start from
Mz ®oy, (Mas ®oy, Maa).
This yields a natural isomorphism between
(M2 ®oy, Maz) ®oy, Mas
and
Miz2 ®oy, (Ma3 @0y, Maa).
An easy, but very tedious verification shows that this isomorphism satisfies the

pentagon axiom.
The final assertion is proven in a similar way. ([l

Ox — Oy-bimodules also have left and right multiplication maps which we now
describe.

PROPOSITION 3.7. [26, Definition 3.1, p.449] Suppose X and Y are schemes,
d:Y — Y XY is the diagonal, B is any Ox xy-module and C is any Oy x x -module.
There exist natural isomorphisms O, : d.Oy ®o0, C — C and ,O : BQo, d.Oy — B
called the left and right Ox -linear multiplication maps or the left and right scalar
multiplication maps. Similarly, if M is any Oy-module, there erists a natural
isomorphism ,0 : M ®p, d.Oy — M.

PrOOF. We describe the left multiplication map. The construction of the right
multiplication map is similar, so we omit it. Let e = idx x d. We note that there
is a pullback diagram

XxYy 22 oy

X xY? r>y2.
23
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Thus,

(3.5) Py, (PrieB @ prigd.Ox) = pryg, (prisB @ e.pr;Ox)
= pryg.e«(e"prisB @ pryOx)
= e'prizB @ priOx.

where the first isomorphism is induced by the canonical isomorphism (Proposition
3.3 (2)) while the second isomorphism is the projection formula (Proposition 3.3
(1)). Now, priOx = Ox2 and prise = id so e*pr3; B pryOx = 5.

The assertion involving M is proved in a similar fashion. 0

We show that bimodule tensor products share various properties with ordinary
tensor products of modules. To this end, we introduce the scheme theoretic support
of a bimodule.

PROPOSITION 3.8. [12, Proposition 1.27, p. 59] Let F be a coherent Ox -
module. Let T be the annihilator of F. Give Supp F the topology it inherits from
X, and let i : SuppF — X be inclusion. Then (SuppF,i 1 (Ox/I)) is a closed
subscheme of X.

DEFINITION 3.9. Keep notation as in Proposition 3.8. The scheme theoretic
support of F, denoted SSupp F, is the scheme (Supp F,i~}(Ox/T)).

LEMMA 3.10. Let i : Z — X be a closed immersion of schemes which is a
homeomorphism on spaces. If U C Z is affine, and if i(U) is not affine in X, then
there exists a point p € U such that Oz, = 0. In particular, if Y is noetherian, A
is a coherent Oy -module,

i : Supp A — SSupp A

is inclusion, and U C Supp A is affine, then i(U) C SSupp A is affine.

PROOF. We begin by showing that the second claim follows from the first. If
Z = Supp A, and if p € Z, then since A, # 0, Oz, # 0.

To prove the first claim, we note that since 7 is a closed immersion, there is a
surjection Ox — 4,0y, so that we have a short exact sequence

0—>._7—>Ox—>i*02—>0.

Thus, Oz(U) = Ox(i(U))/T (i(U)). By hypothesis, Spec Ox (i(U))/T (i(U))
i(U). If i(U) is not affine in X then Spec Ox (i(U)) # Spec Ox(i(U))/T (i(U))
i(U). Thus, there exists a prime of Ox (i(U)), p, which does not contain J(i(U)
We may then deduce that J, = Ox p, so that Oz, = 0.

O 1R IR

COROLLARY 3.11. Suppose f:Y — X is a morphism of schemes and suppose
M is a coherent Oy -module which is rla with respect to f. Suppose j : SSupp M —
Y is inclusion. Then fj is affine.

PROOF. If ¢ : Supp M — SSupp M and k : SuppB — Y are inclusions, then
the diagram of schemes

Supp M b Y X
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commutes, so ji = k. Since fk is affine by hypothesis, fji is affine. Thus, if V C X
is affine open, then i =15~ f~1(V) C Supp M is open affine. By the previous lemma,
j7f7H(V) is affine. Thus f;j is affine, as desired. O

LEMMA 3.12. Let f : Y — X be a map of schemes. If M and N are Oy -
modules which are rla with respect to f, and if ¢ : M — N is an epimorphism,
then f.¢ is an epimorphism.

PROOF. Since the image of a coherent module is coherent, ¢ determines a
direct system of epimorphisms ¢; : M; — N; between coherent modules whose
direct limit is ¢. Since direct limits are right exact, it suffices to prove the Lemma
in the case that M and N are coherent. Let ¢ : SSupp N — Y be inclusion. By
naturality of the unit of the adjoint pair (i*,i,), the diagram

f*/\/l%f*]\/

L

fetsi™o
whose verticals are the unit of (i*,4,), commutes. Since ¢ is an epi, SSupp N C
SSupp M so that the left vertical is an epimorphism. Since N is rla with respect
to f, fi is affine by Corollary 3.11, so the bottom horizontal is an epimorphism.
Finally the right hand vertical is an isomorphism. Thus f,¢ is an epimorphism as
well. O

DEFINITION 3.13. Let X, Y, and Z be schemes, and suppose £ is a Oxxy-
module and F is an Oy x z-module. £ and F have the affine direct image prop-
erty if the restriction of the projection map pry5 to

SSupp(prip*E @ prog*F)
is affine.

The following result is an immediate consequence of Corollary 3.11.

LEMMA 3.14. If € is a coherent Oxxy-module and F is a coherent Oy« z-
module, then £ and F have the affine direct image property if the restriction of the
projection map prig to

Supp(pr "€ @ prag*F)
is affine.

Of course, we have the following

LEMMA 3.15. If £ is an Oxxy-bimodule and F is an Oy xz-bimodule, then
pris€ ® prysF is rla with respect to pris. In particular, if £ and F are coherent,
then € and F have the affine direct image property.

PROOF. Since X x Y and Y x Z are noetherian, £ and F are direct limits of
coherent submodules. Furthermore, since prj,, prjs and —® — commute with direct
limits, pri,€ @ prog*F is a direct limit of submodules of the form pri,&’ ® pri; F,
where £ and F’ are coherent submodules of £ and F, respectively. Thus, if M is a
coherent submodule of pri,& ® pr3sF, then the fact that X x Y x Z is noetherian
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implies M is a submodule of prj,&€’ ® pris F’ for coherent submodules £ and F’ of
& and F respectively. In particular, it suffices to prove the Lemma in the case that
& and F are coherent.

We next show that pr;; restricted to Supp pri,&€ ® prjsF is affine. Let U C X
and V C Z be affine open sets. Since £ and F are coherent bimodules, U x
Y NSupp€ and Y x V N Supp F are affine open subsets of Supp& and Supp F
respectively.

Since £ and F are coherent,

Supp pri,€ ® pryzF = Supp pri,E N Supp priz F.

In addition, Supp pri,€ = priy (Supp &) and Supp pri; F = prys (Supp F). Thus,
priz (U x V) restricted to Supp pri,€ @ prisF is

(3.6) (UxYNSupp&) x VNU x (Y x VN Supp F).

The latter set is the intersection of affine open sets. Since Supp pri,€ ® prisF is
separated, (3.6) is affine.

By the previous lemma, £ and F have the affine direct image property. It
follows that pr; restricted to Supp M is affine as desired. ([l

COROLLARY 3.16. [26, Proposition 2.6, p.443] The tensor product of bimodules
is right exact.

PRrROOF. By Lemma 3.15, Lemma 3.12 applies, so that the result follows from

the fact that ordinary tensor products and inverse image functors are right exact.
O

LEMMA 3.17. Let X be a scheme, and suppose

K [

0 K M M 0

and

0 Lo N\ 0

are short exact sequences of Ox-modules. Then

kerp @Y= (k@ D)KOIN)+ (107 (M L).

PROOF. By the naturality of the tensor product, we have a commutative dia-
gram

KoN "5 MmoN -2 MoN —0

1®wl ll@ll)

M®N’WM’®N’

whose top row is exact. Thus k@ 1(K ®N) C ker ¢ ® 1. Similarly, 1@ y(M® L) C
ker ¢ ® ¥. Thus

KOLKAIN)+107(M@ L) Ckerp @9

defines an inclusion between these sheaves. Thus, to show equality, we need only
show equality locally. But local equality follows from [18, formula 7, p.267]. (]
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COROLLARY 3.18. Let X, Y and Z be schemes and suppose

0 K—fe M —2 0

is a short exact sequence of Ox xy-modules,

0 oy Y Ve 0

is a short exact sequence of Oy x z-modules, and M and N are bimodules. Then
ker ¢ ®o, ¥ = (k ®oy, 1)(K @0y N) + (1 @0y 7)(M Q0, L).

Proor. We have short exact sequences

T, 0
0 —— priyr(pripk) —= pripM 225 pri, M/ —— 0

and

* « £ P
0 —— prizy(pr3sL) prizN —=> pry; N —— 0.
Thus, by Lemma 3.17,
ker(priz¢ ® prizt)) = 1@ prygy(pripM @ pryzl) + prigk @ 1(pripk @ prog).
Since prys, is left exact,
priz, ker(priz¢ ® prasip) = ker prys, (pris¢ ® prag)).
Since all modules involved are bimodules, pri,M ® pris L, prisM @ prisN, and
prisK @ pris N are rla with respect to prys. Thus, by Lemma 3.12 and a variant of
[26, Proposition 2.2 (2), p. 439],
Pryz. (1 ® pragy(pripM @ prizL)) + prig, (prizk @ 1(prisK @ pragN)) =
Pryg, (1 ® pragy) (prog. (PripM @ pras L))+
Pri5. (Prisk @ 1)(pris, (prik @ prosN))
as desired. 0

3.2. Bimodule algebras

We review the definition of bimodule algebra and modules over a bimodule
algebra from [26].

DEFINITION 3.19. [26, Definition 3.1, p.449]

(1) An Ox-bimodule algebra B is an algebra object in the category of
Ox-bimodules.

(2) A (right) B-module M is an Ox-module, together with a right Ox-
linear multiplication map par : M ®o, B — M satisfying the unit and
associative axioms.

We elaborate on item (1), above. B is an algebra object in the category of Ox-
bimodules if d : X — X x X is diagonal and there exist O x-linear maps v : d,Ox —
B and p: B® B — B satisfying the following axioms: (associativity) the diagram

(3.7) BoBoB" BB

oo l

B&B——>B
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commutes, (left unit) the diagram

(3.8) d.0Ox @B B®B
x\ /
B
commutes, and finally,
(right unit) the diagram
(3.9) B®d,0x — 2" B® B

SN

commutes. The associativity and unit axiom for a right B-module are analogous to
associativity and the right unit axiom above. This construction can be graded:

DEFINITION 3.20. [26, p.453]

(1) A graded Ox-bimodule algebra B is an O x-bimodule algebra, equipped

with a decomposition @ B, as Ox-bimodules such that y = 69 un m With
neEZ

Hom,n, Mmapping B, ®oy Bn — Bmtrn and with v(d,.Ox) C Bo
(2) A graded (right) B-module M is equipped with a decomposition M =
&M, and pp = m@n(ﬂ/\/l)m,n with (,Uf/\/l)m,n M @ By — Mign

DEFINITION 3.21. Let B be a graded Ox-bimodule. Then 7 C B is a graded
two-sided ideal of B if

[ )
7= @Iﬁ B;
i>0
and

pij(Zi @ Bj) C iy
and
1ij(Bi ® Ij) C Liyj
where Z; = 7 N B;.

LEMMA 3.22. Suppose B is a graded Ox-bimodule algebra and T is a graded
ideal of B. Then B/ inherits a graded bimodule algebra structure from B.

PROOF. We define the multiplication for B/Z. The proof that this multiplica-
tion defines a bimodule algebra structure is straightforward but tedious, so we omit
it. Since 7 is a graded ideal, we note that Z; ® B; + B; ® Z; is in the kernel of the
composition

B; ® B, Rl Bivj — Bitj/Tivj-

By Corollary 3.18, we have an isomorphism
B; ® B; B; _ B;
- — .
I¢®Bj+Bi®Ij Z; Ij
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Give B/T the grading (B/Z); = B;/Z; and define the multiplication on B/Z as the
composition

®

B; _ B; B; @ B; ~ Bit;
7, ° 1,

— .
L, @B+ B, ®ZL; It

We omit the routine proof of the following

LEMMA 3.23. Suppose B is a graded Ox-bimodule, T C B is a graded ideal and
M is a graded B-module such that, for all i, the composition

Mi®Ij HMj@Bj L)MH_J

is zero. Then M inherits a B/Z-module structure.

DEFINITION 3.24. Let Y be a scheme. An N-graded Oy-bimodule algebra B
is generated in degree one if, for all j > 1,

w1 Bl ®oy Bj — By
and
Hj1 ot Bj ®(9y Bl — Bj+1
are epimorphisms.
An N-graded right B-module M is generated in degree zero if, for all i > 0,
wi1: M; ®o, By — Mt
is an epimorphism.
EXAMPLE 3.25. (Quotients of Tensor Algebras). [21, Defintion 2.11, p.22] Let
F be a coherent Ox-bimodule. The graded bimodule algebra T'(F), the tensor
algebra of F, is defined as follows: (T'(F)); = F® fori > 1 and (T(F))o = d.Ox,
i : FOl g F®I _, FOits

is just the usual isomorphism of tensor products, and the unit map is the identity
map.

If 7 is a graded ideal of T'(F), then T(F)/Z inherits a bimodule algebra struc-
ture from T'(F). It is easily seen that T'(F)/Z is generated in degree one.

LEMMA 3.26. LetY be a scheme and let B be an N-graded Oy -bimodule algebra
generated in degree one. Let M be an N-graded (right) B-module generated in degree
zero, with multiplication maps ,uf}’t If, for each i > 0, there exists an Oy -module
morphism ¥; : M; — M, such that the diagram

M
M1

M; @ By —— M1

¢i®31l lﬂh&l

M; ® By o Mi+1

Hia

commutes, then the map ¥ : M — M whose ith component is 1;, is a B-module
map.
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PRrROOF. To prove the lemma, we need to show that for all j > 1, the diagram

WM
(3.10) M; ® Bj “—]> Mi_:,_j

"/%@le lwug‘

M; ® B; — My

5]

commutes. We proceed by induction on j. By hypothesis, (3.10) commutes when
j = 1. Suppose (3.10) commutes when j is replaced by j — 1. We must show (3.10)
commutes. To prove this fact, we claim that all faces of the cube

M; @B ®Bj_1 Mit1 ®@ B4

_— "

M; @By ®Bj_1 [ Mit1®Bj_1
M; ® B; { My
M; ® B; My

whose maps into the page are tensor products of 1) and whose other maps are tensors
of multiplications, commute. To prove this, we need only show that all faces except
possibly the bottom commute, since by the hypothesis that B and M are generated
in degree one, the left vertical maps are epis. The top and right face commute by
the induction hypothesis, the left face commutes by naturality properties of the
tensor product, and the front and back face commute by the associativity of p™.
The result follows. O

LEMMA 3.27. Let n be a positive integer. Let'Y be a scheme and suppose B is
an N-graded Oy -bimodule algebra such that

e the unit map v : d,Oy — By is an isomorphism and
o the multiplication map (1 ; 1s an isomorphism for j +1 < n.

Suppose, further, that for 0 < i <n, M; is an Oy -module and, for 0 < i < n there
exists @ map v; : M; ®o, Bi — Mit1. Then there exists a unique multiplication
map ™ such that (u™M); = v;, making M = @™ M, a truncated B-module of
length n + 1.

PROOF. We define (u™); ; inductively. For 0 < i < n, define (u™); as the
composition

MiQoyv !
Mi ®OX BO

Mi ®0x d*OX I Mia

where the rightmost map is right multiplication. Suppose, for 0 < i < n and
0<j <jwithi+j<n, (u™M);; is defined. For 0 <4 < n such that i +j < n,
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define (MM)W' as the composition

Vi®ox Bj—1

M; ®oy B1 ®oy Bj—1

Mit1 ®oy Bj—1
Mi®oxu1j1T lu’z{\il,jl
M; ®oy B; My,
For all combinations of ¢ and j such that p; ; has not been defined above, let
(p™);; = 0. From this definition it is obvious that u™ satisfies the unit axiom.

We show that u™ is associative by showing that, if 7, j, k are nonnegative integers,
then the diagram

M R
(3.11) Mi®8j ® By, &Mi(@lgj_,_k

M M
“m‘l l“i,frk

Mi-i—j ® By, — Mi+j+k
Hitik

commutes. If i + j 4+ k > n, then both routes of the diagram are 0. Otherwise, the
diagram can be decomposed into a collection of pairs of diagrams

Mi’®“_j/,k’

M ® Bj/ ® By M ® Bj/+k/
My @ui, @By lMif®uL;,+k,_1

Mi’®Bl®H"—1,k/
My @By @ Bji—1 ® By !

My @ B1 @ Bjrpr—1
V,i/®3j/1®8k/l ll/731®6j11+k/

M1 @ Bjr_1 @ By

M i ® B -/ r_
i 1O _q gt R gkl
stacked vertically. The top square commutes by associativity of u, while the bottom
square commutes by functoriality of the tensor product. Thus, (3.11) commutes.
The fact that g™ is unique follows from its construction. O

3.3. Lifting structures

Let X and Y be schemes. We show the associativity of the bimodule ten-
sor product and the left and right scalar multiplication maps are indexed, relying
heavily on results from the previous chapter. We then use this fact to show that if
f:V—>UisamorphisminS,f:fxidx:V><X—>U><X,Bisan(9UXx-
bimodule algebra and M is a B-module, then f2*B inherits a bimodule algebra
structure from B and f*M inherits a f2*B-module structure from M.

LEMMA 3.28. For any pair of schemes X1 and X5 over a base scheme W, let
Bimodw (X1 — X2) denote the category of Ow -central Ox, — Ox,-bimodules and let
bimody (X1—X2) denote the category of coherent Ow -central Ox, —Ox, -bimodules.
If X and Y are schemes, then the assignments U — Bimody (U x X —U xY) and
U +— CohU x X, where U € S, define S-indexed categories Bimod(X —9)) and
CohX.
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PROOF. We note that Bimody (U x X —U xY) is a full subcategory Qcoh((U x
X) xy (U xY)) and CohU x X is a full subcategory of QcohU x X. Since the
assignments U +— Qcoh((U x X) xy (U xY)) and U — QcohU x X define indexed
categories as in Example 2.18, the assertion follows. ]

LEMMA 3.29. Let I and J be finite sets and let {A;}icr and {B;} et be collec-
tions of schemes. For all morphisms f:V — U in'S let fa = x;(f x ida,) and let
B = x;(f xidp,). Suppose, for all U €S, there exist morphisms

gU : XZ(U X Az)U — Xj(U X Bj)U

such that, if f:V — U is a morphism in S, then the diagram of schemes

(3.12) iV x Ay — 2 o (U x Ao

4 :

Xj(V X Bj)v T Xj(U X Bj)U

is a pullback. Let AV = Qcoh x; (U x A;)y and BY = Qcoh x; (U x Bj)y.

(1) The assignment f — f%, 5 makes A and B S-indezed, naturally adjointed
categories,

2) If
O U fae = freg)
18 equality and
A9 frgll = gl fi
is the dual of the square

fax
(3.13) AV i AU

ST
Vl N l v
M @ 9.
fBN
BV ___ ~ BY.
s
then the canonical natural isomorphism
(A) gV = fag””

1s dual to the square

(3.14) AU =5 gU

and
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(3)
AT gV = gV fh
and
A fpel = gl fa

gives g, and g* the structure of weakly indexed functors.

PRrROOF. To prove 1, we note that 2 and B are indexed as in Example 2.18 and
2 and ‘B are adjointed as in Example 2.24.

We now prove 2. Since (3.14) is the rotate of (3.13) (Proposition 2.15), we
know that if ¥ is the dual of (3.14), the diagram

(3.15) 9V 199 fasfig” = 9V frfeeg) fr97"
gV*fg — fZgU*

whose verticals are various units and counits, commutes by Proposition 2.15. We
show that the top route in (3.15) equals (A9 )~'. The diagram

9V == 9" 59" fa.g"" [ == 9" [}

—“ id*(Ag*)lﬂ ﬂ(/\g*)l

9V [ == 9" f59! fasfa9"" == fig""

whose unlabeled arrows are various units and counits, commutes. The right square
commutes by naturality of (AY " )~1, while the left square commutes by the universal
property of the unit of an adjoint pair. Since the top route is (A9 )~ while the
bottom route is the top of (3.15), ¥ = (A9")~L.

To prove 3, let ¥y denote the dual 2-cell of the square associated to (3.12). For
each f:V = U, let

(I)f : gi]fA* - fB*gY
be equality and let HY = gY. Suppose g : W — V is a morphism in S. Then it is
easy to check that
Drg = (fs x Bg) 0 (Pf * ga).

Thus, the hypothesis of Proposition 2.25 are satisfied when we define HY and ® ¥
as above. We conclude that ¥, = A9~ : ggf — gV fi gives {g¥Y} an indexed

structure. The fact that A9 gives ¢* an indexed structure can be checked locally.
|

The following three results are immediate consequences of the Lemma.

COROLLARY 3.30. Suppose I is a finite set with J C I and {X;}ier is a collec-
tion of schemes. For allU € S, suppose gV is the projection

pr; ¥ e (U x X3)u — xjes(U x X;)u,

AU = Qcoh x; (U x X;), and BY = Qcoh x; (U x X;). Then the assignments
U+ pr,YV and U+ pr,;U* define (weakly) indexzed functors

pry, 1 A — B
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and
pry:B — ¢
as in Lemma 3.29.

COROLLARY 3.31. Suppose X is a scheme. For all U € S, suppose gU is the
diagonal

dV U x X — (U x X)%,

AV = QcohU x X and BY = Qcoh(U x X)?] Then the assignments U +— d¥ and
U — dU* define indexed functors

0,:A—B

and
VB -
as in Lemma 3.29.

COROLLARY 3.32. Suppose X and Y are schemes. For allU € S, suppose gV
is the morphism

eV = (dxidy)V : (Ux X) xy (UxY) = (Ux X)? xy (UxY),

AV = Qcoh((U x X) x (U xY)) and BV = Qeoh((U x X)3 xy (U xY)). Then the
assignments U — eV and U — eV* define indexed functors

e A —B
and
B -2
as in Lemma 3.29.
LEMMA 3.33. Suppose X, Y and Z are schemes. For ollU €S, let
pri; c(Ux X)xp (UxY)xp (UxZ) - UxX,UxY,UxZ
and
prV (Ux X)xy (UxY)—=UxX,UxY
be projection maps, let (— ®p, —)V denote the functor
prls, (Y — @prly —) : Bimody (U x X — U x Y) x Bimody (U x Y — U x Z) —
Bimody (U x X — U x Z)
and let (— ®p, —)Y denote the functor
prd (pri¥ — ®—) : Cohy (U x X) x bimody (U x X —U x Y) — Coh(U x Y).

Then the assignments U — (— ®o, —)V and U — (— ®0, —)Y define indexed
functors

— ®0oy — : Bimod(X - Y) x Bimod(Y — 3) — Bimod(X — 3)

and
— ®0, — : CohX X bimod(X — Q) — CohY.
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PROOF. We prove the first assertion. The second assertion is proven in a similar
manner. We need only note that, by Corollary 3.30 and Example 2.22, — ®0,, — is
the composition of indexed functors so that —®¢,, — inherits an indexed structure.
Specifically, suppose f: V — U is a morphism in S. Let

fxy:(indx)X(indy)I(VXX)X\/(VXY)%(UXX)XU(UXY)

and define fyz, fxz and fxyz similarly. There is an isomorphism

(3.16) A fxz(—®oy =)V = (fiy — ®oy fyz-)
as follows:
(3~17) f;cz(_ Koy —)U = f;}zprg]g*(pr’{g - ®prg3*—)

~ pris, fxy z(Priy — ®prys —)
~ WV * «U * Usx
= pris. (fxyzPris — ®fxyzPras —)
= prys, (prYs fxy — ®prs f34—)
* 1%
= (fxy —®oy fyz—)
O

COROLLARY 3.34. Let I and J be finite sets and let {A;}icr and {B;};cs be
collections of schemes. Suppose, for allU € S, there exist morphisms

gv : xi(U x Ay — x;(U x Bj)y
such that, if f : V — U is a morphism in S, then the diagram of schemes

xi(fxida,)
XZ(V X Al)v —_—> Xz(U X AZ)U

gvl lgu

xj(V x Bj)v W x;(U x Bj)u

is a pullback. Then the projection formula (3.3 (1))
(3.18) vigl — 9 = gV (- ®g¢"" )
which is a natural transformation between functors from
Qcoh(x;(U x A;)y) x Qeoh(x;(U x Bj)y)
to
Qcoh x; (U x Bj)u
defines an indexed natural transformation between weakly indexed functors.
PROOF. We note that the assignments U — ¢Y and U — ¢V* define weakly

indexed natural transformations by Lemma 3.29. Now, ¥V is given by the compo-
sition:

9! —@—==g{g" (¢! —©-) == g (¢"" 9! —0g"~) =
g/ (—©g"" )
where the first and last maps are products of id’s, units, and counits, and the

second map is induced by the commutativity of gV* and the tensor product. Since
the commutativity of gV* and the tensor product is indexed (this can be checked
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locally), it suffices to show that, if (nV,eV) are the unit and counit of (¢V*,g¥),
the collections {nY} and {eV} define indexed natural transformations. The square

U
9
Qcoh X5 (U X Az)U Qcoh X (U X Bj)U
NU* l
id i id
l g?\
Qcoh X (U X Az)U Qcoh X (U X Bj)U.
U=
g
defines a square of indexed categories by Lemma 2.28. By the remark following
Definition 2.26, {n"} and {€U} define indexed natural transformations. Thus, ¥V
is a composition of indexed functors so it is indexed. ([l

In [14], Lipman describes the importance of compatibility results in eliminat-
ing the noetherian hypothesis from the statement of Grothendieck duality. He
then gives examples of diagrams [14, 2.2.1, 2.2.2] which arise in the theory of
Grothendieck duality, alluding to the complications involved in showing they com-
mute. The fact that [14, 2.2.1] commutes (in the category of quasi-coherent modules
over schemes) follows immediately from the fact that the projection formula is a
weakly indexed natural transformation (which follows from a mild generalization
of Corollary 3.34). It seems likely that [14, 2.2.2] commutes for a similar reason.
In fact, since the composition of indexed natural transformations is indexed, one
can build up, using only diagrams of the form (2.17) on page 27, a large number of
intimidating diagrams which must commute. This suggests that it would be fruitful
to pursue a coherence theorem of the form suggested by Lipman in the context of
squares of indexed categories.

COROLLARY 3.35. Keep the notation as in Lemma 3.29. Let K and L be finite
sets and let {Cx}rex and {D;}ier be collections of schemes. For all f : V — U in
S, let fo = xi(f xide,) and let fp = x;(f xidp,). Suppose, for allU € S, there
erist morphisms

hU : Xk(U X Ck)U — Xl(U X Dl)U

such that, if f:V — U is a morphism in S, then the diagram of schemes

x(V x Cr)v S R X, (U x Cr)u

hvl lhu

x1(V x Dy)y — x1(U x Dy)u
is a pullback. Let CY = Qcoh xy, (U x Ci)y and DY = Qcoh x; (U x Dj)y.
Suppose
©: gl fae = freg)
is equality and

A9 s fral = g fa
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is the dual of the square
fax
AV AU
Vl \f: \L U
9 @ 9
fo
BY _ BY.
I
Suppose ®' : BV fo, = fp.hY is equality and
At fph = ) &
is dual to ® as above. If A9 : fig"* = gV* f3 and AP fERY* = WV* £} are
the usual isomorphisms then
AP fERY = BV
and
A fphY = hY £
gives h, and h* the structure of weakly indexed functors. Furthermore, if the sets
{HY} and {IY} define indexed functors and

U
G
—_—

(3.19) AU <—gU* BU

HU\L \QU lIU

A

cv nY_pUu
-
h*U

is a square, then {®V} is indezed if and only if {¥Y} is indezed.

PrOOF. The first two assertions follow from Lemma 3.29. By Lemma 3.29 and
Lemma 2.28, the data (3.19) defines a square of indexed categories. The result now
follows from Corollary 2.27. O

COROLLARY 3.36. Let K be finite a set, I,L C K, J C I, L and let {Xy }rex
be a collection of schemes. Suppose, for allU € S

U
prh  xier(U x Xi)u — xjes(U x X;)u
is projection, prgU, prf{U and prfU are defined similarly, and

KU
pry

(3.20) xp(U x Xi)u (U x X;)u
o] o
x (U x X))u x;(U x X;)u
pry
is a pullback. Then the dual to (3.20),
(3.21) oV prh prl ) = prk prf

which is a natural transformation between functors from
Qcoh x; (U x X;)u
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to
Qcoh x; (U x Xj)u,
defines an indexed natural transformation between weakly indezxed functors.

PRrROOF. For U €S, let AV = rla.iv, BY = Qcoh x; (U x X;)y, CV = rla v

J L
and DY = Qcoh x; (U x X;)y. If gV = prgU, hU = prfU, HY = prf(U* and
IV = prgU* then, by Example 2.22, Corollary 3.30 and Lemma 3.29, the hypothesis

of Corollary 3.35 are satisfied. Thus, to show the data {¥U} defines an indexed
natural transformation, it suffices to show that, if

v, JU gU_ U kU
@ CPry.PIT o =Py PIL >

then the data {®U} defines a natural transformation. This is trivial, and the
assertion follows. O

PrOPOSITION 3.37. Suppose X, Y and Z are schemes. Then associativity of
the tensor product (Proposition 3.6) defines indexed natural transformations

(— ®0oy ®—) ®0; — = — B0y (— Q05 —)

between indexed functors from
Bimod(X — Q) x Bimod (Y — 3) x Bimod(3 — F)
to
Bimod (X — F)

and

(— ®ox ®—) B0y — = — Q0x B(— 0y —)
between indexed functors from

CohX x bimod(X — Q) x bimod (Y — 3)

to

Coh3.

PROOF. Each functor above is a composition of indexed functors, hence in-
herits an indexed structure. Since the associativity natural transformation is a
composition of natural transformations of the form (3.18) (on page 49) and (3.21),
the result follows from Corollary 3.34 and Corollary 3.36 (]

PROPOSITION 3.38. Keep the notation as in Corollary 3.31 and Lemma 3.33.
For all U €S, the assignment
U pris, (pris — @prysd Oyxy)

defines an indexed functor

— ®0y 0.0y : Bimod(X — ) — Bimod(X - ).
Similarly, there are indexed functors

0.0x ®o, — : Bimod(X — ) — Bimod(X — )
and

— Q0 0.0x : QeohX — QcohX.

Furthermore, the left and right linear multiplication maps (Proposition 3.7) define
indexed natural isomorphisms

— ®0y 009 = dgimoo(x-9);
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0.0x®0, = idgimeo(x-2)>
and
— ®0x 0:0x = idqcopx -

PROOF. The fact that the first three assignments define indexed functors fol-
lows from Corollary 3.31, Lemma 3.33 and Example 2.22. The fact that the given
families of natural isomorphisms are indexed follows from an argument similar to
that given in Proposition 3.37 so we omit it. O

THEOREM 3.39. Let f : V — U be a morphism in S, let f = fxidy : VxX —
U x X and suppose the left composite of the isomorphism

A: f2dY Opyx — dY f*Ouxx — dY Ovyx

comes from the indezxed structure of 9. Suppose the data (B, p,v) consisting of an
Oux x -bimodule B, a morphism pu : B® B — B and a morphism dYOpxx — B
defines a bimodule algebra. Then the data (f2*l’>’7 f2*,u5_1,f2*v)\_1), where § is
induced by the natural isomorphism (3.16) defines an Oy x x -bimodule algebra.

Furthermore, if the data (M, v) consisting of an Oy x-module M and a mor-
phism v : M ® B — M defines a right B-module, then the data (f*./\/l,f*y'y_l),
where v is induced by the indexed structure of the appropriate tensor product, de-
fines an fQ*B—module.

PROOF. To show that a bimodule algebra lifts, one needs to check the asso-
ciativity and left and right unit axioms. To show that a module lifts, one needs to
check the associativity and right unit axiom. A straightforward verification shows
that these axioms hold by Proposition 3.37 and Proposition 3.38. O

The above construction can obviously be graded.

3.4. The definition of T,

Assume X is an S-scheme and B is an Ox2-module. Suppose U € S has
structure map f: U — S, let f = f xidx : U x X — S x X and let BV = f2*B.
Before reading further in this chapter, the reader is advised to review the last two
sentences of Section 1.6.

DEFINITION 3.40. Let B be a graded Ox-bimodule algebra and let U be an
affine scheme. A family of B-point modules parameterized by U or a U-
family over B is a graded BY-module My @ M; @ --- generated in degree zero
such that, for each ¢ > 0 there exists a map

qg:U—-X
and an invertible Op-module £; with £y & Oy and
Mi = (ldU X Qz)*ﬁz

A family of truncated B-point modules of length n + 1 parameterized by
U, or a truncated U-family of length n + 1 is a graded BY-module M@ M; ®
-+ - generated in degree zero, such that for each i > 0 there exists a map

g :U—-X
and an invertible Oy-module £; with £y & Oy,

M; = (idy % qi)«L;
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for i <mn and M; =0 for i > n.

Remark. If f : V — U is a morphism in S, f = f x idx VxX ->UxX
and B is an Ox-bimodule algebra, then the bimodule algebras f2*BY and BY are
canonically isomorphic. Thus, there is a canonical bijection between isomorphism
classes of f2*BU-modules and isomorphism classes of BY -modules. We will make
use of this fact without further mention.

In the following proposition, we note that the ¢;’s appearing in Definition 3.40
are unique. That is, if two U-families, M and M’ are isomorphic, then the map ¢;
in the definition of M; equals the map ¢; in the definition of M’;. To prove this
result, we need to know the following fact about separated schemes.

LEMMA 3.41. [10, ex. 4.8, p.107]
Let X be a separated scheme, and suppose U is affine. Then any map
q:U—X
is affine.

LEMMA 3.42. Suppose R is a commutative ring, let A and B be commutative
R-algebras and suppose g,h : B — A are algebra morphisms. Suppose M = Ae and
N = Af are free A-modules of rank 1. Let M and N be A ®@ B-modules by letting
a®b-m=ag(b)ym and letting a ® b-n = ah(b)n respectively. If

Pv: M — N
is an A ® B-module isomorphism, then g = h.
PRrROOF. Since 9 is an A ® B-module isomorphism, it is an A-module isomor-
phism. Thus, ¢(e) = uf for some unit u € A. Let b € B. Then
P((L®Db)-e) =(g(b)e) = ug(b)f.
But
P((1®0b)-e)=(1®@b)-d(e) = (1@b) - uf =h(b)uf.
Comparing these results, we find that h(b) = g(b) as desired. O

PROPOSITION 3.43. Let M and N be invertible Oy -modules and suppose

g, h:U— X.
If: (idy X g)«M — (idy x h)N is an isomorphism, then g = h.

PROOF. Since (idy X g)«M = (idy x h).N, their supports are equal. In par-
ticular, g = h point-wise.

We now show that the sheaf components of the maps g and h are equal. By
taking the appropriate open cover of Supp (idy X g).M C U x X, we will reduce
our result to the previous lemma. Let U’ C U be an open affine set on which both
M and N are free. Let Spec B C X be open affine. Since X is separated, by
Lemma 3.42, both g and h are affine. Thus, (idy x g)~'(U’ x Spec B) = (idy x
h)~1(U’ x Spec B) is an affine open set, Spec A, of U on which both M and N are
free. Then v gives an A ® B-module isomorphism

¥(Spec A ® B) : M(Spec A) agp — N (Spec A) agB-
and the result follows from the previous lemma. ([l
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Suppose f : V — U and X is a scheme, and deﬁnef: fxidyx : VxX - UxX.

LEMMA 3.44. Suppose f : V — U is a morphism of affine schemes and q : U —
X is a morphism. Then the dual 2-cells

Frdy x @) = (idy x qf ). f*
and

P (idy % )2 = (idv x qf)2f"
induced by the diagrams

and

v
(idy xqf)? l (idv xq)®
(V x X)3 = — (U x X)}

respectively, are isomorphisms.

PROOF. The first assertion follows from Proposition 3.3 (2) since the diagram

V—/—/—>U

idvxqfl lidUXq

VxX-—> iy UxX
is a pullback diagram and the vertical arrows are affine by Lemma 3.41. The fact
that the diagram is a pullback can be verified by a routine argument involving
the universal property of the pullback. The second assertion follows in a similar
manner. (Il

Let U, V and W be objects in S, and let p: U — S and s : W — S be the
structure maps. Let B be an Ox-bimodule algebra, and assume all families are
over B.

LEMMA 3.45. If M is a U-family and f : V — U is a morphism, then f*M
has a natural V -family structure. Furthermore, if M = N as BY-modules, then
M= f*N as BV -modules.

PROOF. Suppose M is a U-family. The natural V-family structure on f*M is
given by Theorem 3.39.

Next, suppose ¢ : M — N is an isomorphism of BY-modules. By Lemma
3.33 and a simple computation, f*a : f*./\/l — f*/\/ is an isomorphism of BY-
modules. O

We are now ready to define the functor we will eventually represent.
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PROPOSITION 3.46. The assignment I';, : S — Sets sending U to
{isomorphism classes of truncated U-families of length n+1}
and sending f : V. — U to the map T, (f) defined by T\, (f)IM] = [f*M)], is a

functor.

ProoF. By Lemma 3.45, T',,(—) is well defined. We prove that the assignments
in the statement of the proposition are compatible with composition. Let

w2y oy

be morphisms in S, let f = fxidx and let g = gxidx. Then we have a commutative
diagram of S-schemes

~2 F2

(W x X)2 —= (V x X)% —1> (U x X)%

pry’ l l pry l pry

W xX VxX

By naturality of (f§)* = §*f*, the diagram
(f3) pry, (pr,"* M @ p**B) —= (f3)" M
g frord (r, V" M @ 5> B) — g* f*M
commutes. Thus

Lo(fg)IM] = [(f3) M] = [§" F*M] = T, (9)Tn (f)IM.
O

DEFINITION 3.47. The functor I',,(—) is the functor of flat families of trun-
cated B-point modules of length n + 1.



CHAPTER 4

Compatibility with Descent

In this chapter, we define the notion of a functor being compatible with de-
scent and of a functor being locally determined by a subfunctor. When P is a
subscheme of a projectivization, we find a subfunctor Hom%"(—, P) of Homg(—, P)
which locally determines Homg(—, P). We then find a subfunctor T'¥*(—) of T',,(—)
which locally determines T',,(—). This allows us to reduce the question of the rep-
resentability of T',,(—) to the equivalence of I'™*(—) and Hom% (—, P).

4.1. Local determination of a functor by a subfunctor

DEFINITION 4.1. A contravariant functor F' : S — Sets is compatible with
descent if, for every faithfully flat morphism of affine S-schemes f : V — U, and
for f; : V xy V — V the projection maps, the sequence

0——FU)——=F(V)__F{VxyV)
F(f2)

is exact. In other words, F' is compatible with descent if F' is a sheaf in the faithfully
flat topology on S.

The motivation behind the following technical definition is provided by Example
4.22. Readers familiar with Grothendieck’s algebraic characterization of maps into
projectivizations (Proposition 4.6) are encouraged to read Definition 4.15, Corollary
4.20 and Example 4.22 before reading Definition 4.2.

DEFINITION 4.2. Let F' : S — Sets be a contravariant functor and suppose
F' C F is a subfunctor. F' is locally determined by F” if

e [ is compatible with descent, and
e for all U € S and all finite subsets {x;} C F(U), there exists a V' € S and
a faithfully flat map f: V — U, such that F(f)(z;) € F'(V) for all i.

Remark. Tt follows readily from the above definition that F is locally deter-
mined by itself if and only if F' is compatible with descent.

PROPOSITION 4.3. Suppose F and G are locally determined by F' and G’ re-
spectively. Then every natural transformation Q : F' = G’ extends to a natural
transformation Q : F => G such that if Q is monic, then Q is monic and if Q is
epic, then Q is epic.

PROOF. Suppose Q: F/ = G', U € S and z € F(U). By the hypothesis that
F is locally determined by F’, there exists an affine S-scheme V and a faithfully
flat morphism f : V' — U such that F(f)(z) € F'(V). By the hypothesis that F

57
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and G are compatible with descent, the diagram

F(f) _F
(4.1) 0——F{U)—=F(V) F(VxyV)
[ F(f2) [
Qv | [ Qvxyv
ap Y G(f1) y
0——GU) —=G(V) GU xy U)
G(f2)

has exact rows and commutes, where the vertical columns are defined only for
elements of the subfunctor F/ C F. Thus, F(f)(z) € F'(V) maps to an element,
y € G(V) such that G(f1)(y) = G(f2)(y). Thus, there is a unique element z € G(U)
such that G(f)(z) = y. In this way, we get an assignment

Qu: F(U) — G(U).
We show that this assignment is well defined, i.e. if we choose another V/ € S and
locally finite, faithfully flat map f’ : V' — U such that F(f')(z) € F'(V’), then
we may use the same argument above with V’ in place of V and still find that z is

assigned to z. Let V/ € S and let f' : V! — U be a faithfully flat map such that
F(f')(z) € F'(V'). Let V" =V xy V'. Then the diagram

F(V) F(V")
| |
s 7
F(U) | F(V") :
| : |
N | N
G(V) : GV
e 7

G(U) (V")

whose verticals are the maps 2, commutes: the top and bottom commute since F'
and G are functors, and the sides commute when restricted to F’ by the naturality
of Q. Thus, if x € F(U) gets sent to w and w’ in F(V) and F (V') respectively,
and if w and w’ get sent to y and y' in G(V) and G(V"’) respectively, then y and
y' get sent to the same element, y”’ € G(V"). But y, and hence 3", is the image of
z € G(U). But y' also maps to y”. Since the projection V"' — V' is faithfully flat,
the induced map G(V') — G(V") is an injection so that 3’ must also be the image
of z. Thus, Q is well defined.

We show that  is natural. Let g : U’ — U be a morphism in S. Let z € F(U).
Let V € S such that there exists a faithfully flat map f : V — U such that
F(f)(z) € F'(V). Let V' be the pullback of

Vv

|’

U ——=U

and let ' : V' — U’ be the induced morphism, which is faithfully flat since f is.
Since F(f)(z) € F'(V), F(f")F(g)(z) € F'(V'), the left and right side of (4.2)



4.1. LOCAL DETERMINATION OF A FUNCTOR BY A SUBFUNCTOR 59

commute with respect to x by construction of €. Since F' and G are functors, the
top and bottom of (4.2) commute. Since Q is natural, the diagram

F/(V) —> F'(V)

commutes. Thus, the cube

(4.2) F(V) F(V')

G(v) [ G(v')

e

G(U) G(U")

whose verticals are 2, commutes with respect to x. Since the maps going “into”
the page are injections, the front face of the diagram commutes. We conclude that
Q is natural.

We next show that Qg is monic if 7 is monic. If x and 2’ € F(U) are distinct,
then by hypothesis, there exists a V' € S and a faithfully flat map f: V — U such
that F(f)(z) and F(f)(z') are distinct and both in F'(V). A standard diagram
chase in diagram (4.1) shows that Qy (z) # Qu(2').

Finally, we show that Q) is epic if Qp is epic. Let y € G(U). Choose a
V,and f : V — U, as above such that G(f)(y) € G'(V). Then there exists
a w € F'(V) which gets mapped to G(f)(y). Furthermore, since G(f1f)(y) =
G(f2£)v), F(fif)(w) = F(faf)(w). Thus, by exactness of Diagram 4.1, there
exists a * € F(U) such that F(f)(z) = w. As above, Qu(z) = y, proving that Qs
is epic. (I

In order to apply Proposition 4.3 to a pair of functors F' and G, we first need
to show that F' and G are compatible with descent. This happens to be the case
with Homg(—,Y) and T'),(—):

THEOREM 4.4. [1, Proposition 28.3, p.72] If P is an S-scheme, then the functor
Homg(—, P)
is compatible with descent.
At the end of this chapter, we will prove the following

THEOREM 4.5. If B is generated in degree one, then T'y(—) is compatible with
descent.
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4.2. An algebraic description of maps into projectivizations

In order to describe the functor Hom% (—, P) which locally determines Homg(—, P),
we must first characterize maps into projective bundles. In particular, we review a
correspondence, due to Grothendieck, between morphisms into projective bundles
and algebraic data.

For any scheme X and any Ox-module M, let Sx (M) denote the symmetric
algebra of M ([10, ex. 5.16, p.127]). If X = Spec A, then we sometimes also write
Sa(F(Spec A)) instead of Sx (F).

PROPOSITION 4.6. [9, Proposition 4.2.3, p. 73| Let q : Y — Z be a morphism of
schemes. Then, given an Oz-module £ there is a bijective correspondence between
the set of Z-morphisms r:Y — Pz(E), and the set of equivalence classes of pairs
(L, d) composed of an invertible Oy -module L and a epimorphism ¢ : ¢*(€) — L,
where two pairs (L,$) and (L', ¢") are equivalent if there exists an Oy -module
1somorphism 7 : L — L' such that

El

commutes.

PROOF. While we do not give a complete proof of this result, we will describe
the bijection between Homyz(—,Pz(£)) and the set of classes of pairs (£, ¢). Let
q:Y — Zandlet r : Y — Pz(€) be a Z-morphism. If p : Pz(£) — Z is the
structure morphism and if O is the structure sheaf of Pz (&), then let o : p*€ — O(1)
be the canonical epimorphism [9, Proposition 4.1.6, p. 72]. If ¢ is the composition

q*E = r*p*& e r*O(1).

then r corresponds to (r*O(1), ¢).

Conversely, let (£, ¢) be a pair consisting of an invertible Oy-module £ and a
epimorphism ¢ : ¢*(£) — L. Applying the functor Py (—) to the epimorphism ¢
gives us a closed immersion, so that the composition

o

(4.3) Y — Py (L) 2y (g76).

is a closed immersion. Composing the map (4.3) with the map
Py (q°€) — Pz(€)
([9, 4.1.3.1, p. 71]) gives us the desired Z-morphism r: Y — Pz (&). O

When the morphism ¢ in Proposition 4.6 is a closed immersion, we have the
following result.

LEMMA 4.7. Suppose f:Y — Z is a closed immersion of schemes. If F is an
Oy -module and G is an Oz-module, then the adjoint bijection

Homy (f*G,F) =2 Homy(G, f«F)

is a bijection on epimorphisms.
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PROOF. Let ¢ : f*G — F be an epimorphism. Since f is a closed immersion,
f is affine so that f, is exact. Thus, f.% is an epimorphism. In addition, the map

G— fuf"G

is epi, a fact we check locally. Let z € Z such that there is a y € Y with f(y) = z.
Since f is a closed immersion, there exists an ideal I C Oz, such that Oy, =
Oz./I. Thus,

(f*f*g)z = (f*g)y = gz ®OZ,Z OY,y = gz ®Oz\z OZ,z/I~
Conversely, suppose ¢ : G — f,F is an epi. Since f is affine, f*f,F — F is epi.
Thus, the composition
f ¢
G —frLF——>F

is an epi, as desired. O

LEMMA 4.8. Suppose f:Y — Z is a closed immersion of schemes. Let F and
F' be Oy -modules and let G be an Oz-module. Call two epis ¢ : f*G — F and

V' f*G — F' equivalent if there exists an isomorphism 7 : F — F' such that the
diagram

R
fl

commutes. Call two epis ¢ : G — f.F and ¢' : G — [ F' equivalent if there exists
an isomorphism v : f.F — f.F' such that the diagram

J.F
commutes. Then the adjoint bijection
Homy (f*G,F) = Homg(G, f«.F)
induces a bijection between equivalence classes of epimorphisms.

PROOF. Suppose two epis ¢ : f*G — F and ¢’ : f*G — F' are equivalent.
Then there exists a 7 : F — F’ such that the diagram

G— > ff gl F
> lfﬂ
[«
1.7

commutes. Thus, the adjoint bijection maps classes to classes by Lemma 4.7.
Conversely, suppose two epis ¢ : G — f,.F and ¢' : G — f,F’ are equivalent. Then
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there exists an isomorphism v : f,F — f,F’ such that the diagram

RN

foF

commutes. Let € : f*f, = id be the counit of the pair (f*, f.). Since f is a closed
immersion, € is an isomorphism. If ¢ and ¢’ have right adjuncts to ¢ and ', then
1 and 9’ are equivalent via the isomorphism

F—sprrl e F

The next fact now follows easily from Proposition 4.6.

COROLLARY 4.9. Let f : Y — Z be a closed immersion. Given an Oz-module G
there is a bijective correspondence between the set of Z-morphismsr:Y — Pz(G),
and the set of equivalence classes of pairs (f«L,®) composed of the direct image
of an invertible Oy -module L and an epimorphism ¢ : G — f.L, where two pairs
(fL,0) and (f«L',¢") are equivalent if there exists an Oy -module isomorphism
v: foL — f. L' such that

L

commutes.

COROLLARY 4.10. Let f :' Y — Z be a closed immersion, let G be an Og-
module, and let L and L' be invertible Oy -modules. If two epimorphisms ¢ : G —
L oand ¢ : G — f L' have the same kernel, then they correspond, under the
bijection of Corollary 4.9, to the same morphismr : Y — Pz(G).

PRrROOF. This fact follows from the previous corollary in light of the existence
of the commutative diagram with exact rows

0 ker¢ g ¢ f+L 0
0> lerg —= G — = f.L —=0

]

LEMMA 4.11. If f : Y — Z is a morphism of schemes and C is an Oz-module,
then there exists a map

(4.4) Py (f*C) —=Pz(C)
which induces an isomorphism

Py(f*C) = Pz(C) XzY.
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Furthermore, if A and B are O z-modules and ¢ : A — B is an epi, then the diagram

(4.5) Py (f*B) e By (f*A)
Pz(B) Xzy P2(g)xidy Pz(A) Xzy
Py, (B) Pz ($) P, (.A)
commutes.

PROOF. The construction of (4.4) and the proof of the first assertion is given in
[9, Proposition 3.5.3, p.62]. We outline the construction of (4.4). Let Spec A C Z
be an affine open set and suppose Spec A’ C f~*(Spec A). Then there is a map of
graded rings

gc : SA(C(U)) — SA(C(U)) XA A — SAf(C(U) XA A/)
sending a homogeneous element b to the image of b ® 1 in the right map. By [10,
ex. 2.14b, p.80], this map of graded rings induces a map of schemes

(46) H])Spec A/(f*C|Spec A’) e HDSpecA(C|Spec A)~

The maps (4.6) glue to give a map (4.4).
Returning to a local setting, the diagram of graded rings

Sa (#(U)®aA")

Sa(B(U) @4 A" Sar(A(U) @4 A)
SA(B(U)) @4 A’ ERETGIEIY SA(AU)) @4 A’

] |

Sa(B(U)) Sa(A(U))

Sa(e(U))

commutes. Thus, (4.5) commutes since it is the gluing of Proj(-) applied to the
above diagram. O

LEMMA 4.12. Suppose
A—>p-—lsC

is a diagram of schemes, C is an Oc-module and the vertical and top horizontal
arrows in the diagram

Pp(b*C) ———P¢(C)

T T

P4 (a*b*C) — P 4((ba)*C)

are the maps (4.4). Then the diagram commutes.
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PrROOF. These maps are all induced locally from maps of graded rings. These
graded ring maps make the diagram commute, as in the previous lemma. O

LEMMA 4.13. Suppose
A—>~p-—"sC

is a diagram of schemes, C is an Oc-module, and r : A — P (C) corresponds to the
epimorphism (ba)*C — L wvia the correspondence constructed in Proposition 4.6.
Then there exists a morphism s : A — Pg(b*C) such that the diagram

4 QBU)*C)
Pc(C)
whose right vertical is (4.4), commutes.

PROOF. If r corresponds to the epimorphism ¢ : (ba)*C — L, then the map s
corresponds to the epimorphism

Thus, there is a commutative diagram

(ba)*C 2> r

a*b*C
Since P4 is functorial, the diagram
A——=Py(L) —=P4((ba)*C) ——Pc(C)
Pa(a*b*C) —— Pp(b*C)

commutes by Lemma 4.12. Since the top route is r while the bottom route is s
composed with the right vertical (4.4), the assertion follows. O

LEMMA 4.14. Suppose f : Y — Z is a morphism of schemes, C is an Oz-
module, W be a scheme and there is a map v : W — Py (f*C). Suppose that r
projects to a map q : W — Y. If r corresponds to an epi of sheaves

p:q"f'C—L
then v composed with the map Py (f*C) — Pz(C) (4.4) corresponds to the epi

(4.7) (fg) C et sr
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PROOF. By definition of the correspondence in Proposition 4.6, r corresponds
to the top row of the diagram

o~ Pw (¢)

%% Py (L)

Pw (¢"f*C) —— Py (f*C)

| |

Pw ((fq)*C) ——=Pz(C)

which commutes by Lemma 4.12. Thus, r composed with the right vertical of
the diagram is just the bottom route of the diagram. By the definition of the
correspondence in Proposition 4.6, it is easy to see that the epimorphism (4.7)
corresponds to the bottom route. [l

4.3. Free morphisms and free families

Let P be a subscheme of a projectivization. In this section, we define the func-
tors Hom%' (—, P) and ' (—) and we prove that they locally determine Homg(—, P)
and Ty, (—), respectively.

DEFINITION 4.15. Let ¢ : Y — Z be a morphism of schemes, and let £ be
an Oz-module. A Z-morphism r : Y — Pz(&) is free if, under the bijection of
Proposition 4.6, r corresponds to an equivalence class containing an element of the
form (Oy, ). If i : P — P (&) is a subscheme, a morphism f:Y — P is free if
if is free.

The following example illustrates the significance of Definition 4.15.

EXAMPLE 4.16. Suppose k is a field, Z = Speck, Y = Spec R is an affine
Z-scheme and q : Y — Z is the structure map. Suppose, further, that £ is an
n-dimensional k-vector space and r : Y — Pz(€) is a free Z-morphism which
corresponds, under the bijection in Proposition 4.6, to the class of an epimor-
phism ¢ : ¢*£ — Oy. Since ¢*€ = (’);‘2", ¢ is determined by a non-zero n-tuple,
(a1,...,an), of elements of R. Furthermore, (Oy, ¢’) is a pair in the class of (Oy, ¢)

such that ¢’ is determined by (af,...,al,) € R®", if and only if there exists a unit

r'n

a € R such that (af,...,a)) = a(ay,...,a,). In particular, free Z-morphisms

r:Y — Pz(€) are parameterized by points of Pz (k™) with coordinates in R.

LEMMA 4.17. Suppose f:V — U is a morphism of affine schemes. If ¢ : U —
Z is given and r : U — Pz (E) is free, then rf is free.

PrROOF. If r corresponds to the class containing ¢ : ¢*£ — Oy, then rf corre-
sponds to the class containing the composition

e

1R

(af)*€ —— f*q°E f* oy Oy
9, 4.2.8, p.75)]. O

We give a definition which appears in the statement of the next result.

DEFINITION 4.18. A truncated U-family M of length n + 1 is called free if, for
0 <i<n, L; in the definition of M, (3.40) is isomorphic to Oy .

LEMMA 4.19. Let f : V. — U be a morphism in S and suppose M is a free
truncated U-family of length n+1. Then T, (f)[M] is an isomorphism class of free
truncated families parameterized by V.
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PROOF. Let f =fxidy:VxX —>UXx )N( Suppose M; = (idy x ¢;)«Ovu
for some map ¢; : U — X. Since I'y,(f)[M] = [f*M] (Proposition 3.46), in order
to prove the result, we need only note that

(f*M)i = (idy X ¢if)+f*Ou = (idv x g;f).Ov.
O

COROLLARY 4.20. Let £ be an Oz-module and let i : P — Pz(E) be a sub-
scheme. The assignments

Hom (—, P) : S — Sets

defined by
U +— subset of Homg (U, P) of free morphisms
and
IE(—): S — Sets
defined by

U subset of T,,(U) of free truncated U-families of length n + 1,

naturally induce subfunctors of Homg(—, P) and T'y,(—), respectively.

PRrROOF. By Lemma 4.17 and Lemma 4.19, the assignments inherit the property
of being functors from I',,(—) and Homg(—,Y). O

LEMMA 4.21. [6, ex. 4.12a, p.136]. If U = Spec R is an affine scheme and
L1,..., L, are invertible Oy-modules then there exists a finite set of R-module
generators of R, {s;}, such that each L; is free on each Spec Ry, .

The following example illustrates the idea behind the proof that Homg(—, P)
is locally determined by Hom% (—, P).

EXAMPLE 4.22. Suppose Y is a noetherian affine Z-scheme and ¢ : Y — Z is
the structure map. Suppose, further, that £ is an Oz-module and r : Y — P4 (&)
is a Z-morphism which corresponds, under the bijection in Proposition 4.6, to the
class of an epimorphism ¢ : ¢*£ — L. Let {Uy,...,U,} be an affine open cover of
Y. Then the map

f: _ﬁlUi —-Y

is faithfully flat. Since Homg(—,Pz(€)) is compatible with descent, r is determined
by morphisms r; : U; — Pz(£). This is a restatement of the fact that any morphism
r:Y — Pz(€) can be constructed by gluing compatible morphisms on the cover
{U1,...,Un}.

If, however, L is free on the affine open cover {Uy,...,U,}, then the maps r;
are free morphisms. By Lemma 4.21, one can always find a finite affine open cover
of Y on which £ is free. Thus, any Z-morphism r : Y — P (€) can be constructed
by gluing free morphisms. Since, as illustrated by Example 4.16, free morphisms
are easier to work with than general morphisms, this observation will be useful to
us.

More generally, if 1, ..., 2, are Z-morphisms from Y to Pz(&), the fact that
there exists an affine open cover {Ui,...,Uy} of Y such that z; is determined
by free morphisms z;; : U; — Pz(€) for each 1 < j < n is exactly the fact that
Homg(—,Pz(£)) is locally determined by Hom% (—, Pz (£)).
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LEMMA 4.23. If € is an Oz-module and i : P — Pz(E) is a subscheme then

Homg(—, P) is locally determined by Homy (—, P) and T,,(=) is locally determined
by T3 (—)-

PROOF. The proof of the first assertion was outlined in the previous example,
so we only prove the second assertion. By theorem 4.5, T',, is compatible with
descent. Let U=Spec R be an affine noetherian scheme, let .J be a finite index set,
and let [M7] € T',(U) for j € J. Let L;; be the invertible Oy-module appearing
in the i-th component of MJ. By Lemma 4.21, there exists a finite generating set
{rk} C R such that £;; is free on Spec R,, for each ¢, j, and k. If Q = II}R,,,
SpecQ=V and f:V — U, then f is faithfully flat, and T',,(f)([M?]) is the class of
a free V-family. O

COROLLARY 4.24. Leti: P — Pz(E) be a subscheme. In order to prove that
In(—) is represented by P, it suffices to show that I'F*(—) = Hom% (—, P).

4.4. The proof that I',, is compatible with descent

We now assume, for the remainder of this section that B is generated in degree
one. We use this assumption explicitly in only one step of our proof, Corollary
4.38. Unless otherwise stated, we assume all families are truncated, of length n.
Under these hypothesis, we prove that the functor I',,(—) is compatible with descent
(Theorem 4.5). Our proof employs some basic results from descent theory, which
we NOW review.

4.4.1. Descent theory. The following definitions and Theorem 4.28 are taken
from [5, Section 6.1].
DEFINITION 4.25. Suppose
h:Y' =Y,

Y'"=Y'xy Y, and Y"” =Y’ xy Y’ xy Y'. Let h; and h;; be the projection maps
from Y" and Y'” respectively. Let F be an Oy -module. A covering datum of
F is an isomorphism ¢ : hiF — h3F. A covering datum ¢ of F is called a descent
datum if the diagram

ht h
(4.8) hishiF Ld; hiohs F —— h3shiF id; h3sh* F
hishiF Ris hish* F

commutes, where all unlabeled arrows are the natural isomorphisms. In this case,
¢ is said to satisfy the cocycle condition. The category of Oy ,-modules with
descent data is the category whose objects are pairs (F, ¢) where F is an Oy/-
module and ¢ is a descent datum on F, and a morphism between (F, ¢) and (G, ¥)
is a morphism v : F — G such that the diagram
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(4.9) WF 2 s F
hIVl th'y
hiG — h3G
commutes. If this holds, we say hiy = h37.

We will need the following inheritance fact.

LEMMA 4.26. Suppose (F,d) is an Oy -module with descent datum, G is an
Oy -module, and

Y :hi"G — ho"G

is an isomorphism. If p: F — G is an epi making the diagram
hl*]: —¢> hg*]:
hﬁ#l lhz*#
hi*G — h2*G
commute, then v is a descent datum.
We now introduce some useful terminology.
DEFINITION 4.27. Suppose H is an Oy-module. Then there the natural map
&:hi"hWH — ha"h"H
induced by the canonical map of functors
hl*h* — (hhl)* = (hhg)* — hz*h*
is called the canonical descent datum on h*H.
We have the following main theorem of descent theory:

THEOREM 4.28. (Grothendieck). Let h : Y’ — 'Y be faithfully flat and quasi-
compact. Then the functor H — h*H, which goes from Oy -modules to Oy -modules
with descent data, is an equivalence of categories.

4.4.2. Modified descent data. We now prove a theorem which will allow us
to work in a slightly different setting then that above.

DEFINITION 4.29. Retain the notation in Definition 4.25. Let Z” and Z" be
schemes such that there exists isomorphisms

A Ny

and
z/// . Y/// — Z///
and maps
e : 72" =Y’
and

eLJ . Z/l/ N Z//
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making the diagram

hij hi
v -y >~y

Z//I ? Z// 7 Y/

commute. The category of Oy-modules with descent data modified by 2"
and 2" or simply the category of Oy/-modules with modified descent data
when the context is clear, is the category whose objects are pairs (F’, ¢), where F’
is an Oy/-module and ¢ : e1*F' — ex*F’ is an isomorphism making the descent
datum diagram (4.8), modified by replacing all “A”’s by “e”’s, commute, and whose
morphisms, v : (F',¢) — (G',¢) make diagram (4.9), modified by replacing all
“h”’s by “e”’s, commute.

As before, efh* is naturally isomorphic to e3h* providing canonical descent
data for any module of the form h*H where H is an Oy-module.

Since the category of Oy -modules with descent data is so similar to the cat-
egory of Oy/-modules with modified descent data, we expect the categories to be
equivalent.

THEOREM 4.30. The functor from Oy:-modules with descent data to Oy -
modules with modified descent data sending an object (F',$) to (F', 1), where ¢ is
the composition

11%

z'7 ¢
eV F ——= W F —— 2y F ——ex* F’
and sending a morphism to itself, is an equivalence of categories.

ProOOF. The only thing which is not obvious is that assignment we describe
is a functor into the correct category. This follows from a routine, but tedious,
computation. O

COROLLARY 4.31. Retain the notation of Definition 4.29. If h : Y/ — Y
is faithfully flat and quasi-compact, the functor H — h*H, which goes from Oy -
modules to Oy -modules with descent data modified by 2" and 2", is an equivalence
of categories.

For the remainder of this chapter, we use Corollary 4.31 to prove Theorem 4.5.
Before reading further in this chapter, the reader is advised to review the last two
sentences of Section 1.6.

4.4.3. Standard families. Let U be an affine, noetherian scheme, and sup-
pose all families are truncated of length n + 1 over an Ox-bimodule algebra 5.

DEFINITION 4.32. A U-family or truncated U-family M is in standard form
or is standard if, for each ¢ such that M; # 0, M; = (idy X ¢;)«L; for some map
¢; : U — X and some invertible sheaf £; on U.

LEMMA 4.33. Any truncated U-family is canonically isomorphic to a truncated
family in standard form.
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PROOF. Suppose M be a truncated U-family and
(4.10) M; = (idU X qi)*ﬁi.

We construct a truncated U-family, P, in standard form, such that M = P. Sup-
pose M has multiplication p;; and let P; = (idy x ¢;)«Li. Let pf; : Pi @0y,  BY —
Pi+1 be defined as the composition:

P;i @0u.x BY —> Mi @0y, x BY —22 My j —> Piyj.
It is easy to check that M = P under the maps (4.10). O

The following three technical lemmas are used to prove Proposition 4.37. This
proposition is used, in turn, to prove Corollary 4.38.

LEMMA 4.34. [12, Lemma 1.31, p.58] Let Y be a scheme and suppose R is a
coherent Oy -module. Suppose Z C Z' CY are open sets such that

ZNSuppR = Z"NSuppR.
Then the restriction map r : R(Z') — R(Z) is an isomorphism of Oy (Z')-modules.
LEMMA 4.35. Suppose L is an invertible Oy -module, q : U — X is a morphism
and pr; : (U x X)?3 — U x X is the standard projection. Then
(1) the set
{¢ (V) x W|V,W C X are affine open}
forms an open cover of U x X, and
(2) if V,W C X are open affine and V' C ¢~ (V) is open then
(U x X) xy (V' x W)NSupppr; (idy x q).L =
(U x V) xy (V' x W)N Supp pri(idy x q).L.

PRrROOF. The proof of 1 is trivial. To prove 2, we first note that the bottom
expression is a subset of the top. Conversely, we note that
Supp pri(idy x q)«L = {(a,b,a,d) € (U x X) xy (U x X)|b =q(a)}.

Thus, an element of the top, (a,b,a,d), must have the property that a € V’,
b=q(a), and d € W. Since V' C ¢~ 1(V), an element of the top must have second
coordinate in V. O

LEMMA 4.36. Let R be a commutative ring, let A, B and C be R-algebras, and
suppose there is a map of R-algebras
h:B — A.

Let M be a free A-module of rank one, let N be an A-central AQ B—A®C-bimodule,
and let P be any right AQ C-module. Give M the A® B-module structure it inherits
from h. Suppose

p:M®agp N — P
is any morphism of right A ® C-modules. If
v M—-M
is an A ® B-module map, then ker u C ker pu(¢v @ N).
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PROOF. Since v is an A ® B-module morphism, % is an A-module morphism.
Since M is a free A-module of rank one, 1 is just multiplication by an element of
A, a. Suppose ¢ € ker p has the form ¢ = ¥;m; ® n; € M @ N. Then

p(¥ @ N)(c) = p(Zi(a®1) -m; @ ni) = p(Eim; @ (a®@ 1) -n;) =
wEm;en - (a®1)) =puEm; @n;) - (a®1) =0.
O
PROPOSITION 4.37. Suppose L is an invertible Oy -module, B is an Oy xy2 -

2

U
module, P is an Oy x x -module and q : U — X is a morphism. Letpr; : (UxX)3 —
U x X be the standard projection maps. If

1 pro, (pri(idy X @)« L ®oy, B) — P
and
Y (dy x g)«L — (idy x q).L
are morphisms, then ker p C ker u(v @ B).

PROOF. We reduce the statement of the Proposition to that of Lemma 4.36.
Suppose V,WW C X are open affine. Let V/ C ¢~ 1(V) be an affine open set such
that £ restricted to V' is free. We have

(4.11) pro, (pri(idy X @)« L @ B)(V' x W) =

pri(idy X ¢)«L @ B(U x X) xy (V! x W)).

By Lemma 4.35 part 2, and Lemma 4.34, (4.11) is isomorphic, as Oy xx (V' x W)-
modules, to

(4.12) pri(idy X @)«L @ B(U x V) xy (V! x W)).
Since (U x V) xy (V' x W) is affine, (4.12) equals
pri(idy % q).L((U x V) xu (V! x W) @ B(U x V) xir (V! x W)
which, in turn, is easily seen to be naturally isomorphic to
(idy x @)LV X V) @0y, x(vixvy B(V' x V) xu (V' x W)).

The result now follows from Lemma 4.36. O

COROLLARY 4.38. Let P be a U-family in standard form. Any Oyxx-module
automorphism, 1o, of Py can be extended to a BY -module automorphism of P.

PROOF. Let p;1 : P; ® By — P41 be the multiplication map, and let 4§ be
the restriction of 1o ® BY to ker pg 1. By Proposition 4.37, the following diagram,
whose rows are exact

O—)keruo,1—>’PO®B{JMO—>'P1—>O

wal lwocwi’

04)k€fﬂ0,14>730®l3{]“04>7314>0
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commutes. Thus, there exists a unique Oy« x-module automorphism, ¥; of Py,
completing the diagram. Continuing in this way, we have an Oy« x-module auto-
morphism v whose ¢th component is v;, with the property that the diagram

P; @ BY 2P

%@Bijl llbi-u

P ® ng T Ui
commutes. By Lemma 3.26, v is a BY-module automorphism, as desired. O

COROLLARY 4.39. If ¢ : M — N is an isomorphism of U-families and if
v Mo — Ny

is an isomorphism of Oy« x -modules, then there exists an isomorphism 0 : M — N
of U-families such that 6y = .

PROOF. Suppose N is canonically isomorphic to the U-family in standard form
P. Now, ¥oy~ ! : Ny — Ny, so gives an automorphism Py — Py. By Corollary 4.38,
this automorphism extends to an automorphism of P, which gives an automorphism
§ of N, such that &y = oy~ !. Now let § = §~1¢. Then 6y = 7¢61¢0 = v, as
desired. (I

4.4.4. T',, is compatible with descent. We now set up notation which we
will use for the rest of this chapter. Let p : U — S and ¢ : V — S be affine,
noetherian schemes, and let f : V. — U be a faithfully flat morphism. Let f; :
Vg — V and f;; : Vf} — Vg be projection maps. For ease of reading, we alter our
notation convention for the rest of the chapter by letting e = f xidx, e; = f; Xidx,
and e;; = fi; x idx. We have the following commuting diagram:

€12

€23 ;1 e
VxpVxpVxXegg—VXxpVxX e VxX—UxX

l fiz l l l
f1
VxgVxpV—o s VxyV_ i Ty—1 op

Since f is faithfully flat and locally finite, so is e, and if
Y =(Vx Xy = VixX=2",
Y =(Vx X)dux = Vix X =2"

and
hij : (V X X)?[)]XX - (V X X)%]XX
are projections, then the diagram

ym AN y b -y’

Z/// o > Z/I o > Y/

commutes. Thus, Corollary 4.31 may be employed to prove the following
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PRrROPOSITION 4.40. With the notation above, the functor H — e*H which goes
from Oy « x -modules to Oy x x -modules with modified descent data, is an equivalence
of categories.

We now reintroduce some notation. Let p = p xidy : U x X — § x X, and
for any U € S, let pr¥ : (U x X)%] — U x X be the standard projection maps. Let
F be an Ox-bimodule. To each U € S, let

FY = prf (pr{* (=) @ p** F),
and suppose, for f: V — U in S,
(4.13) Aj: frFY = FVf*

is the isomorphism defined in Example 2.20. This assignment defines an indexed
functor § : X — X, where X is the S-indexed category defined in Example 2.18,
such that XY = Mod(U x X).

4.4.5. Injectivity of I'),(U) — I',,(V).

LEMMA 4.41. Let M and N be truncated U-families. Suppose 0 : e*M — e*N
is a BY -module isomorphism. Suppose e1*0y = ex*0y. Then e1*0 = ex*6.

PROOF. Since e1*0y = ex*0y, there exists, by Proposition 4.40, a ¢y : Mo —
Ny such that e*1y = 0.
Since there is a morphism of functors e* FU = FVe* as in (4.13), the diagram

e*FY
(4.14) e*FU M, —w;)e*FUNo

L

FVE*MQ V;) FVe*NO
FY e o

commutes, and the columns are isomorphisms (since they are just the maps (4.13)).
Since 6 is a B-module map, the diagram

SFYo
(4.15) ei*FVe*Moe—;)ei*Fve*./\/'o

| |

e;*e* My —*0>ei*e*M1
] 1

€

commutes. Applying ef to (4.14) and stacking (4.14) above (4.15) gives a commu-
tative diagram:

e;*e*FUqyg
ei*e*FY M, ei*e*FUN,
61'*6*./\/11 ) 67;*6*./\/11.
i 01

Since multiplication FVe* My — e*M is defined as the composition

FVe*My — e*FU My — e* M,
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the verticals of this diagram are e;*e* applied to the multiplication, u, of the B-
modules M and N. This shows that the left and right face of

61*6*FUM0 - 61*€*FUN0

-

ex*e* FU My — ex*e* FUN
61*6*./\/11 EEE——— 61*6*./\[1

ex*e* My ——— ex*e* Nq
commute. Since e;*e*u = ex*e*pu and
er*e* FU4y = ex*e* FUqy,
the top and sides of the cube commute as well. Since the vertical maps are epis, the

bottom is commutative so e;*0; = ex*;. Using this fact and repeating the above
argument, we find that e;*0 = ex*6. O

Let us prove part of Theorem 4.4.

ProrosITION 4.42. With the notation as in the beginning of this section,
Lo (f) : Tp(U) = Tn(V) is an injection.

PROOF. Let M and N be U-families. By Lemma 4.33, we may assume M
and A are in standard form. Suppose [e*M] = [e*N], i.e. suppose e* M = e*N
as V-families. By Corollary 4.39, there exists a 0 : e*M = e*N such that 6 is
the identity. Thus e;*0y = ex*0y. By the previous lemma, e;*0 = ex*6. Thus, by
Proposition 4.40, there exists an isomorphism § : M — A such that e*6 = 0. Fi-
nally, we must show that § is a B-module morphism. If x4/ denotes the multiplication
maps of the modules e* M and e* /N, then we know

FVe,
FVe*M; —— FVe*N;

lu; l llu‘;

B*Mi_H T> 6*./\/7;+1
it1

commutes since # is a B-module morphism. By naturality of the indexing map
(4.13), the diagram

* U e*FU(si * U
e*FUM;, —= e¢*FUN;

.

Fve*/\/li W Fve*M
3

commutes, and when this diagram is placed above the previous diagram, the
columns are e* applied to the multiplication map of the B-modules M and N
by definition of u/. Since the composition of the previous two diagrams commute,
and it equals the application of the functor e* to a diagram of Oy« x-modules, the
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diagram commutes after removing e* by Proposition 4.40. Thus ¢ is a B-module
morphism. O

4.4.6. Completing the proof that I',,(—) is compatible with descent.

LEMMA 4.43. Let M be a V-family such that e;*M = ex* M as BV*vV-
modules. Then, for some q: U — X, My = e*(idy % q).Op.

PRrOOF. Without loss of generality, we may assume M is in standard form.
Thus, for some ¢’ : V — X, My = (idy x ¢').Oy. We may now compute

(4.16) e1*Mo = e1*(idy x ¢')Oy — (idyx,v X ¢ f1)« /1 Ov

where the right morphism, the dual 2-cell induced by the diagram of schemes

Voxp vV —2

v
idVXUVXq/fll/ lidVXq’
V XU V x X 7 V X )(7

is an isomorphism by Lemma 3.44. Furthermore,

er*(idy x ¢'). 0y = ex*(idy x ¢')«Oy = (idy x,v X ¢ f2)«f2" Oy

where the first isomorphism exists by hypothesis and the second is an isomorphism
as in (4.16). Thus, by Proposition 3.43, ¢’ f1 = ¢’ f2 so by Theorem 4.4, there exists
a q:U — X such that ¢f = ¢'. Since f*Opy = Oy,

./\/lo = (idv X qf)*OV = 6*(idU X q)*(’)U,

where the last isomorphism is the dual 2-cell induced by the diagram

|4 U

ideqf\L liduxq

VXxX—UxX.

O

LEMMA 4.44. Let M be a V-family, and suppose e1* M = ex* M as BV >V -
modules. Then there ezists a V-family M’ = M and an isomorphism 6 : e;* M’ —
ea* M’ such that 0y is a descent datum.

PROOF. By Lemma 4.43, there is a V-family M’ = M with M’g = e*(idy x
q0)+Op. Thus ef My = el M = e3 M = e5 M. Since the canonical isomorphism
er*e*(idy x q).Op = ex*e*(idy x q).Oy

is a descent datum, the result follows from Corollary 4.39. O
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LEMMA 4.45. Let L be an invertible Oy -module and let N = (idy X q)«L. Then
the diagram

er*e* FUN —— FV>XuVe *e* N

| l

es*e* FUN —— FVXuVey*e* N

whose horizontal maps are just compositions of maps (4.13) (on page 73), com-
mutes.

PrOOF. We must show that the diagram

61*€*FUN4>FVXUV€1*€*N
(ee1)* FYN —— FV>UV (e )* N

(eeq)* FYN —— FVXUV (eex)* N

e e* FUN —— FVXuVe,*e* N

commutes, where the vertical maps are the natural maps. Since F' is indexed by
Lemma 3.33, the top and bottom squares commute. Since the middle verticals are
equalities, the middle square also commutes and the assertion follows. ([

PROPOSITION 4.46. Let M be a V-family, and suppose there is a BY*UV -

module isomorphism 0 : e;* M — ex* M. Then there exists a U-family N such that
e* N = M as BY -modules.

PrOOF. By Lemma 4.44, we may assume that there exists a ¢ : U — X such
that My = e*(idy x ¢).Oy and that 6 is a canonical descent datum. By Lemma
4.45 and the fact that  is a BY-module morphism, the diagram

er*e*FY(idy x q).Op — ex*e* FY (idy x q).0p

l |

FVXuVe,

FVXUVel*MO FVXUVEQ*MO
Hol luo
61*/\/11 62*/\/11

01
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commutes, where the top vertical maps are indexing maps (4.13) on page 73. Let
Ny = (idy X ¢)«Oyp. Expanding the bottom square, we get a diagram

61*6*FUN0 eg*e*FV./\/o
VxuV FVX0%0  vwuv
FV>uVe *e* Ny FV>xXuVey*e* Ny
el FVe* Ny es* FVe* Ny
e1" e 1
61*./\/[1 ) 62*./\/11
1

where, again, the top two pairs of vertical maps are indexing maps (4.13). But by
definition of these vertical maps, this diagram equals

e1*e*FUNy — ex*e*FUN

| |

el*FVe* Ny ea* FVe* Ny
el*l“l lGQ*#
el*./\/ll o 62*./\/[1

whose vertical maps are e;* applied to a morphism
e*FUNo - Ml.

Since the top morphism of this diagram is a descent datum, 6, is a descent datum by
Lemma 4.26 and there is an isomorphism 1 : M; — e*N; for some Oy« x-module
N1 by Proposition 4.40. Therefore, we have a commutative diagram

er*e* FUNy — ex*e*FUN|

| |

e1*FVe* Ny ea* FVe* Nj
el*wul lez*lﬁﬂ
e1*e*Ni ————ex*e* NV

where the bottom horizontal map equals (e2*1)0; (e1*9)~! and where the vertical
maps are ¢;* applied to a morphism

é:e*FYNy — e*N.

Since 6; is a descent datum, so is (ex*1))f;(e1*1) ™1, so that by Proposition 4.40,
there exists a ¢/ : FUNy — N such that e*i’ = ¢. Thus we have a commutative
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diagram
er*e* FUNy — ex*e* FUN,

61*6*./\[1 —— 62*6*./\/'1.
Since e; and e are faithfully flat, e;* and e* are exact. Thus, ker e;*e*y’ =
e;*e* ker u’ and p/ is epi since e*u’ is epi. Since p’ is an epi, there exists a unique
morphism
e1*e* N1 — ex*e* N

making the diagram commute. Since the top morphism is the canonical one, we
conclude that 6; is also the canonical morphism (Definition 4.27). The proof follows
by induction. O

Thus, we have succeeded in proving Theorem 4.4.



CHAPTER 5

The Representation of I',, for Low n

In this chapter, we assume, unless otherwise stated, that X is a separated,
noetherian scheme, £ is a coherent O x-bimodule, and there is a graded ideal Z C
T(€) whose first nonzero component occurs in degree m > 1. Let B = T(€)/Z.
We represent T',, for n < m (Proposition 5.1 and Theorem 5.3). Before reading the
remainder of this chapter, the reader is advised to review the last two sentences of
Section 1.6.

5.1. The representation of I'y
PROPOSITION 5.1. T'g(—) = Homg(—, X).
PROOF. Let U be an affine scheme. Then
I'o(U) = {isomorphism classes of truncated U-families of length 1}.

By Proposition 3.43, these classes are indexed by elements of Homg (U, X): if M is
a truncated U-family of length one, M 2 (idy X ¢)«Oyp for a unique map ¢ : U — X.
This gives a bijection

oy : To(U) — Homg (U, X)

defined by oy ([M]) = q. We show o is natural. Let ¢ : U — X, so that [(idy x
0)«Ou] € Ty(U) and let f : V — U be a morphism of affine S-schemes. Then

Lo(f)[(idv x q)«Ov] = [(idv x ¢f).Ov]
so that
Homg (U, X) 22— Ty (U)

Ofl lFO(f)

Homg(V, X) .—T'o(V)
commutes. Thus, o defines an isomorphism

¥ :Ty(—) = Homg(—, X).

5.2. The representation of I';, for 0 <n < m

Before stating the main result of this chapter (Theorem 5.3), we introduce some
notation. Suppose Y and Z are separated, noetherian schemes, £ is an Oxxy-
module and F is an Oy xz-module. Suppose also that pr; : X xY — XY,
pr; 1 Y xZ — Y, Z (same notation!) and pr;; : X XY xZ — X xY, X x Z,Y x Z are

79
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projection maps, and pg and px are the structure maps of Pxy (£) and Py x z(F)
respectively. We denote by

Pxxy(€) @y Py xz(F)
the fiber product in the following diagram:

Pxxyv(€) @y Pyxz(F)— = - - - > Py z(F)

|
qe | lprlop}'
y

Pxxy(€) Y.

proope

Since X x Y x Z is the fiber product of the following diagram:
Y xZ

lprl

X xY T) Y
we have the commutative diagram

Pxxv(€) ®y Pyxz(F

/\

Pxxyv (€ Py xz(F)

XxYxZ

/k

X xY Y xZ

\/
Y

By the universal property of the fiber product, there is a map ¢ : Pxxy (&) Qy
Py« z(F) = X XY x Z, making

Pxxy (&) ®y Pyxz(F)

Pxxy(E) ¢ Py« z(F)
|
|
\

Pe XxYxZ pF
/ X
X xY Y xZ
pry prq
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commute. Thus, Pxxy (€) ®y Py« z(F) is an X X Z-scheme.
Remark. Using the tensor product notation to denote a fiber product of spaces
becomes useful when X =Y = Z.

LEMMA 5.2. Retain the notation above. If T is a scheme and G is an Ozxp-
module, then there is an isomorphism

(Pxxy (&) @y Pyxz(F)) @z Pzx1(G) = Pxxy (&) @y (Pyxz(F) @z Pzx7(G)).
PROOF. The proof is a tedious exercise in the use of the universal property of

the fibre product. ([

Remark: The same result holds if we replace the various projective bundles by
arbitrary X xY, Y x Z, and Z x W schemes. By the lemma, the space (Px=2(F))®"
is well defined.

THEOREM 5.3. For 0 < n, there is a monomorphism
@ : Ip(—) = Homg(—, (Px2(€))®")

which is an isomorphism for n < m.

A more detailed description of ® is given in Proposition 5.19. For the remainder
of this chapter, let U be an affine, noetherian scheme and suppose

pr; s (Ux X)% - Ux X

are the standard projection maps. Let ¢ : U — X, and let M be an Oy « x-module
isomorphic to (idy x ¢).Oy. Let Z = SSupppriM, and let i : Z — (U x X)% be
the inclusion map.

LEMMA 5.4. Let R be a commutative ring and let A, B, and C be commutative
R-algebras. Let q: B — A, and let A have a B-module structure via the rule

b-a=q(b)a.
In what follows, all unadorned tensor products are over R. Then the A® C'-module
map
f:ARC - (A®B)®@4 (A®C)/ann(((A® B)®4 (A®C)) Qagp A)
sending a ® ¢ to the image of a @ 1 ® 1 ® ¢ in
(A B)®4 (A C)/ann(((A® B)®4 (AR () ®agp 4),

is an isomorphism.

PROOF. The map f is an epimorphism since, if a € A, b € B, and ¢ € C, then
a®b@10c—qb)a®@1®1@ceann(((A® B)®4 (A®C)) ®agn A).

We now show the map is a monomorphism. First, if A ® C is given an (A ®
B) ®4 (A ® C)-module structure defined by the rule

(a®b®1®c) (¢ ®ad)=cc ®aq(b)d

for a,a’ € A, b € B and ¢ € C, then it is easy to see that there is a natural
(A® B) ®4 (A ® C)-module isomorphism

(5.1) (A@B)@4 (A®(C))®@agp A — AR C.

Let I be a finite set. For all i € I, let a; € A and ¢; € C. Suppose YX;a; @ 1 ®
1®c; € ann((A® B) ®4 (A® C) ®agp A). Then, under the isomorphism (5.1),

20,0101 ¢; € ann A® C. Thus, ¥;a;, ® ¢; € A® C equals 0, proving that f is
a monomorphism. O
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PROPOSITION 5.5. The map pryt : Z — U X X is an isomorphism.
PROOF. First, we show that as a map of topological spaces,
pryt: Z = U x X
is an isomorphism. This follows easily from the fact that, since
Z ={(a,b,a,c) € (U x X){|b = q(a)},
the continuous map
(idy x q) x (idy x idx) : U x X — Z C (U x X)%

is inverse to pryi.
We next show that pryé is an isomorphism of schemes. Let 7 = ann pri M. We
must show that if

Pff :Ouxx — pfz*O(Uxx)?]
is the sheaf morphism from the map pr,, and if

i* 1 Oy, —> Owxxy, /T —ixi Oy xy2, /T)

is the sheaf morphism from the map ¢, where the first arrow is the usual quotient
map, then the sheaf morphism

pro, i oprfl 1 Ousx — pra,ivi™ (Owwxys, /T)

is an isomorphism of Oy x-modules. Since the rightmost composite of i# is an
isomorphism (which can be checked pointwise), in order to show pry,i# o prjﬁ is an
isomorphism, it suffices to show

13)1"2*50131“;‘7£ :Ouxx — PTQ*(O(UxX)%,/I)

is an isomorphism. Let Spec B and Spec C be affine open subsets of X and let
Spec A = ¢~ !(Spec B). The composition of

pry, 8 0 pri (Spec A® C) : Oy x (Spec A ® C) — Pra. (O xx)2 /1) (Spec A® C) =
(Owxx)2 /T)((Spec A X X) Xspec a (Spec A ® C'))
with the A ® C-module isomorphism
(Owxx)2 /T)((Spec A X X) Xspeca (Spec A® C)) —
(Owxx)z /T)(Spec((A® B) @4 (A® C)))

given by restriction (isomorphic by Lemma 4.34 and Lemma 4.35) is just the map
of A ® C-modules

fiARC - (A®B)®4 (AR(C)/ann(((A® B)®4 (A®(C)) ®ags A)
sending a ® ¢ to the image of a ® 1 ® 1 ® ¢ in
(A® B) @4 (A® C)/ amn(A® B) @4 (A® 0)) ©asp A).

The fact that this map is an isomorphism follows from the previous lemma. ([
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PROPOSITION 5.6. Let N be an Opyyx-module, and let F be an (’)(Uxx)%-

module. Then (pryi). has a right adjoint (pryi)' and there is a natural bijection

(52) "/} : HomUXx(prz*(prfM ® f)vN) -

Hom iy xy2 (F, Homo (pry M, iy (pryi)'N)).

(UXX)%

PROOF. The first assertion follows from the previous lemma. To prove the
second assertion, we note that the functors

(proi)s 0i* o (priM @ —) : Qeoh(U x X)?; — QcohlU x X
and

Home (priM, =) oi. o (pryi)' : QeohU x X — Qcoh(U x X)%

(UXX)%

are the left adjoint and right adjoint, respectively, of an adjoint pair. The assertion
then follows from the fact that

1" (priM R F) ZpriM e F.
O

We prove Theorem 5.3 by first proving the following three preliminary results.
LEMMA 5.7. Supposer: U — X, N = (idy x r).Op,
F : Qeoh(U x X)% — QcohU x X
is the functor pry, o (priM @ —), and
G : QeohU x X — Qcoh(U x X)3

is the functor Homo (priM, —) o i, o (pryi)'. Then (F,G) form an adjoint

wxx)}
pair such that if

n: idQcoh(UxX)%] = GF
is the unit map and
€: FG = idQeohux x

is the counit map, then nagnr, and enr are isomorphisms.

PROPOSITION 5.8. Letr: U — X, let N = (idy x r).Op. Then there is an
isomorphism of O x)2 -modules

Homo (priM, i, (pryi)' N) — ((idy x q) x (idy x 1)).Oyp.

(UxX)%
PROPOSITION 5.9. Let F be an O(Uxx)%]—module and let N be an Oyxx-
module. Then the bijection (5.2),

¢ : Homy  x (pry, (priM @ F),N) —

Hom iy xy2 (F, Homo (prs M, i (pryi) N)).

(Uxx)%,

is a bijection on epimorphisms.
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5.2.1. The proof of Lemma 5.7. The next result follows easily from the
definitions, so we omit the proof.

LEMMA 5.10. Supposei: W —Y is a closed immersion of schemes and A and
B are Oy -modules. Then there is a natural isomorphism of Oy -modules

ixHomw (A, B) — Homy (i A, i.B).
LEMMA 5.11. Suppose P is an O(U><X)2U -module such that the natural morphism
P — i *P
is an isomorphism. Then there is an Oz-module isomorphism

i"Homo priM,P) — Home, (i*priM,i*P).

(U><X)?](
Proor. By Lemma 5.10,

(5.3) ixHomo, (i"priM,i"P) =2 Homo (i1 pri M, 4,1 P),

(Uxx)ZU
while, since
4" priM = priM,
and
11" P 2P,
the latter sheaf is isomorphic to

Homo (pr; M, P).

(UxX)%
Thus, applying ¢* to (5.3), we have a sheaf isomorphism

i*isHomo, (i"priM,i"P) — i*Home priy M, P).

(UXX)% (
The assertion follows from the fact that

i"i.Homo, (i*pr; M, i"P) = Homp, (i*priM, i*P).

LEMMA 5.12. The Oz-module i*pri M is free, of rank one.
ProOF. We need to show that
PPriM = i (O xyp / ann priM)
as iil(O(UXx)%/ ann priM)-modules. Since i*i, = idz we need only show that
i4i pryM = i*i_l(O(UXx)%/ ann pry M)

as i*ifl(O(Uxx)zU/annprT./\/l) = Owxx)z / ann priM-modules. But i,i"priM =
priM. Thus, we need only show that there is an (’)(Uxx)?]/ann prj M-module
isomorphism

priM = O(Uxx)%/annprTM.
We construct a map locally and show that it glues together. We first observe that
the set

C = {Spec(A® B) ®4 (A® C)|q*(Spec B) = Spec A, and Spec B,SpecC C X}

is an open cover of Supp prj M by Lemma 4.35. Thus, to define a map of sheaves
priM — O(Uxx)zU/annprT , it suffices to define, for each V' € C, a map fy :
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priM(V) — Owx xyz /annpriM(V) and then to show that if V" is also in C, then
fr(Vn V/) = fy (VN V/).
Suppose V = Spec(A® B) ®4 (A® C) € C. Since
Owrsxys (Spec(A x B) @4 (A8 C)) = (A® B) @4 (A® C)
and
priM(Spec(A®@ B) @4 (A®C)) = (A®@ B)®4 (AR C) Q@ags 4,
there is an epimorphism
(5.4)  Ogxyp (Spec(A® B) @4 (A® ) — priM(Spec(A® B) ®4 (A® C))
sending
a®@b1®ce (AR B)®a (A C)
to
(a®b®1®c)®1e(AQBRC)®agn A.

The kernel of this epimorphism is exactly ann (A® B) ®4 (A® C) ®agp A. Thus,
the map (5.4) gives an isomorphism

fu ¢ (Owxy, /ann priM)(Spec(A @ B) x4 (A C)) —
priM(Spec(A® B) @4 (A® C)).

We show that these isomorphisms glue to give an isomorphism of sheaves. Suppose
V' =Spec(A’ ® B') @4 (A’ ® C') € C. Then as before, we have an isomorphism

fvr 1 (Owxxyz, /ann priM)(Spec(A’ ® B') @4 (A’ ® C")) —
priM(Spec(A’ @ B') @4/ (A" @ C")).
We must show
fv(Spec(A® B) ®4 (A® C)NSpec(A’ @ B') @4 (A @C")) =
1’/ (Spec(A® B) @4 (A® C) N Spec(A’ ® B') @4 (A @ C")).
Since U and X are separated, the intersection of two affine open subsets of U is
affine, and the intersection of two affine open subsets of X is affine. Suppose Spec

AN Spec A’ = Spec A", Spec BN Spec B’ = Spec B”, and Spec CN Spec C' =
Spec C”. Then we need to show that

fV(SpeC(AN ® B/l) ®A” (A// ® C//)) —
fir (Spec(A” @ B") @40 (A" & C)).
This follows immediately from the definition of fi and fy-. ]

LEMMA 5.13. Let F : A — B be a functor and suppose (F,G) is an adjoint
pair. If N is an object of B such that exr : FGN — N is an isomorphism, then
NaN 1S an isomorphism.

PROOF. Suppose €, is an isomorphism. Since the composition

NGy Gxen

GN == GFGN == GN
is the identity, and since G * e is an isomorphism,
nen = (G xepn) ™t

so that ngas is an isomorphism. O
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LEMMA 5.14. Letr: U — X, let N = (idy x r).Oy, let
F : Qeoh(U x X)? — QcohU x X
be the functor pry, o (priM ® —), and let
G : QeohU x X — Qeoh(U x X)%

be the functor Homo (priM, —) o i, o (pryi)'. Then (F,G) form an adjoint

(UXX)%

pair such that if
n: idQcoh(UxX)?J = GF
is the unit map and
€: FG = idQcohUxX

is the counit map, then ngn and € are isomorphisms.

PROOF. By Lemma 5.13, in order to prove that nga is an isomorphism, it
suffices to show that exr is an isomorphism. To complete the proof of the lemma,
we show that ey is an isomorphism. Let

F’": Qeoh(U x X)? — Qcoh(U x X)%
be the functor priM ® —, and let

G’ : Qecoh(U x X)? — Qeoh(U x X)%
be the functor Hom@(uxx)% (priM,—). If € : F'G" — id is the counit of the adjoint
pair (F’,G"), then € : FG — id is given by the composition

proy, *€ *i, (pryi)’

Py, F' G (pryi)’ (Proi)« (prai)' ==>1id

where the rightmost map is the counit map of the adjoint pair ((pryi)., (pryi)’).
Since pryi is an isomorphism (Proposition 5.5), to show that exr is an isomorphism,
it suffices to show that G/i*(przi)! A is an isomorphism. This map is defined on an
affine open set V C (U x X)# by sending a ® 3 in

F'G'i.(pro) N (V) = priM(V) & Homo, . ) (priM(V), i (pr) N (V)

(Uxx)%]

to B(a) € i.(pryi)'N. To prove that €, (pryi)'A 18 an isomorphism, we claim it
suffices to prove that i*e’i*(prﬂ)z/\/ is an isomorphism. For, suppose this is the case.
Then, if " : id = i,4* is the unit, the top map in the commutative diagram

(5.5) 6% F' G (pro) N — 0%, (pryi) N
n//T T’q//
F'G'i,(pryg)' N iy (proi)' N

’
€

is an isomorphism. Since nllpr;M is an isomorphism, n//prf/\/l@H is an isomor-
phism for all H in Qcoh(U x X)7. Thus, 17" z/r;. (pr,s)a 1S an isomorphism. Since
n"i*(przi)z/\/ is also an isomorphism by Lemma 5.13, the top and sides of (5.5) are
isomorphisms, so the bottom of (5.5) is also an isomorphism.

To complete the proof, we show that

i€, (i) 1T (PITM @ Home (prs M, iy (pryi)' N)) — %6, (pryi)' N

(UxX)%
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is an isomorphism. By Lemma 5.11, there is an isomorphism

Y i*Homo (pri M, i, (pryi)'N)) — Homo, (i*pri M, i*i,(pryi)' V).

(z/xx)%
Thus, there is a morphism

P*priM @ Homo, (i*pri M, i*i,(pryi)' )
li*prw@wl

*priM @ i*Homo (priM, i (prgi)' N)

2
(U><X)U

|

i (priM @ Homo(uxx)% (prj M, i (pry JN)) — i*i (pryi)' N.

Since i*priM is a free rank one Oz-module by Lemma 5.12, there is a natural
isomorphism

PpriM @ Home, (i*pri M, i*i,(pryi)' )

|

Homo, (i*priM, i*i.(pryi)'N)

i*i.(prai)' N.
An easy local computation shows that the diagram

P*priM @ Homo, (i*pri M, i*i.(pryi)' )

Home, (i*pri M, i*i.(pryi)' )

e . N
i*i. (prai)' N.
commutes. Thus, :*¢’, and hence €, is an isomorphism. O

5.2.2. The proof of Proposition 5.8.

LEMMA 5.15. If r : U — X, and if N = (idy x r).Op then there is an
isomorphism of O z-modules

i*Homo(UXx>%(pr’§M, i (pryi)'N) — (pryi)' N.
PRrROOF. By Lemma 5.13, the natural morphism
iy (Proi)' N — 1,00, (pryi)' N
is an isomorphism. Thus, by Lemma 5.11, there is an isomorphism

i*Homo (prs M, i, (pryi)'N) — Home, (i*pri M, i*i, (pryi)' N).

(UxX)%
By Lemma 5.12,
Homo, (i pri M, i* i, (pryd)' N) 22 i%i. (pryi)' N,

and this last sheaf is naturally isomorphic to (pryi)'N. ]
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LEMMA 5.16. Let f : Y — Z be an isomorphism of schemes. Then the functors
f* : QcohZ — QcohY
and
f': QeohY — QcohZ
are naturally equivalent.
PRrROOF. Since f is an isomorphism, f is affine and there are adjoint pairs

(f*, f«) and (fs, f') with counits e and ¢, respectively, which are isomorphisms.
Thus, we have a natural isomorphism

-1 ! f**el

fre== g p s g
O

PROPOSITION 5.17. Letr: U — X, let N = (idy x r).Oy. Then there is an
isomorphism of (’)(Uxx)%} -modules

Homo (priy M, i, (pryi)'N) — ((idy x q) x (idy x 1)).Oyp.

(Uxx)%
PROOF. By Lemma 5.15, there is an isomorphism
(pr M, ix(pryi)'N) — (pryi)'N.

i"Homo

(UXX)%
By Lemma 5.7,
i*z’*’}-{omowxx)% (pry M, i, (pryi)' N) = ’Homo(wx)% (prs M, i, (pryi)'N),

so that

Homo(wx)% (pri M, i, (pryi)'N) 2 i, (pryi)' N,
By Lemma 5.16,
(5.6) i (Prai)' N 22 4, pro* N 22 0% pry* (idy X 7). Op.
We simplify (5.6) by defining a map a which makes the diagram
(5.7) SSupp(pri (idy % ¢)«Ov)

-7 l
U=——_ (U x X)2,.

(idU Xq) X (idU ><’I‘)

commute. For p € U, define a(p) = (p,q(p),p,7(p)) € Z. Let T = ann priM. We
now define the sheaf component of a,

a® i_l(O(UXx)%/I) — a,.Oyp.
To define a#, we note that the sheaf map
(idy x q) x (idy x 1)* : Oy xy2, — ((idp x ) x (idy x 1)).Oy

has 7 in its kernel. This follows readily by examining the morphism locally. Thus,
there is a sheaf map

(Owxx)z/T) — ((idv x q) x (idy x 1)).Ov.
Applying i~! to this map, we have a map
a” : iil(O(UXX)%/I) — iil((idU X q) X (ldU X T))*OU.
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The assertion follows by noting that a, = i~ ((idy x ¢) x (idy x 7)).. With this
definition of a, it is easy to see that (5.7) commutes.
We next show that the diagram of schemes

U idy I
al l/id[] Xr
SSupp (pri(idv x ¢).Ov) - UxX
I‘Zl

is a pullback diagram. In particular, we show that
aXidUZUHZXUXxU

is an isomorphism. Let my : Z xXyxx U — U be projection. It is clear that the
composition

axidy ™2
U———Z xuxx U

U

is the identity map. Thus, in order to show a X idy is an isomorphism, it suffices
to show that the composition

T2 aXx idU

Z xuxx U U Z xuxx U

is the identity. This is true at the level of spaces. We must show that the map of
sheaves

Ozxywxv — (axidy)«Ov — (a X idy)«m2.O0zx . xU
is the identity map, where the left map comes from the scheme map a x idy and
the right map comes from the scheme map 75. A local computation bears out this
fact. Thus, by Lemma 3.44, i*pry* (idy X 1)« = a.. Applying i, to this isomorphism
yields the isomorphism of functors

10 pry ™ (dy X 1)y 2 isax = ((Idy X ¢) x (idy X 7))«.

5.2.3. The proof of Proposition 5.9.

PROPOSITION 5.18. Let F be an O(Uxx)% -module and let N be an Oyxx-
module. Then the bijection (5.2),

¢ : Homy  x (pry, (priM @ F),N) —

Hom(UXX)?J (‘77 Homo (pI'?M, b (prQZ)‘N))

2
(UXX)U

is a bijection on epimorphisms.

PROOF. Let
F : Qeoh(U x X)?%) — QcohU x X
be the functor
(prai)s 0 i" o (priM @ —),
and let
G : QecohU x X — Qcoh(U x X)?]

be the functor
Homo priM, =) oi, o (pryi)’.

(Uxx)%](
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Let n : id — GF be the unit of the adjoint pair (F,G). By definition, if f is
an element of the left hand side of (5.2), then ¢(f) = Gfnz. Thus, if f is an
epimorphism, then to show ¢ (f) is an epimorphism, it suffices to show that nz and
G f are epimorphisms.
We first show that the unit map
nrg:F — GFF

is an epimorphism of O(Uxx)?]—modules. Let

F': Qeoh(U x X) — Qcoh(U x X)%,
be the functor

pr:lkM & ]

and let

G’ : Qecoh(U x X)% — Qcoh(U x X)E
be the functor

Homo (priM, —).

Then (F’,G’) form an adjoint pair, with unit, n’. We show that 1’ is an epimor-
phism, which will later help us show 7£ is also an epimorphism. We first note that,
to prove

2
(U><X)U

(pryM,priM @ F)

is an epimorphism, it suffices to show i*n’ is an epi. For, supposing that i*n’ is an
epi, 1,4*n must also be an epi since i, is exact. Since i is a closed immersion, the
unit map " 7 : F — i.4*F is an epi. Since the unit map n” o g £ is an isomorphism,
the commutativity of the diagram

I
nNrg:F — 'Homowxx)%

F
F G'F'F
1 1
n fl lﬁ G'F'F
i F —— i i*G'F'F
1% N F

implies 7’ 7 is an epi. Therefore, in order to show 7’ ~ is epi, it suffices to show i*n’ ~
is epi. We prove this. By Lemmas 5.11 and 5.12, there is a natural isomorphism

d:i*"Homo priM,priMeF) — i*F

(Uxx)% (
such that di*n’ = idr. Thus, i*n’ is an epi so that n’ is an epi.
Next, by Proposition 5.5, the composition of unit maps
PriM @ F — i, i* (priM @ F) — iy (proi) (proi)«i* (priM @ F)
is an isomorphism. Thus, we have a natural isomorphism

Homo priM,priM e F) — GFF

(UxX)% (

making the diagram

Homo, . (pri M, pri M @ F)
/ l
F GFF
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commute. In particular, the unit map nr : F — GFF is an epimorphism.
Finally, suppose
[ (pryi)si* (priM @ F) — N
is an epimorphism. We must show that the induced map of sheaves,

Gf : G(pryi)i* (priM @ F) — GN

is also an epimorphism. Since, by Proposition 5.5, i, and (pryi)' are exact, we
note that i, (pryi)'f is an epimorphism. To show Gf is an epimorphism, we need
only show that *Gf is an epimorphism. To this end, we note that 7 : id = 7,¢*
applied to both the domain and codomain of i, (pryi)' f is an isomorphism. Thus,
by Lemmas 5.11 and 5.12, i*G’ applied to i.(pryi)'f is an epimorphism. Since
i*G = i*Gi.(pryi)', i*Gf is an epimorphism so that Gf is an epimorphism as
desired. O

5.2.4. The proof of Theorem 5.3. If G is an Ox2-module, and p : (U X
X)# — X? is projection, then let GY =p*G. If ¢, gj : U — X are morphisms and
d:U — U x U is the diagonal morphism, then let

gi; = (idy x ¢; x idy x gj) o (d x d)od : U — (U x X)3.

Suppose M is a free truncated U-family of length n + 1 with multiplication maps
tij. For 0 <k <n, let

ix : SSupp priMy — (U x X)F
be inclusion and let

FM = (pryiy)«if (priMi @0

(UxX)% -)
and
GM = Homo (prj M, =ik (proix)".

(UXX)%]

Finally, for 4,5 > 0, let the right adjunct of p; ; € Homy« x (F{MEY®I, M,y ;) be
denoted Ad p;,; € Homyry x)2, (EV®I . GMM;).

PROPOSITION 5.19. For 1 < n, there is a natural transformation
®: T, (—) = Homg(—,Px2(£)®™).
Furthermore, suppose U is a noetherian affine scheme and
j : Homg (U, Px2(€)®") — Homs (U, Py xy2, (EY)%")
is the map sending f to the composition

U&gﬂ]’x?(g)@" X5 Ui)P(UxX)%,(gU)(gn'

Then j o @y ([M]) corresponds to the n epimorphisms

Ad i1 o~
U —= GiMit1 — qi,i+1:0v

whose Tightmost map is given by Proposition 5.8.
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PrROOF. We construct a map of sets

(5.8) ¢ : {truncated free U-families of length n + 1} — Homj (U, Px=2(£)®").
We then show the ¢y does not distinguish between isomorphic families, so ¢y
induces a set map

B DE(U) — Hom (U, Py (6)7).
We next show that gf)gr is natural, i.e. defines a natural transformation

O T () = Homy' (—, Px2(£)").

By Corollary 4.24, ® extends to a natural transformation

®:T,(—) = Homg(—,Px2(€)®")

as desired.
Step 1: the construction of a set map

ou - {truncated free U-families of length n + 1} — Homk (U, Px2(£)®™).

We define ¢y (5.8). For 0 < j < n, let ¢; : U — X be a morphism such that

./\/lj = (idU X C]j)*OU~
and let

My FJ-MEU — M
be the BY-module multiplication map of M. Since ;1 is an epi by definition of
M, by Proposition 5.9 ;1 corresponds to an epi

’}/j : gU — G;VIMJ'+1.
By Proposition 5.8, this epimorphism can be composed with an isomorphism

G M1 = 45,541:0u
to give an epimorphism

;€Y = g5511.00.
By the adjointness of the pair (q;-"j+1,qj,j+1*), and by the affinity of g; 41, this
epimorphism corresponds to an epimorphism
(5.9) 4410 € = 45,1, €7 — O
By Proposition 4.6, this epimorphism corresponds to a map

rj:U*)]P)(UXX) (SU) %IP’)@(E) X x2 (UXX)2U~>]P’X2(<€)

2

U
whose projection to the base is ¢; x ¢;41. Thus, the maps (ro,...,r,—1) give us a
map

r:U — Py (£)®"
whose projection to the base is (qo, ¢ ). We define ¢y (M) = r. Since the left-most
composite of r; is a U-morphism, the second assertion of the Proposition holds.
Step 2: ¢y induces a set map

P IPN(U) — HomE (U, Py (€)®).

We need to show ¢y does not distinguish between isomorphic families. Suppose N
is another truncated U-family of length n + 1 and 6 : M — N is an isomorphism
of BY-modules. Suppose, as above, that N determines an epimorphism

5,1 €7 = Homo,, ., (PN, 54 (p151) N 11)):

(UxX)%
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and
§'5: €Y — ¢j,j11.00.

We claim that, to show ¢y (M) = ¢y (N), it suffices to show kery; = ker d;. If this
held, then there would exist an isomorphism

7j ¢ 45.i+1x0v = 45,541 Ov
such that
(5.10) Tj’y/j = 6/j.
But since g; ;41 is a closed immersion, the counit map
4j j+14,j+1+:Ov — Ou

is an isomorphism. Thus, applying the functor g; ;11. to equation (5.10) allows us
to deduce that ¢y (M) = ¢y (N). We conclude that, in order to show ¢y (M) =
du(N), it suffices to show that kervy; = kerd;. Let ¢; : kerd; — EY. We show
vic; = 0. Since, for any U-family P, (Fjp, Gf) is an adjoint pair, the diagram

(511) HOIIlUxx(Fj'-/\[EU,Mj+1)4>H0mUxx(5U,G§ij+1)

OFJNCj\L l_ocj

HOIHUX)((FJ'N ker 5j, Mj+1) —_— Homyxx(ker 5]‘, G?fMj+1)
commutes. If
vj F]A/(SU :M®OUXX ev _)J\[jJrl
is BY-module multiplication, then
0]»_+1le S HomUxX(FjAngan+l)
goes, via the top of (5.11), to the map

NN G o G0
gV ——=GIFYEY ——= G N —= G M

where the left-most map is the unit of the pair (F jN , Gﬁ-\/ ). The left-most two maps

compose to give d;. Thus, via the top route of (5.11), 0; 11Vj goes to zero. By the
commutativity of (5.11),

(5.12) 9;:11/]' o FJA[CJ‘ S HomUxX(FJA/ ker (Sj,./\/ljJrl)
equals zero. In addition, since 0 is a B-module morphism, the diagram
1
M @0y, x EV "> M1
0j®OU><XEUl l9j+1
'/vj ®0uxx ev yj—>'/vj+1
commutes so that

(5.13) Oj1 Vi (05 ®0u.x E7) = 1y
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We next note that pry, (prif; ® —) : F]M = F]N is a natural equivalence, so that
the diagram

—opry, (pri0;QEY)
(514) HOHlUxX(FJ'NgU,Mj+1) 2—> HOHlUXx(F]MSU,MjJrl)

_OFJNle l—oFJMCj

HomUXx(FJNker(Sj,./\/ljJrl) HOHIUX_X(FJM keréj,MjH)

commutes by functoriality of Homg y x (—, Mj41). Thus, since Oj-lllyj o FJch =0
by (5.12), and since ;11 'vj(0; @0y, x EY) = pj by (5.13), the commutativity of
(5.14) implies

(5.15) i FMe; = 0.

Finally, by the adjointness of (F;*', G), the diagram

HOHIUX)((FJMEU,MJ'+1) HomUXx(5U7G§MMj+1)

—OFJ./VI(:]-\L l—O(Jj

HomUxX(F]M ker 5j,Mj+1) — HomUXx(ker (Sj, G']/»\AMjJrl)

commutes. Since pj, an element in the upper left, goes to v; on the upper right,
(5.15) implies vjc; = 0 as desired. We conclude kery; C kerd;. A similar argument
shows ker d; C ker~; so kery; = ker d;. Thus, ¢y induces a map

o TR (=) — Homy" (—, P2 (F)™).

Step 3: compatibilities related to the proof that ®* is natural. Let V be an affine
scheme, suppose f : V — U is a morphism, and let f =fxidx:VxX—->UxX.
Let M be a BU-module, and give f*M its BY-module structure (Theorem 3.39).
Let FjU = FjM and ng = G?". Let zy : SSupp er*f*Mj — (VxX)?% be inclusion.
Finally, let

F} : Qeoh(V x X)i, — Qcoh(V x X)3,
be the functor pry, (pr}/*f*/\/lj ® —), and let
G} : QeohV x X — Qeoh(V x X),

be the functor Homo . (prsf*M,, —) o ij‘: o (prgijv)l. Since (F]U,GJU) and
*X)y

(F J-V, G;/) are adjoint pairs, if ¥! is the composition of isomorphisms
FY 7 =pry (pr) " f*M; @ f*=) = pry, f>* (pr)"M; @ —) =

Frorg.(priM; @ —) = fFY,

where the second nontrivial map is the isomorphism from Proposition 3.3, (2), there
exists, by Lemma 2.8, a natural transformation ®' : f*GY — G} f* such that
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Ul is the dual 2-cell to the square

Gy

QcohlU x X _~ Qcoh(U x X)%
Jaid

7* \@Jl 72

Gy

QcohV x X Qcoh(V x X)3%,.
FY

By Corollary 2.10, the diagram
(5.16) HOHlUxX(FjUgU7Mj+1) Hom(Uxx)?](EU,G?Mj+1)

f*(—)J{ lfz*(—)

Homy w x (f*FVEY, f*M;41) Homy, x)2, (f>EY, f7*GYM;11)

1 1 —
O‘I/gUl/ léMjﬂo

Homy w x (FY f2*EY, f*Mj41) — Homy . x)2, (f7EY,GY f*Mjp1)

with horizontal maps the adjoint isomorphisms, commutes. Let ¢f; ;11 denote
the closed immersion (idy x ¢;f) x (idy x gj+1f) : V. — (V x X)}. Since
(q;,j+1vqj‘,j+1*) and (qufj+1,qu7j+1*) are adjoint pairs, if U2 is the canonical iso-
morphism (qu’j+1)*f2* = f"q¢; ;41 induced by the commutative diagram of
schemes

qfji+1

v v x

| |

U (U x X}

qj,5+1

then there exists, by Lemma 2.8, a natural transformation ®? : f2*qj,j+1* —
qfjj+1+f* such that ¥? is dual to the square

qj,5+1%

QcohU Qcoh(U x X)3
fl S~ lf
qj:i,jm
QcohV Qcoh(V x X)3%,.
af i+

Thus, again by Corollary 2.10, the diagram

(5.17) Homy, x2 (€Y, ¢j,j+1+0v) Homy (¢ ;,,EY, Ov)
fz*(—)l lf*()
Homy . x)2, (f*€Y, f**¢; j+1.00) Homy (f*¢;;1,EY, f*Ov)

<I>?9Uol lo\lliU

Homy . x)2, (f*EY, qjjsr1 fof*Ou) — Homvy (¢ ff ;4 2*EY, f*Op)
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with horizontal maps the adjoint isomorphisms, commutes.
Finally, if
¢ G Mjs1 = ¢j541.00
is the isomorphism in Proposition 5.8, then the diagram
(5.18)

Homyy x)2 (EY, GY M;i11) Hom g, x)2 (€Y, ¢j,j+1:O)
fz*()l l]ﬁ*()
Hom v, x)2, (f2*EY, f2*GY M 41) e Hom v xy2, (f2*EY, f2*q;,j11.00)

@hjﬂo—l lq%Uo—

Homy x2, (f7EY.GY F*Mjp1) Hom v x)2, (fEY, qf;j41:F*Ov)

Go—

commutes by the functoriality of f2*.
Step 4: @}\AHI and ®? are isomorphisms. We first show that ®2 is an isomor-

phism and use this result to show that CI)}VMH is an isomorphism. By Proposition
2.8, ®2 equals the composition

2 72
[ 10 = afj a1 7705410 =

afj i+ G125+ = afj 1S
where the first map is the unit of the pair (qf;j+1qu7j+1*), the second map is
the isomorphism qf; 11 * U2 * gj j+1«, and the last map is the counit of the pair
(@} j+15@j,j+1+)- Since ;11 is a closed immersion, this last map is an isomorphism.
Thus, to show that ®? is an isomorphism, we need only show that the unit

(5.19) T @501 = afjj1ea 50 I 511
is an isomorphism. Since, by Lemma 3.44, there is an isomorphism fQ*qM_H* ==
qfj 411, and since the unit

qfjj+1ef” = afij+120; js10f5 541 f"

is an isomorphism (qf; ;41 is a closed immersion), by naturality of the unit, (5.19)
is an isomorphism. Thus, ®? is an isomorphism.

We now show that q)}thl is an isomorphism. Since ¥! is an isomorphism it
suffices, by Proposition 2.8, to show that the unit

(5.20) f2*G§]Mj+1 — G}/FJVfQ*Gg-JMj+1
and the counit
(5.21) FYGYMjt1 — M

are isomorphisms. The counit (5.21) is an isomorphism by Lemma 5.7. Thus, we

only need to show that (5.20) is an isomorphism. By Lemma 5.7, the unit
G;‘/f*Mj+l - G}/F]VGyf*Mjﬂ

is an isomorphism. In addition, by Proposition 5.8, there are isomorphisms

1 = " (®5,)7" &~ .
GY [*Mjp1 — afjj41:f*Ov —— f2q; j11.00 — [Z*GY M, 1.
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Thus, by naturality of the unit, (5.20) is an isomorphism.

Step 5: completion of the proof that ® is natural. The top row of the left
to right combination of diagrams (5.16) (on page 95), (5.18), and (5.17) sends
f;.1, the jth component of multiplication of the BY-module M, to an epimorphism
q;:jﬂé'U — Oy corresponding to r; : U — Px2(£).

We show the right hand vertical of the combined diagram sends the epimor-
phism corresponding to r; to the epimorphism corresponding to r;f. Suppose
o : q]*7j+15U — Oy is an epimorphism corresponding to r;. Then, in particular,
¢ corresponds, by Proposition 4.6, to a map g : U — Py« x)2 (€Y) which, when
composed with the projection Py x)2 (EY) — Px2(&) ((4.4), defined on page 62),
equals 7;. The right hand vertical of (5.17) sends ¢ to the composition
(5.22)

051 [V —— (Faf; j11) €Y = (4501 ) €Y —— "G} ;117 2, pou.
The composition

(g5 j110) EY — f*qf ;11 E7 re, [*Oy
appearing on the right hand side of (5.22) corresponds to the morphism

f
1% U ? P(UXX)?J(EU)

([9, 4.2.8, p.75]). Thus, by Lemma 4.13, (5.22) corresponds to the top morphism
in the commutative diagram

14 P(Vxx)@(fz*gU)
V—>U 5 Pwxz (EY)

whose right vertical is the map (4.4), which is defined on page 62. Thus, the top
route of the combined diagram sends u to ®F([M]) o f as desired.

Since @}MJ_H and ®2 are isomorphisms, the bottom route of the combined
diagrams exists and sends p; 1 to an epimorphism

viafj eV — frou.
Since the combined diagram commutes v also corresponds to r; f. But the left hand
vertical of (5.16), on page 95, sends 4,1 to i 1, the jth component of multiplication
of the BY-module structure on f*M inherited from M (Lemma 3.45). If ¢’ :
Gyf*/\/l — qfjj+1+f"Oy is the isomorphism constructed in Proposition 5.8, then
we claim the epimorphism v and the map constructed by applying the functor
qf} ;41 to the map

A\
PR

- - G . /
(5.23) fEY —— G;-/FJ-VfQ*EU -— G}/f*MjJ,_l L qfjj+1:f O

correspond to the same map 7;f under the correspondence defined in Proposition
4.6. Since the application of ¢f7;,, to (5.23) corresponds to ®{¥ (T, (f)[M]) under
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the correspondence of Proposition 4.6, this would suffice to prove the proposition.
To prove the claim, let

o' fPEY = qfj i[O

be the left adjunct of v. Then v’ equals the composition

9% oU V iV 2% UG-}/M;"1 V Fx B *

s *>Gj Fj f £ *>Gj f Mj+14>q,fj,j+1*f Ovu
for some isomorphism (3 : G}/f*MjJ,_l — qfji+1-f*Op. Thus (5.23) equals the
composition of v" with an isomorphism. In particular, the application of ¢ I 41 to
5.23) corresponds, via the map in Proposition 4.6, to r; f. We conclude that

J

O (Cn(f)IM]) = @5f (M) o f
as desired. ([l

PROPOSITION 5.20. For 1 < n, the transformation
®: T, (—) = Homg(—,Px2(£)®™)

defined in the proof of Proposition 5.19 is a monomorphism of functors. For 1 <
n <m, ® is an equivalence.

ProOOF. Fix notation as in the previous proposition. By Corollary 4.24, in
order to prove the Proposition, it suffices to show that ® restricted to I'E'(—) is a
monomorphism or equivalence to Homgr( —,Px2(£)®™), depending on n.

We first show ® is injective. Suppose M = @?:o(idU x ¢;)«Op and N =
EB;-L:O(idU x 1;)+Op are truncated U-families of length n + 1 with multiplications
w and v, such that ®([M]) = ®([N]). We show that M and N are isomorphic
BY-modules. We first note that the hypothesis implies M; = N. For, if pg :
Px2(€) — X? is the structure map, ¢; X gj+1 = pe®((M]) = pe®(IN]) = r; X rj41.
Thus, for all 0 < j < n, there is equality M; = N.

We define a BY-module isomorphism 6 : M — N by induction. Let 6y = id .
For 0 < j <mn —1, we proceed to define 6,,;. Assume, for 0 < j' < j, there exists
an isomorphism 6/ : M — N, such that the diagram

Hjr—1
Fj/}/ilgU =M

N U
Fj/_lg lﬁM]I

commutes. Since ®([M]) = ®([N]), there must exist an isomorphism 7; : Oy — Oy
such that the diagram

* M =
4,j+1G5 " Mj1 — Op

N
1G5 Nitn —— Ou
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commutes (Proposition 4.6), where the rightmost isomorphisms are the composition
@G Mz = ¢ 51105.,+1:00 — Ou,

the left map of this composition is the isomorphism of Proposition 5.8, and «

and f are epimorphisms which correspond, by Proposition 4.6, to ®([M]) and

®([NV]), respectively. Thus, there exists an isomorphism 7’ : a; +1G§V‘Mj+1 —

¢ j+1GY Njj1 such that

qijﬂGéwMHl
/
U ’
%5+ g
x
q.;j+1G§ij+1

commutes. Applying the functor ¢; j41. to this diagram gives a commutative dia-
gram

* M
4 j+1+9; j1G7 M1

* U
EV —— 4 j+1+4} j 1€ @, j+1-T

m\

qJ,j+1*Q;,j+1G§'\/~/\/j+1
where the left map is the unit map, 7, of the pair (¢} ;;1,¢j,j+1«). Since NGMM; 11
is an isomorphism by Lemma 5.7, we have a commutative diagram

U —= G M
gV ——= GY Ny
Applying FjM to this diagram, gives us a commutative diagram
(5.24) FMEY — FMGMM; 14
FMEV — FMGN N 1.
Since pry, (prjf; ® —) is a natural equivalence between F' jM and FJN , the diagram
M.
(5.25) FMEY —— FMG NG
Pr2*(Pr’1‘0j®5U)l lprz*(pr’{%@Gé\/)

FN&y ——= FNGNNj 1.
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commutes also. Stacking (5.24) above (5.25) gives a commutative diagram

Fj'A/th —_— F]MG;-\AM]'JA —_— Mj+1

ul lu

F]'/\/SU HFJ'A/G';\[A[J+1 HJ\[];F].

where the rightmost maps are the counits of the pair (F/*!, GM). By Lemma 5.7,
these counits are isomorphism, so there exists an isomorphism 611 : M1 — N1
such that the diagram

FJML‘:U E—— ./Vlj+1

Fj/ng% j+1-

commutes. Since the top morphism is ;; while the bottom morphism is v; by the
definition of ®, we have succeeded, by Lemma 3.26, in constructing a BY-module
isomorphism 0 : M — N, as desired. Thus @ is injective.

Now, suppose 1 < n < m. We show ® is surjective. Suppose r : U —
Px2(£)®" is a free S-morphism. Then, on the jth tensor, 7 projects to (g;_1,q;).
Let M; = (idy x ¢;)+Ou. We give M = @_,M; a BY-module structure such that
®([M]) = r. By Proposition 4.6, there exists, for 0 < j < n, epimorphisms

¢80 — Ou.
By the adjointness of the pair (¢} ;. ¢j,j+1x), this epimorphism corresponds to a
map
(5.26) EY = 4;,11.0v

which is an epimorphism since g; ;41 is a closed immersion. By Proposition 5.8,
there is an isomorphism

Homo (pri My, i (proi) Mt 1) — ¢ j+1+0v

(UxX)F
so that (5.26) corresponds to an epimorphism
EY = Homo (pr”;/\/lqj,i*(prgi)!/\/lj+1).
By Lemma 5.7, this epimorphism corresponds to an epimorphism
I FJMEU — M.
Since n < m, the multiplication maps v, : B; ® By — Bj4r are isomorphisms for

141’ < n. Thus, by Lemma 3.27, there is a unique BY-module multiplication, ™,
for M such that (u™); 1 = p;. One may now easily check that ®([M]) = r. O

(UXX)’U(



CHAPTER 6

The Bimodule Segre Embedding

Let X, Y and Z be separated, noetherian schemes, let £ be a coherent Ox xy-
bimodule and let F be a coherent Oy z-bimodule. Suppose that pr, : X x Y —
X, Y, pr,: Y x Z — Y, Z are projections (same notation!), and pg and px are the
structure maps of Px xy (£) and Py z(F) respectively. We denote by

Pxxy(€) @y Pyxz(F)
the fiber product in the following diagram:

(6~1) ]P)XXY(g) ®YPY><Z(]:)—q—F———>Pyxz(]:)
|
qe | lprlop}‘
\i
Pxxy(€) 0P X.

In this chapter, we construct a closed immersion
5: Pxxy (&) @y Pyxz(F) = Pxxz(€ ®o, F),

the bimodule Segre embedding, and prove it is natural in a suitable sense. If 7 C
T(€) is an ideal which has first nonzero component in degree m > 0, and B =
T(E)/Z, then we will show that, for n > m, I';, is represented by the pullback of
the diagram

Py (E)°"

Px2(E™/T,) — Px2(EM).

(Theorem 7.1). After stating our main theorem (Theorem 6.5) which describes the
properties of s we need in order to prove I',, is representable for large n, we prove
these properties one by one, making consistent use of the algebraic description of s
due to Proposition 4.6.

We describe notation we use in this chapter. Suppose W is a scheme, d : W —
W x W is the diagonal morphism, ¢ : W — X, ¢o: W — Y and g3 : W — Z are
morphisms, g12 = (1 X g2)od: W — X XY, gag = (g2 X gz)od : W =Y x Z
and gia3 = (q1 X @2 X g3) o (idw X d)od : W — X XY x Z. Finally, suppose
@y = (idw x q1 x idw x q@)o(dxd)od: W — (W x X) xyw (W x Y). Let ¢34
and ¢}%; be defined similarly.

6.1. Statement of the main theorem

Before we can state the main result of this chapter, we must give a number of
technical definitions. Let U be a scheme, Let X', Y’ and Z’ be U-schemes, and let

101
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pri; : X XY xZ — XY, Zand prj; : X' xpY' xy Z" — X', Y', Z' be the standard
projection maps.

DEFINITION 6.1. With the above notation, maps pgy : X' Xy V' — X x Y,
Py Y Xy Z' =Y X Z, pp.: X' Xu Z' - X X Z and pyy. : X' xp V' xp Z' —
X XY x Z are said to be overlap compatible if the diagrams
(6.2)

X xpY' xy 22 X XY % Z X xpY' xp 22 X XY x Z
pr’ml lprlg présl lpr%
X’xUY’TXxY Y’xUZ’T>Y><Z

commute, and

Pxyz

(6.3) X' xgY' xyZ'—=XxY xZ

pr'lsl l/prm

X/XUZ/T>XXZ

is a pullback.
The following Lemma is similar to Lemma 3.33.

LEMMA 6.2. Suppose & is an Oxxy-module and F is an Oy z-module such
that £ and F have the affine direct image property. Suppose pry, Dyz, Pzz ONA Dry-
are overlap compatible. Then py,E and p,.F have the affine direct image property
and there is a natural isomorphism

(6.4) Pry€ R0y, Py F = Pr-(€ ®oy F).
PROOF. Since the diagrams (6.2) commute, prll*zp;y & pry.Pio and pr;gpzz =
Pry-Prag. Using these isomorphisms, we have
Pry€ @0y, DyeF = Priz. (P50, € © Progpy. F)
= prlB*(p;yzprT2g ® p;yzprZS:F)
= pr13*p::yz (pI‘T25 ® pr;?)]:)
& py.Pry3, (Prio€ @ pragF)
- p;kcz(g Koy ‘7:)7
where the last nontrivial isomorphism is an application of Proposition 3.3, which
may be invoked since £ and F have the affine direct image property and since (6.3)
is a pullback.
To prove the first assertion, we must show that
P50y, € @ Progpy, F
is rla with respect to prj;. But
Pri5P5y € @ Prospy. F = ph,. (Pris€ @ pragF)

as above, and the right hand side is rla with respect to prj; by Proposition 3.3 since
(6.3) is a pullback. O
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EXAMPLE 6.3. Suppose U be an affine noetherian scheme, X' =U x X, Y’ =
UxY,Z =U x Z and the maps pyyz, Pay, Pzz and p,, are projections. Then
Dayz» Doy, Doz ald py. are overlap compatible and the isomorphism (6.4) gives the
tensor product of bimodules its indexed structure (Lemma 3.33).

Let
(6.5) Q1 @ prigqia« = PrioPrig.q123« = q123+
and
(6.6) Q2 1 Prag@es. = PragPras.q123« = 123+

be natural transformations whose last composite is a counit map. Let
(6.7) T :qu23e — ®Oxynz0123+— = 123+0123(q123+ — POx vy z 123+ —) =

7123+ (q1230123+ — @Oy Q1230123+ —) == q123+(— R0y, —)
be the natural transformation whose first composite is a unit and whose last com-
posite is a counit.

DEFINITION 6.4. Suppose £ and F have the affine direct image property, and
let
[ Pxxy (&) @y Pyxz(F) = Pxxz(€ ®oy F)
be a morphism.
e [ is functorial if whenever £’ is an Oy «y-module such that there is an
epimorphism v : £ — &', then & and F have the affine direct image
property, the map

VQoy F:ERoy F— & @0y F
is an epimorphism, and the diagram

PXXy(’U)Xid

(6.8) Pxxy (&) ®y Pyxz(F) Pxxy (&) @y Pyxz(F)

| I

’
Pxxz(& ®oy F) Pxxz(v®oy F) Pxxz(E®oy F)

commutes.
e f is compatible with base change if whenever p.y, Dy-, Pz> and pay-
are overlap compatible, the diagram

IP))(’><[]Y' (pxyg) ®Y’ ]P)Y’XUZ’ (pyz]:) _— IP)X'X(]Z’ (pmyg ®Oy/ pyz]:)

|

Px/xyy 2/ (03 (€ @0y F))

|

Pxxyv(E) @y Pyxz(F) f—>IP’XxZ(5 ®oy F)

whose left and bottom right vertical arrows are defined in Lemma 4.11,
and whose top right vertical arrow is induced by the isomorphism defined
in Lemma 6.2, commutes.
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e f is associative if whenever T is a scheme and G is an Oz« -bimodule,
the diagram

Pxxy (&) ®y Pyxz(F)) ®z Pzxr(G) = Pxxy (&) ®y Pyxz(F) @z Pzxr(G))

fxidl lidxf

Pxxz(€ ®oy F) @z Pzxr(G) Pxxy(€) ®y Pyxz (F ®o, G)
fl lf
IPXXT((S oy ]:) R0, g) ~ ]P)XXT(‘C; R0y (f oy g))

whose bottom row is induced by the associativity isomorphism (3.6), com-
mutes.

THEOREM 6.5. Retain the above notation, let £ be an Ox xy -module and let F
be an Oy x z-module such that € and F have the affine direct image property. Then
there exists a unique map

S ]PXXy(S) Ry Psz(]:) — PXXZ(E ROy .7:)

such that if 1+ W — Pxxy(E) Qy Pyxz(F) is a morphism whose projection to
X XY X Z is q1a3 and r corresponds, via Proposition 4.6, to the pair

P12 &€ — qua.Ly
and
o F — g3 Lo

then s or corresponds to the map

P1®oy P 13, (2190
(6.9) E®oy F v, q12+:L1 R0y q23+L2 M

Prig, Y

Prigs (G123 L1 ® qr23:+L2) — > q13+(L1 @ La).

Furthermore, s is a closed immersion which is functorial, compatible with base
change and associative.

We call s the bimodule Segre embedding. We construct s as the composi-
tion of three maps. We first construct an isomorphism

51 : Pxxy () @y Pyxz(F) = Pxxyxz(Pria*€) Xxxvxz Pxxyxz(prag™F)

(Proposition 6.6). The classical Segre embedding, whose construction we review
(Theorem 6.9), gives us a closed immersion

52 ZPXxYxZ(pl"m*g) XXXYXZ ]P)XxYxZ(Pl"gg*f) - ]P)XxYxZ(prlz*g ®pr23*.7:)

Finally, since £ and F have the affine direct image property by hypothesis, we may
construct a closed immersion

53 1 Pxxyxz(pri2"€ @ prog™F) — Pxxz(pris, (pris € ® prog*F))
(Proposition 6.15).
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6.2. Construction of the bimodule Segre embedding

We remind the reader of relevant notation. Let £ be a coherent O x xy-module
and let F be a coherent Oy« z-module. Unless otherwise stated, we assume £ and
F have the affine direct image property. We denote by

Pxxyv (&) @y Py xz(F)

the fiber product in (6.1). By the universal property of the fiber product, there is
amap t: Pxyxy(£) Qy Pyxz(F) — X xY X Z, making

Pxxyv(E) @y Pyxz(F)

PXXy(g) t IP)Y><Z(~7:.)
|
|
\
pe XxYxZ i
/ k
X xY Y xZ
pro pry
Y

commute. We now proceed to construct and give algebraic descriptions of s1, so
and S3.

6.2.1. 51 :Pxxy(E)@yPyxz(F) = Pxxyxz(Pri2 €)X xxy x 2Px xy x z(praz* F)-
The proof of the following result is a tedious application of the universal property
of the pullback, so we omit it.

PROPOSITION 6.6. The pair (qe,t) induces a map

Je 1 Pxxy(€) @y Pyxz(F) = Pxxy(€) xxxy X xY x Z
and the pair (qr,t) induces a map

fr i Pxuxy (&) @y Pyxz(F) = Pyyz(F) Xyxz X xY x Z.
The pair (fe, fF) induces an isomorphism
Pxxy () ®y Pyxz(F) —
Pxxy (&) Xxxy (X XY X Z)] xxxyxz [Pyxz(F) Xyxz (X xY x Z)]

In particular, there is an isomorphism
(6.10) s1: Pxxy(E)®yPyxz(F) = Pxxyxz(Pria €)X xxyx 2P x xy x z(praz™ F).
Furthermore, the inverse of s1 is induced by the maps

Pxwyxz(PriaE) Xxxyxz Pxxyxz(Praz™F) — Pxxyxz(pri2"E) — Pxxy(£)
and

Pxwyxz(Pri2"E) Xxxyxz Pxxyxz(Praz™F) — Pxxyxz(praz"F) — Py xz(F)

where the second composite of each map is the map constructed in Lemma 4.11.
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We now describe the algebraic properties of this isomorphism. We first give an
alternate description of the maps €4 (6.5) and Q2 ((6.6) on page 103). By Lemma
2.8, the isomorphism

Iy @ g193PT12 = 4i2
is the dual 2-cell to the square

q12x

(6.11) QcohW QcohX x Y

\ *

q

idl \Alf\ lpri‘z
q123%

QcohW QcohX xY x Z

@123
where A is the composition

q123+*I11%q124

(6.12)  prisqioc == q123+4723Pr 1212+ 12352126 =——> q123%-

In a similar fashion, we have morphisms

IT3 : qio3PT33 = Ga3
and
(6.13) A : Pryzqazs = G123+

LEMMA 6.7. Retain the notation above and let € be the counit of the adjoint
pair (priy, Prig,). The map

Ay 1 priggioe = q123«

(6.12) equals the composition

= €XQ123%
Priaqi2+« —> DPIiaPl12,G123+ = {123«

(which is just Qy, (6.5) on page 103) and a similar description holds for Ao (6.13),
i.e. Ay =0y ((6.6) on page 103).

PROOF. By definition, A; is the composition

q123+*[11%q124

PIioqi2« == q123xq123PT]2q12+ q123+G12q12+ =——=> q123-

The assertion follows from the commutativity of the following diagram, whose un-
labeled maps are various units and counits:

Q1235 *¥111%q124

Prisqi2« =———=> q123+4123PT12G12+ q123+012q12+
PIioPT12,G123« === (123+0123PI12PT12, 123«
123+ = (123%G] 237123+ q123+
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PROPOSITION 6.8. Suppose
r: W — Pxxy(€) @y Pyxz(F)
corresponds, via the bijection in Proposition 4.6, to the pair of epis
o1 : CIng — L

and
G2 i qa3F — Lo,

with right adjuncts ¥, and 2. Then the composition s1 or corresponds to the pair
of epimorphisms

I
(6.14) q123Pr12€ = q12€ i L4
and
I
(6~15) q>f23pr23*-7:—2f>q;3-7:¢—2>£2
which have right adjuncts
prTle Qe

Prip — s prtyquas L1 ——> a3l
and
prozF _ Prhste Przqas« Lo Data, Q123+ L2
respectively.
PROOF. The pair of epis (6.14) and (6.15) correspond to a map
W = Pxxyxz(Prin*€) Xxxyxz Pxxyxz(prag™F)

such that ' composed with sfl corresponds to the pair ¢; and ¢y (Lemma 4.14).
Thus, 81_1 or’ =1 so that " = s; or. The first assertion follows.
Applying Corollary 2.10 to (6.11) gives a commutative diagram

Homw (¢15€, £1) ————— Homx xy (€, q12.L1)

lprlz*

—ollig Homx xy xz(prio*E, pris*qi2«L1)

lQlLlo

Homyy (gi93pr15*E, £1) ——— Homx xy x z(pri2*E, q123+L1)
whence the second assertion. O

6.2.2. The classical Segre embedding. Let T" and W be schemes, and
suppose q : W — T is a morphism. By Lemma 2.8, the isomorphism

(616) o' q*(_ Xor _) = (_ Dow _)q*z
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is dual to the square

a2

(6.17) (QcohW)2 " (QcohT)?
—®ow—l \qr’ l—@oT—
qx

QcohW QcohT

q

where Y’ is the composition

Q*(_ Qo _)q*2qz = q*(_ Pow _)?

where the second map is the product g, * O * ¢2.
The following result provides motivation for Theorem 6.5, and is used in its
proof.

THEOREM 6.9. Let T be a scheme and let A and B be Op-modules. Then there
exists a unique map

So © PT(A) XT PT(B) — ]PT(.A ®OT B)

such that if r : W — Pr(A) X Pr(B) is a morphism whose projection to T is q
and r corresponds, via Proposition 4.6, to the pair

¢1:q"A— Ly
and
$2:q"B — Lo
with right adjunct ¥ and s, respectively, then so o r corresponds to the map

(A0 B) 2> ¢ A0 B2 £, ® L,.

which has right adjunct

1®P2 !
A®B#>Q*Ll ® qxLo Lq*(ﬁl ®£2).

Furthermore, sy has the following properties:
(1) sg is a closed immersion,
(2) sq is functorial: If A" is an Op-module such that there is an epimorphism
¢: A— A then the diagram

Pr(A') xp Pp(B) —— X b (A) xp Pr(B)

P (A" ® B) Pr(A® B)

commutes, and
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(3) s2 is compatible with base change: If g : T' — T is a morphism of schemes,
then the diagram

Pr (g% A) X Pp(g*B) =2 P (g* A R0, 9°B)

|

Pr/ (9" (A @0, B))

|

Pr(A) x1 Pr(B) PT(.A Ror B)

whose left and bottom right vertical arrows are defined in Lemma 4.11,
commutes.

PROOF. We repeat the construction of a map
So : ]PT(A) XT PT(B) — ]P)T(.A Ror B)

given in [9, 4.3.1, p.76]. We show later that s, has the promised characteristic
property.
Suppose

u: PT(A) XT PT(B) — T

is the structure map. We construct s, using Proposition 4.6. According to Propo-
sition 4.6, in order to find a T-morphism from Pp(A) X1 Pr(B) to Pr(A Q. B),
it suffices to find an invertible sheaf, £ on Pr(A) x¢ Pp(B), and an epimorphism,

u (AQopB) — L
Let L4 = Op,(4) and Lp = Op, () be the structure sheaves on Pr(A) and Pr(B),
respectively. Let
qA : ]P)T<.A) XT ]P’T(B) — PT(.A)
and
qB : PT<.A) XT ]PT(B) — ]PT(B)
be the canonical projection maps. Define
(6.19) £ = g3LaRgHLs
which is an invertible sheaf on Pr(A) x1 Pr(B). Since
u AU B = v (AR, B)
it suffices to construct an epimorphism
prur AU B — L

Now, to construct p, it suffices to find epis:

(6.20) p1iuA— gaLla
and

(6.21) p2 U B — qpLlp
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We construct (6.20). The construction of (6.21) is similar, so we omit it. Let p4 and
pp be the structure maps on Pr(A) and Py (B) respectively. There is a canonical
epi

(6.22) 04 Py A— Lg
[9, 4.1.6, p.72]. Applying the right exact functor, ¢%, to this equation, yields an epi
CaPaA = qaLa
But p4ga = u. Thus, there is an epi
wA— gy La

as desired.

The fact that ss is a closed immersion is proven in [9, 4.3.3, p.77], the fact that
9 is functorial is proven in [9, 4.3.4, p.78], and the fact that s is compatible with
base change is proven in [9, 4.3.5, p.78]. O

PROPOSITION 6.10. Let T be a scheme and let A and B be Or-modules. Then
the map

So & ]PT(A) X ]PT(B) — ]PT(A RO B)

defined in the proof of Theorem 6.9 has the property that if r : W — Pp(A) X pPp(B)
is a morphism whose projection to T is q and r corresponds, via Proposition 4.6,
to the pair

¢1:q¢"A— Ly
and
$2:q°B— Lo
with right adjuncts 11 and ¥o respectively, then so or corresponds to the map

(A0B) 2 ¢ A0 ¢ B2E% £ 0 £,

with right adjunct

A®B wq*& ® g« L2 T g« (L1 ® La)

where ©' and Y’ were defined in (6.16) on page 107 and in (6.18) on page 108,
respectively.

PROOF. Let u : Pr(A) x1 Pr(B) — T be projection to the base, and suppose
r: W — Pp(A) xp Pr(B) projects to the two maps r4 : W — Pp(A) and 75 :
W — Pp(B). Thus, we have the following identities between maps:

qaT =TA qpT =TB U= PpaAaqgA = PBYB
As in the proof of Theorem 6.9, so corresponds to a sheaf morphism

40449508

uW(A®B) —=qa*pa* A® q*ps*B qA*La®qs*Lr
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where § 4 is defined by (6.22) and dp is defined similarly. Thus, the composition
s9 o 1 corresponds to the upper route in the following diagram ([9, 4.2.8, p. 75]).
(6.23)

(45 A®DaL5)
r*u* (A Q@ B) —— r*(ga*pa* A ® qB*pB*BS JdatABaE0E,

| |

(ur)*(A® B) rA* pA AR r*ps*B

(qa* LA ® qB*LB)

l

rTATOA®TE" 05
TA"La®TE"LE

Since r* commutes naturally with tensor products, the right square commutes, and
a local computation bears out the fact that the left square commutes. Thus, by
Proposition 4.6, sy o r corresponds to the bottom route of this diagram.

By the construction of the correspondence in Proposition 4.6, the map g4 :
Pr(A) xp Pr(B) — Pr(A) corresponds to the epimorphism

* % qj46A *
uw* A —— QP A ——= 4 La.

Thus, r4 = gar corresponds to the epimorphism

rA* oA
o4 (para) A——=rag paA* A1 L4

([9, 4.2.8, p.75]). But, by hypothesis, 4 also corresponds to an epimorphism
¢1 1 (para)"A— Ly

Thus, there exists an isomorphism 74 : 74*£4 — £1 making the diagram
A" L0
TA
L1

commute. In a similar fashion, there exists a map o and an isomorphism 753
making the diagram

B —">r5"Lp

N

Lo
commute. In particular,
(6.24) (AQB) —= ¢*A® ¢*B TABIE LA R TE*LE
M l”w

L1 ® Ly
commutes so that the two routes of (6.24) correspond to the same map
W — Pr(A® B).

But, since the bottom route of (6.23) corresponds to s o r, and this map is the
same as the top of (6.24), the bottom of (6.24) also corresponds to sy o r.
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To prove the final assertion, we need only note that an application of Corollary
2.10 to (6.17) (on page 108) gives a commutative diagram

Hommodaw)2 (¢*2 (A, B), (L1, L2)) — Hommodr)2 (A, B), ¢2(L1, L2))

®owl l@oT

Homw(q*.A®q*B,[,1 ®£2) HOHIT(A@B,(]*»Cl ®q*£,2)
o@'l l’r'o
Homy (¢* (A ® B), L1 ® L3) ——— Homz (A ® B, ¢.(L1 @ Ls)).
[l

6.2.3. Amap s3: Pxxyxz(pris*€@prys*F) — Pxxz(pris, (prig*ERprag* F)).

PRrROPOSITION 6.11. Let f : Y — Z be a morphism of schemes and suppose A
is an Oy -module and i : SSupp A — Y is inclusion. Suppose also that fi is affine.
Then the counit

ea: fTfHA— A
1S an epi.
PrOOF. First, we note that the natural map A — i,i*A is an isomorphism,

and, for any Oy-module A/, the natural map 4,i*N — N is an epimorphism. Thus,
since i, is exact, it suffices to show that the natural map

eq VA=A
is an epimorphism. We construct an epi between these sheaves, and show it is equal
to i*e4. Let

Eig i fT = (f)
be the isomorphism of functors in Lemma 2.17, and let ¥ = Z; ¢ * (fi),. Then the

map

(6.25) P fo A i fini® A A (Fi)S(fi)ei* A —= i AL

is an epi since the final map is an epi [19, Corollary 1,p.39]. We claim that the
diagram

(6.26) PP LA —— i L A — 2 (fi)*(fi)4i* A
i A *iyi* A i* A

whose top circuit is (6.25), commutes. The right square commutes by Lemma 2.17,
while the left square commutes by naturality of € 4. Since the bottom row of this
diagram is the identity, the assertion follows. O
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LEMMA 6.12. Let g : W — Z be an affine morphism of schemes, and suppose
C is an Oy -module. Then g.C is quasi-coherent and the composition

¢: Pw(C) — Pwl(g 9:C) — Pz(9:C)
whose left hand map is induced by the counit of the pair (g%, g«), and whose right
hand map is (4.4) (defined on page 62), is a closed immersion.

PrOOF. The fact that ¢.C is a Ow-module follows from [10, 11.5.8, p.115].
Since g is affine, and since the construction of (4.4) is local, to prove c is a closed
immersion, we may assume that W and Z are affine. Let W=Spec @, Z=Spec
R, and suppose g : R — @ is a ring map. Suppose C is an @-module. Then, by
Lemma 4.11, the map

Pw(Cr® Q) — Pz(Cr)
is induced by a map of graded rings:
Sr(Cr) = Sq(Cr ®r Q) = Sr(Cr) ®r Q
sending s, to s, ® 1. Furthermore, the map
Pz(C) = Pz(Cr® Q)
is induced by the map of graded rings

SQ(CR ®R Q) - SQ(C)

given by the canonical epimorphism Cr ®g @ — C. Putting the two graded ring
maps together, we have a map

(6.27) Sr(Cr) — Sq(Cr ®r Q) — Sq(C)
which is a surjection in degrees > 1. Thus, the map Py (C) — Pz(Cr) is a closed
immersion. (]

LEMMA 6.13. [6, Lemma 6.4, p.163] Let M and N be R-modules, and suppose
that N is generated by a family of elements {n;}. Every element of M @ N may
be written as a finite sum X;m; ® n;. Such an expression is 0 if and only if there
erist elements m;- of M and elements a;; of R such that

[

Ejaijmj m; for all i

and
Yiaiin; =0 i N for all j.
LEMMA 6.14. Let Y be a scheme and suppose A is an Oy -module with
i:SSuppA —Y
inclusion. Then the morphism (4.4) defined on page 62,
Pssupp (" A) — Py (A)
is an isomorphism.

PrOOF. As in the proof of Lemma 6.12, the assertion is local on Y. Thus,
suppose Y =Spec R, and M is an R-module with ann M = I. We claim that the
map

(628) ]P)Spec R/[(M ®R R/I) - PSpeC R(M)



114 6. THE BIMODULE SEGRE EMBEDDING

is an isomorphism. For, to construct this map, we start with the natural map of
sets M — M ® R/I. This set map is actually a map of R-modules. In fact, it
induces a map of R-modules

M®" — M®" @ R/I.
By 6.13, this is an injective map of R-modules. Thus, in degree n > 0 the in-

duced map on symmetric algebras is an isomorphism, hence the map (6.28) is an
isomorphism. O

PROPOSITION 6.15. Let f : Y — Z be a morphism of schemes and suppose A
is an Oy -module which is rla with respect to f. Then the counit

[ fiA— A
is epi, and the corresponding morphism
d:Py(A) = Py (f" fuA) = Pz(f.A)
is a closed tmmerston.

PRrROOF. The first assertion follows from Proposition 6.11. Since ,i* A = A, it
suffices to prove the next assertion with i,7* A replacing A. For, suppose

(6.29) Py (i2i* A) — Py (f* fuini* A) — Py (fiii* A)

is a closed immersion. Then by naturality of the counit of the pair (f*, f.), the left
square of

| | |

]PY(A) ]P)Y(f*f*A) PZ(f*A)

commutes. By Lemma 4.11, the right square commutes. Thus, in order to prove
the proposition, we must show that (6.29) is a closed immersion. To this end, we
note that the diagram

Py (i,i* A) Py (£* foini* A) Py (foisi*A)

T T !

Pssupp A (114" A) ——= Pssupp A (1* f* faisi* A) —— Pssupp 4((f1)* (f1)«i*A)

! T !

HJ>SSup1[>.Al(i*-A) PSSuppA(i*i*i*-A) PSSuppA(i*A)

whose top verticals are (4.4), defined on page 62, and whose bottom verticals are
induced by counits of the pairs (i*,4.), (f*, f«) and ((fi)*, (fi).) respectively, com-
mutes. To prove this fact, we note that the top left square commutes by Lemma
4.11, the top right square commutes by Lemma 4.12, the bottom left square is
obviously commutative, and the lower right square commutes by Lemma 2.17. In
addition the left vertical is an isomorphism by Lemma 6.14. Thus to show the top
horizontal map is a closed immersion, it suffices to show that the bottom route of
the diagram is a closed immersion. Since the bottom row is the identity map, we
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need only show that the right vertical is a closed immersion. This follows from
Lemma 6.12 since A is rla with respect to f. (]

LEMMA 6.16. Let

w—sy_1.yz

be a morphism of schemes, let € be the counit of the pair (f*, f.), and let Zf 4 :
q*f* = (fq)* be the isomorphism defined in Lemma 2.17. Then the dual 2-cell to
1y
_

the diagram of schemes
w
1
W Ta Z

U:(fg) fo = ¢

(6.30)

equals the composition
* E;’L*f* * Lk q"xe *
(fo) fo =" f. == 0"
PRrROOF. Let (1, €) be the unit and counit of (¢*, g.), and let €’ be the counit
of ((fq)*,(fq)+). Then, by definition, ¥ equals the composition

(fa)" faxn’
_

(fa)" f« (fa)* feaq* LN qr.

We claim the diagram

(6.31) (fO)* [« = (f@)* [+quq* =—=>¢"

Ef’é*f*ﬂ ﬂEfj*(fq)*q* W

T fo == ¢ fuq:0" ———= q"0.q¢"

g xe"xq.q"

whose top row is ¥, commutes. For, the left square commutes by naturality of 7/,
while the right square commutes by Lemma 2.17. To complete the proof of the
assertion, we must show that the bottom of the diagram

== et =—=1q"
equals
(6.32) s g
This follows from the commutativity of
= g —— g

q**e“ ﬂq**e*q*q* ﬂ/

q* — " q+q" = q*
g n

€ *q

since the top route of this diagram is the bottom of (6.31) while the bottom route
is (6.32). The right square obviously commutes and the left square commutes by
naturality of 7. O
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LEMMA 6.17. Suppose f :' Y — Z is a morphism of schemes, A is an Oy -
module, i : SSupp A — Y is inclusion and fi is affine. Suppose further, that W is
a scheme and r : W — Py (A) is a morphism with projection q : W — Y. Then the
counit e : f* fo A — A is an epimorphism, and if r corresponds to an epimorphism

¢:q¢"A— L,
which has right adjunct

Vi A—qL
then the composition of r with the morphism d of Proposition 6.15 corresponds to
the epimorphism

* * Lk e * ¢
(6.33) (f@)" fod —¢* [* f A= A
which has right adjunct

(6.34) fALL s

PROOF. The first assertion follows from Proposition 6.15.
To prove the second assertion, we note that the diagram

W — Py (L) —> Py (¢" A) —> Py (¢* f* fo A) —> P ((f0)* f A)

| | |

Py (A) Py (f*f..A) Pz(fA)

commutes: the left square commutes by naturality of the counit of the pair (f*, f.),
while the right square commutes by Lemma 4.12. Now, d o r is the bottom circuit
of the diagram, so it is also the top circuit. By applying the correspondence of
Proposition 4.6 to the epimorphism 6.33, it is easy to see that the corresponding
map is the top circuit of the diagram.

We next show that the map (6.33) has right adjoint (6.34). The dual 2-cell

A:(fg) fo = ¢

to the square induced by the diagram of schemes

wW—sy

of ]

W-——2Zz
fa

equals, by Lemma 6.16, the first two composites of (6.33). By Corollary 2.10, there
is a commutative diagram

Homy (¢* A, L)

Homy (A, . L)

|

—0A HOmZ(f*Aa (fq)*‘c)

lid()

HomW((fQ)*f*Av L) - Homz(f*A, (fQ)*L)
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whence the result. O

THEOREM 6.18. Let £ be an Oxyxy-module and let F be an Oy z-module
such that £ and F have the affine direct image property. Then the bimodule Segre
embedding

S ]P)Xxy(g) Ry ]IDYXz(]:) — PXXZ(g ROy .7:)

has the property that if r : W — Pxyxy(€) @y Pyxz(F) is a morphism whose
projection to X XY X Z is qio3 and v corresponds, via Proposition 4.6, to a pair
with right adjuncts

P11 € — qra.La
and
Yo 1 F — g3 Lo

then s or corresponds to the map

P1®@0y P2 pris. (21 ®0Q2)
— &

E®oy, F

q12+L1 @0y q23+L2

pris, Y
Prig, (q123: L1 @ qrazeL2) ————— qu3.(L1 ® L2).

PROOF. Suppose 7 : W — Pxyy(€) ®y Pyxz(F) corresponds to a pair of
epimorphism with right adjuncts

P € = qua.Ly
and
Yo 1 F — qo3+La.

By Proposition 6.8, s; o r corresponds to the pair

priz1 i,y
prigl ————prisqi2.L£1 —— q123.L1

and

pPrzy2 Qar,

prigF Pri3qa3« Lo — qr23+La.

By Theorem 6.9, so 0 51 o r corresponds to an epi with right adjunct

Pris¥1 ®priz i Q1 Q02
_— s

prTQE & prng prTQ(Iu*ﬁl ® pr§3QQ3*£2 ——

T
G123+ L£1 @ qr23: L2 — qr23+(L1 @ L2).
Finally, by Lemma 6.17, s3 0 s3 0 s1 o r corresponds to

P1®@0y P2 pris. (21 ®0Q2)
— &

ERoy F q12+L1 R0y q23+L2

pris. Y
Prig, (q123:L1 @ qrazeL2) ————— qu3.(L1 ® L2).

as desired. 0



118 6. THE BIMODULE SEGRE EMBEDDING

6.3. s is functorial

THEOREM 6.19. Suppose £ and &£ are Oxxy-modules such that there is an
epimorphism v : £ — E'. Suppose, further, that F is an Oy xz-module such that €
and F have the affine direct image property. Then £ and F have the direct image
property, the map

VQoy F:ERoy F— & @0y F

is an epimorphism, and the diagram

IP’XXy(u)xid

(6.35) Pxxy (&) @y Pyxz(F) Pxxy (&) @y Pyxz(F)

IP)XXz(gI ®@Y .7'—) PXXZ(g ®OY f)

IPXXZ(U®OYJ:)
commutes.

PROOF. To prove the first assertion, we need only note that since there is
an epimorphism v : &€ — &', Supp &’ C Supp&, so that Supp pri,&’ ® prisF C
Supp pri,€ @ prazF.

We next show that

VQoy F:ER®oy F— & @0y F

is an epimorphism. Since pri,v ® prisF is an epimorphism, we need only note that
both pri,€ ® prisF and pri,&’ ® prisF are rla with respect to prys, so that the
assertion follows from Lemma 3.12.

We now show that (6.35) commutes. Let W be an S-scheme and suppose
r: W = Pxxy (&) ®y Pyxz(F) is a morphism whose projection to X x Y x Z is
q123 and r corresponds, via Proposition 4.6, to a pair which has right adjuncts

Y1 & — q12+L1
and
Yo 1 F — qo3+La.

By Theorem 6.18, s o r corresponds to the map

Y1®oy P I3, (21®9Q
& R0, F 1Q0y P2 Q1oL Q0 g3+ Lo M
Prig. T
Pris.(qi2s« L1 ® qi23+L2) — > q13+(L1 ® La).
We claim
(6.36) W

]

Pxxy (&) @y Py xz(F) Pxxyv (&) @y Pyxz(F)

Pxxz(gl ROy .7:) IPXxZ(E ROy f)

Pxxy('v)xid
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commutes. By Proposition 4.6, the composition (Px xy (v) X id) o r corresponds to
a pair of epis with right adjuncts
v 1
E——¢& ——qa2Ll

and

P
F 42) Q23*£27

so that, by Theorem 6.18, the right hand route of (6.36) corresponds to

vRoy F P1®0y P2 Pz, (210802)
E@oy F—5 & @0y F ———— q12.L1 @0y GozLo —o— ">

prig. T

Pris.(q123:L1 @ qr23+L2) — > q13+(L1 @ L2).

On the other hand, by Theorem 6.18, the left hand route corresponds to the same
map. The assertion follows. O

6.4. s is compatible with base change

THEOREM 6.20. Suppose
y Ly
f/l lf
7 —>7Z

is a pullback diagram of schemes, with dual 2-cell ¥ : p*f, = f;p/*. Let A be
an Oy -module which is rla with respect to f. Then W 4 is an isomorphism and the
diagram

(6.37) Py (p/* A) —= Py (" f 0" A) ——= Pz (f " A)
lpzf(‘PA)
Pz (p*f*.A)
Py (A) Py (f* f+A) Pz(f.A)
commutes.

PROOF. Since A is rla with respect to f, W 4 is an isomorphism by Proposition
3.3. We next show that (6.37) commutes. First, by Lemma 4.12,

(6.38) Py (f"p* fA) —= Pz (p" [+ A)

| l

Py ((fP')" f+A) ——P2z(f. A)

N

Py (p" f* feA) —= Py (f* [ A)
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commutes. Thus, the diagram
(6.39) Py (f"*p* foA) —— Pz (p* fA)
Py (p" f* frA) ——= Pz(f. A)
whose left vertical is the left vertical of (6.38) commutes. We claim the diagram

Py (p'* A) Py (f*fA)

Py (A)

Py (p"" A) ——= Py (p"" f* f. A)

|

- Py: (f"p* foA) ——= Pz (p* f.A)

!

Py (p" A) —= Py (f" " A) ——= Pz ({0 A)

Pz (f:A)

commutes. Since the outer circuit is (6.37), our result will follow. The lower left
rectangle commutes by Proposition 2.7. The middle square equals (6.39), and the
lower right square commutes by Lemma 4.11. It remains to show the top rectangle
commutes. The top is a composition of the following subdiagrams

Py (p""A) Py (A) Py (f*f+A)

| |

Py (p"" A) ——= Py (p" f* fL A) —Pz(f. A).

where the diagonal morphism is (4.4) (defined on page 62). The left subdiagram
commutes by Lemma 4.11, while the right subdiagram commutes by Lemma 4.12.
The assertion follows. O

THEOREM 6.21. s is compatible with base change. That is, if pyy, Dy=, Pzz and
Dzy- are overlap compatible, then the diagram

(6.40) Px/xyy (pzyg) Qv Py, z (p;zf) — s Px/xyz (p;yg X0y, p;zf)

|

Px'xyz (0. (€ ®oy F))

|

Pxxz(€ oy F)

Pxxy (&) ®y Pyxz(F)

whose left and bottom right vertical arrows are defined in Lemma 4.11, and whose
top right vertical arrow is induced by the isomorphism defined in Lemma 6.2, com-
mutes.
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ProOOF. We construct two commutative diagrams which have the property that
the composite diagram which one gets by placing these diagrams side by side has
outer circuit equal to (6.40). To simplify the presentation, we omit subscripts on
the projectivization functors. We claim Figure 1, on the following page, whose
unlabeled maps are either induced by isomorphisms of the various modules being
projectivized, or by maps (4.4) (defined on page 62), commutes. For, the upper right
square commutes by Proposition 6.9 (2), while the lower right square commutes by
Proposition 6.9 (3). We next show the left hand square commutes. To show the
left hand square commutes, it obviously suffices to show that the square

—1

P(p;,€) @yr P(p}.F) <——P(prysph,€) X xxuy sy 2zt P(pr33ph. F)

|

P(p;yzpf{25) ><X/><UY'><UZ’ ]P)(p;yzprzi?‘f)

|

P(&) @y P(F) P(pris€) X xxyxz P(pr3zF)

—1
S1

commutes. Since each route of this diagram is a map into the fibre product P(€) ®y
P(F), each route is determined by a pair of maps, one into P(£) and one into P(F).
Thus, by the description of sfl given in Proposition 6.6, it suffices to show the
diagram

P(p},€) < P(prisps,E)

o~

P((pryopay=)*E) = P((pry,pi2)*E)

P(p;yz pI‘TQ(S)

P(&) P(pri,€)

whose verticals are maps of the form (4.4) and whose diagonal is of the form (4.4),
commutes (a diagram like that above containing P(F) commutes in a similar man-
ner). But the upper and lower circuits commute by Lemma 4.12.

Let € be the counit of the adjoint pair (pris, prys,.) and let € be the counit of
the adjoint pair (pry}, pris,). We claim that Figure 2, whose third right vertical
is induced by the isomorphism of Lemma 6.2, and whose other unlabeled arrows
are either induced by isomorphism of the various projectivized modules or are from
Lemma 4.11, commutes. For, the bottom rectangle commutes by Theorem 6.20, the
upper right square commutes by Lemma 4.11, and the upper left square commutes
by the functoriality of P(—). The theorem follows by noticing that if we put Figure
1 to the left of Figure 2, the outer circuit of this combined diagram is just (6.40). O
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P(p},€) @y P(p}. F) — > P(pry5pl,€) X x7xu vy 27 P(pr33pl, F) — = P(pryspt, € @ praspl, F)

P(p;yzprTZ(g) XX'xyY'xyZ' P(p;yzprz?)f) L P(p;yzprTZE ® p;yzprZSf)

P(p}, . (pris€ @ prizF))

P(E) @y P(F) —————=P(priz€) Xxxyxz P(prgF) ———— = P(pri€ @ pr; F)

FIGURE 1



P(e")

P(pri5p;,€ @ progpy,. F) —— P(pri3pris, (pri5p;, € @ prospy. F)) —— P(pris,prisp;, € ® prasp;. F)

P(p;yzprf2g ® p::yzpr;?y]:)

’

|

P(prlgprllii* (p;yzpribg ® p;yzpr§3‘7:))

|

P(pr/l?)*(p;yzprTZS ® p;ysz‘;g]‘-))

* * * ]P’(e ) /% * * * * * *
P(pZ,- (pris€ © prizF)) > P(pry5pris, Dby . (Pria€ © prigF)) ———— P(pris,p},. (prisf @ prigF))

P(pris€ @ prygF) —————— P(priz3pris, (pris€ @ prizF))

P(e)

o

P(p:, (€ @0y, F))

FIGURE 2

P ®o, F)

HONVHD dSVd HLIM HATAILVAINOD SI ¢ 79

€ct
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6.5. s is associative

We show s is associative. Our proof employs the fact that closed immersions
induce well behaved adjoints (Corollary 4.9).

6.5.1. The proof that s is associative.

LEMMA 6.22. Let A, B, C, and D be commutative rings such that there is a
commutative diagram

(6.41) A

whose verticals are identities. Let
$: (A C)®c (A®pC) — A®c A

be the C-module map defined by ¢((a®c)® (o' @) =c-a® -d'. If every simple
tensor of (A®p C) ®c (A®p C) may be written as (a®1) @ (o’ ® 1) fora,a’ € A
then ¢ is an isomorphism.

PROOF. Since ¢ is obviously surjective, we need only show ¢ is injective. Sup-
pose, for a;,a € A such that {a]'} generates A as a C-module, that ¥;a; ® o €
A®c A equals 0. By hypothesis, we need only show that ¥;(a; ®1) ® (af ® 1) = 0.
By Lemma 6.13, there exist r;; € C' and a;. € A such that

!/
':ai

erij . a]

and
Eﬂ"’ij . aé’ = 0.
We find
Sila; ®1) ® (af ®1) = Xi(Sjry; - aj @ 1) ® (af @ 1)
Yi((riy-aj©1) @ (af ® 1))
a; ® X1 - 1) & (a;' & 1)

CL/< ® 1) ® (Eﬂ“ij . a;' ® 1)

by
by
=3
by
0

<
o~ o~ o~

where we have used the commutativity of (6.41) as well as the assumption that all
vertical routes are the identity. (I

Let W be a scheme and let pr}}y : (W x X) xw (W xY) xw (W x Z) —
W x X, W x Y, W x Z be the standard projections.

PROPOSITION 6.23. Let £1 and Lo be invertible Oy -modules, and let 0y and
Qo be relative versions of the maps given in (6.5) and (6.6) respectively. Then the
map

(6.42) Qe ®Qor, oy L1 @ prog" gl Lo —

Q%3*£1 X Q}/g?,*ﬁ?
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is an isomorphism.

PROOF. We check the assertion locally. Let p be a closed point in the support
of the domain of (6.42). Then, since q}5,; is a closed immersion, there exists a
unique w € W such that ¢lb;(w) = p. Let p; = ¢}y (w) and let pa = ¢34 (w). Then
(Qiz, ®Qar,)p is a map

(Elw ®OP1 Op) ®OP (£2w ®Op2 Op) - Llw ®Op £2w
sending the simple tensor (a ®¢) ® (@' ® ) to c-a @ -a' for a € Ly, a' € Loy,
and ¢, € O,. Since £1 and Ly, are invertible L1, = Loy = O,,. In addition,
Op = O (w) @0, Ogp¥ (w) ®0., Ol (w)
Opy = Ogpv (w) ®0., Oty (w)»
and
Opz = Oqgv (w) X0,

The assertion now follows from Lemma 6.22 with A = O,,, B =0,,, C = O, and
D = 0,,. |

Ol (w)-

PROPOSITION 6.24. Let W be a scheme, and let
PaysPay - (W x X) xyw (W xY) x (W x Z)—
XxY)Y xZ
be projections. Suppose
W W = Py s (W xY) (P2 €) OWxy Pw xy)xow (wx 2) Py F)
has projection to (W x X)) xw (W xY), ¢}y and projection to (W xY ) xw (W x Z),
a¥%. If vV corresponds to the pair of epimorphisms
e ph,E = aty Lo
and
b py. F — q3y,La,
corresponds to the epimorphism

(6.43) V1 Qoy V2.

PrOOF. By Proposition 6.23, Q12, ® Qar, is an isomorphism. In addition,
since ¢}V, is a closed immersion, T ((6.7) on page 103) is also an isomorphism. By
Corollary 4.9, the maps (6.43) and (6.9), defined on page 104, correspond to the
same map r". O

the composition s or™W

THEOREM 6.25. s is associative: if T is a scheme, £ is an Ox xy -bimodule, F

is an Oy x z-bimodule and G is an Ozxp-bimodule, then the diagram
(6.44)

(Pxxy (&) @y Pyxz(F)) @z Pzx7(G) = Pxxy(€) @y Pyxz(F) @z Pzx7r(G))

sxidl \Lidxs

Pxxz(€ ®oy F) @z Pzxr(G) Pxxyv () @y Py xz(F ®0, G)

Pxx1((€ ®oy F) ®0, G) Pxx1(€ ®oy (F ®o, G))
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whose bottom row is induced by the associativity isomorphism (3.6), commutes.

PRrROOF. To clarify exposition, we will sometimes drop subscripts from projec-
tivizations. Let pg, and p,. be defined as in Proposition 6.24. Let p.; be defined
similarly. Suppose W is an affine scheme and define X' = W x X, Y =W xY
and Z' =W x Z. Let T = W x T and suppose

r: W — Pxxy (&) @y Pyxz(F)) @z Pzxr(9)

is a morphism with projection ¢12 to X XY, projection go3 to Y X Z and projection
q34 to Z X T. To prove the Theorem, it suffices to show that the two routes of (6.44)
precomposed with r commute, since W is an arbitrary affine scheme. Suppose r
corresponds to epis

b1 :q12€ — Lo

@2 : C]ng — Lo
and

b3 1 q12€ — Ls.

Then there are epis

* %k ¢
71t Q}/‘Z/ pwyg QTQE - £1
W, % * b2
V2 1 Q23" Py F az3F Lo
Wk % * G b3 L
V3 Q34" PrY 434 3.

These epis give a map
W = (Pxrxwy (P5,E) @y Py 20 (0. F)) ®2z0 Pzrscyr (05,G)

such that if the vertical map in the diagram

W —— (Pxrxywy (03,€) @y Py iy 22 (0} F)) @z Prrscyy 1 (9249)

(Pxxy (&) @y Pyxz(F)) @z Pzx7(9)

is that constructed in Lemma 4.11, and the horizontal is 7'V, then this diagram
commutes (Lemma 4.14).

We claim the outer circuit of the diagram
(6.45)

w w

TW

(P(p3,E€) @y P(p3. F)) @20 P(pt,G) —— P(p5, &) @y (P(pl.F) @z P(p%,G))

sxid idxs
P(p;,€ @0y, Py.F) @z P(p%,9) P(p;, &) @y P(py, F @0, p5:9)

P((p2,€ ®oy. Py F) ®o, p29) ——— P01, € ®oy, (9,.F ®0, p%9))
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whose upper right vertical is induced by 71, 72 and 73, commutes. Let v; be the
right adjunct of ~;. By Proposition 6.24, the left hand circuit corresponds to the
left hand circuit of the commutative diagram

(6.46)

(P2y€ @0y, P F) @0, PiwG ~——— D5y€ R0y, (05.F ®0,,, PiuG)
(¥1®0,, ¥3)®0,, wél lwi(@oy, (¥5®0 ,,%3)

(qg*ﬁl ®Oy/ q%*ﬁg) ®OZ/ QK*£3 T q}/g*ﬁl ®Oy/ (qgg*£2 ®OZ/ Q?I:Z*‘Ci")

while the right hand vertical of (6.45) corresponds to the right hand vertical of
(6.46). By the commutativity of (6.46), both the left hand circuit and the right
vertical of (6.46) have the same kernel. Thus, by Corollary 4.10, (6.45) commutes.

To show (6.44) commutes, it suffices to construct a cube of schemes whose top
is (6.45), whose bottom is (6.44), whose edge

Px sy (P2y€) @y Pyrxyy 2 (0. F)) @20 Pzrxyr (p2,9)

|

Pxxy(€) @y Pyxz(F)) @z Pzxr(G)

is the map constructed in Lemma 4.11 and whose sides commute. With the ori-
entation fixed so that (6.44) forms the bottom of a cube, let the upper left edge
into the page be the map above and construct the upper right edge into the page
similarly. Let the lower left edge into the page be induced by the composition of
isomorphisms

p;t((g ®Oy f) ®Oz g)

|

Py (€ ®oy F) ®o,, phG

|

(p;yg ®Oy/ psz) ®Ozl pztg
(Lemma 3.33), followed by the map

Pz ((€ ®oy F) ®0, 9)) = P((€ oy F) ©0, G)

from Lemma 4.11, and let the lower right edge be constructed similarly. The left and
right sides of this cube commute since s is compatible with base change (Theorem
6.21) and since s is functorial (Theorem 6.19). It is easy to see the back commutes
by examining the algebraic description of the back edges. To complete the proof of
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the assertion, we need only show that the front face of the cube, the diagram

P((p;yg ®Oy/ p;zf) ®OZ/ p;tg) i P(p;yg ®Oy/ (p;zf ®OZ/ pztg))

P((p;z (5 R0y *7:) ®OZ/ pztg)) P<p;yg ®Oy/ (p;:/t(]: R0y, g)))

P(p3 (€ ®oy F) ®0, G)) ——— B(p%,(€ ©oy (F ®0, G)))

P((g R0y F) X0y g) —g> P(f oy (F R0y g))

whose third verticals are from Lemma 4.11, commutes. By Lemma 4.11, the bottom
square commutes, so to complete the proof of the theorem, we need only show that
the diagram

(p;yg ®Oy/ lez]:) ®Oz/ pztg ip;yé’ ®OY’ (pzzf ®OZ’ p:tg)

| l

P (€ ®o, F) ®o,, G Pry€ @0y, Pyt (F ®0, G)

| |

p;t((f,‘ ®oy, F) ®o, g) —E>p::t<€ Koy ('7: ®oy g))

whose verticals are the isomorphisms constructed in Lemma 3.33, commutes. But
this just follows from the fact that the associativity of bimodules is an indexed
natural transformation (by Proposition 3.37). O



CHAPTER 7

The Representation of I', for High n

We utilize the following notation throughout this chapter: suppose U is an
affine, noetherian scheme with structure map f: U — S, f = f xidx : U x X —
S x X, X is a separated, noetherian scheme, £ is a coherent Ox-bimodule, 7 is
a graded ideal of T(E) and B = T(E)/Z. If G is an Ox2-module, then we let
GY = f2*g. Assume all unadorned tensor products are bimodule tensor products.
If M is a free truncated U-family of length n + 1 (Definition 4.18), it is also a
free truncated U-family of length n + 1 over T'(£). We denote M’s multiplication
over T(€) by p; ; and let its components be denoted by M, = (idy x ¢;).Ov. As
before, we let d : U — U x U denote the diagonal morphism and we let ¢;; =
((idy x ¢;) x (idy x gj))o(dx d)od:U — (U x X)3. For 0 < k <n, let

ix : SSupp priMy — (U x X)%

be inclusion and let
Fie = (praie)« i, (priMi @0, 12 )
and

Gr =Homo pri Mg, —)ig«(prair)

(Uxx)?] (

Then (F, Gy ) is an adjoint pair by Lemma 5.7. Finally, fori > 0, 7 > 0, let the right
adjunct of y1; ; € Hom gy x)2 (FEV®I M;y;)be Ad p; j € Hom y, x)z, (EV®I GiMitj).
We define the bimodule Segre embedding s : Py2(€)®1 — Px2(£%1) as the

identity map. Our goal in this chapter is to prove the following theorem.
THEOREM 7.1. Forn > 1, T, is represented by the pullback of the diagram

(7.1) P2 (E)®"
PX2 (5®”/In) —— Psz <(€®n).

To prove this theorem, we begin with a technical lemma (Lemma 7.2). Then,
in Proposition 7.4 and Corollary 7.5, we construct a monomorphism
T:T,, = Homg(—, P)

where P is the pullback of the diagram (7.1). Finally, in Proposition 7.7, we prove
T is an epimorphism, and hence, an equivalence.

LEMMA 7.2. With the above notation,
ker(Ad p; ;) = ker(Ad p;0 @ Ad pig1,5-1).

129
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PROOF. If the adjoint pair (F), Gy) has counit 7, then, to prove the Lemma,
we must show that for 7, j > 0, the two routes of

(7.2) EVgeveI-t = gV gevei-t
Nt pevoi lnwu@nmml
G.F;(EY @ gV@I~T) GiF,EY ® Gy Fi EVOITT
Gi(ni 1 ®EVEIT) lem@Gmum,“
GFj EV®i-1 GiMit1 ® Gipa Mg
Gittig,j-1
GiMiy;

have equal kernel. For, the left hand map in (7.2) equals Ad(pi+1,j-1 © pij1 ®
£Y®i—1), But since B-module multiplication is associative,

Ad(pig1,j-1 0 pin © EVEIT) = Ad s ;.
Now, by Corollary 3.18 the kernel of the right hand map is
ker(Ad ;1) @ EV®I~1 4 €V @ ker Ad piy1 j_1.

We show that ker(Ad p; 1) ® EY®I~1 C ker Ad i j, the kernel of the left map. To
prove this fact, we claim it suffices to show

(73) ,ui’l(Fi ker Ad Ni,l) =0.
For, suppose (7.3) holds. By naturality of n;, the diagram

(7.4) ker Ad p1; 1 @ EV®I~L L GiF;(ker Ad p; y ® EV®IT)

| |

gv ®5U®j—1 Gin'(EU ®5U®j71)

lGi(HiJ@gU@j_l)
GiFvl_JrlgU@j*l

commutes. Since p;1(F;ker Adp; 1) = 0, the right vertical equals 0. Thus, the
right route equals 0 so that, by commutativity of (7.4), the left route equals 0. But
the bottom row composed with the bottom right vertical is a composite of the left
hand side of (7.2) so that

ker Ad 1;1 ® EV®I7 C ker Ad p;

as desired.
We now show p; 1(F; ker Ad p; 1) = 0. By adjointness of (F;, G;), the diagram

HOIDUX)((FZ‘EU,MH_l) HOHI(UXX)[% (5U,GiMi+1)

| |

Homy x x (F; ker Ad i1, Miy1) —— Homyy xy2 (ker Ad p11, GiMiy1)
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commutes. Now, p; 1 in the upper left goes to Adp; 1 in the upper right. This
clearly goes to zero on the lower right. Thus, p; 1 goes to zero on the lower left, as
desired. This completes the proof that

ker(Ad Ni,l) (9 gvei—1 C ker Ad Hi,j-
In a similar fashion, one shows that
EY @ ker Ad fit1,j—1 C ker Ad p; ;.

Thus,
EY @ ker Ad Mit1,j—1 +ker Ad 1 ® gV®I~1 = ker Ad i -

To complete the proof of the Proposition, we must show that the inclusion is equal-
ity. By Proposition 5.9, both routes in (7.2) are epimorphisms. Thus,

(75) 5U®j/((€U ® ker Ad Mit1,5—1+ ker Ad Hi1 ® 5U®j_1) ~GM;® Gi+1Mi+j
and
(7.6) EVSI Jker Ad p; j = GiMi ;.

Since M is free then, by Proposition 5.8, G;M;1; = ¢;,i++Ov, GiMit1 = ¢;,i+1+.0v
and Gip1Miy; = ¢it1,i4+5+Ovu. Since g is a closed immersion for all £ and [,

Qi,i+1+0U @ Qit1,i+5+Ov = 4,145+ Ov
by Proposition 6.23, so that
GiMip1 @ GipiMig; = GiMiyj.
This, along with (7.5) and (7.6), implies there is an isomorphism
EV®I (Y @ ker Ad Wit1,j—1 + ker Ad p1; 1 ® EV@IT1) = gU®F | ker Ad Wi -
Thus, the projection
(7.7) EY®I /(Y @ ker Ad iy 51 + ker Ad iy @ EVEITY) — £YST /ker Ad s 5
with kernel
(7.8) ker Ad p; j/(EY @ ker Ad g1 1 +ker Ad p; 3 @ EVITT)

induces an epimorphism from EY®7 /(€Y @ ker Ad p1;41 j—1 + ker Ad p1; 1 @ EV®I~T)
to itself. Since ¢f;,;,Ov is coherent ([10, II, ex. 5.5, p.124]) and U and X are
noetherian, EV®7 /(EYV @ ker Ad prj41,j-1 + ker Ad p1; 1 ® EV®I~1) is locally finitely
generated. Thus, (7.7) is an isomorphism ([6, Corollary 4.4a, p.120]) so that (7.8)
equals zero. The proof follows. O

Repeated application of this result yields
COROLLARY 7.3. With the notation as in Lemma 7.2,
ker Ad u; ; = E{;OIEU@Z ® ker Ad pri411 ® gvei—i-1,

PROPOSITION 7.4. Let ® be the natural transformation constructed in Theorem
5.3. There exists a natural transformation

(7.9) T, = HOHlS(_aIP)X2 (8®n/I7L))
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making
I, =—————"— Homg(—, Px2(£)®")
Homg(—,Px2(E®"/T,,)) == Homg(—, Px2(£%"))
commute.

PrOOF. By Theorem 5.3, there is a monomorphic natural transformation
® : T, = Homg(—,Px2(E)%").

Let U be an affine scheme. We construct an injection Homg (U, Px2(£)®") —

Homg (U, IP’(UXx)?J(SU)@”). We first note that

(7.10) Pz (V)% = P2 (€)% x5 U.

Since we may define an injection

(7.11) Homg (U, Px2(£)®™) — Homg (U, Px2(E)®" x5 U)

by sending f to f x idy, (7.10) allows us to define an injection
(7.12) j : Homg(U, Px2(€)®") — Homg(U, Py x )3 (EY)%")

as desired. Furthermore, if M is a free truncated U-family of length n + 1, then
j o ®y([M]) corresponds, by Proposition 5.19, to a collection of n epimorphisms
1;, which are the compositions
Ad i, =3
U GiMip — i,i41.0y
whose right map is given by Proposition 5.8. By Proposition 6.24, s o j o &y ([M)])
corresponds to the epimorphism ®l”;011/11. By Corollary 3.18,

ker ®;’L;011/1l — E;L;ngU@l ® ker wl ® 5U®n—l—1 _

E?;015U®l ®ker Ad p;1 ® guen—i-1

By Corollary 7.3, this module equals ker Ad 19, We claim Ifl] C ker Ad po,n. By
adjointness of (F;, G;), the diagram

Homp y x (F,EV®"~1, M,,) — Homy, x)2 (EV9" 7, GiM.,)

| l

HomUXx(FZ-IU M) —>H0m(U><X)% (Zg_i7GiMn)

n—i’

commutes. Now, p; ,—; in the upper left goes to zero in the lower left since M is
a T(EY)/IV-module. Thus, Ad ; ,—; goes to zero in the lower right, as claimed.
We conclude ZV C ker ®!'_'9;. Thus, ®!'~'¢; must factor as

7=

7 i
i= -1
gven —— ®?:0 Qi,iJrl*OU

| T

5U®n/ITTLJ — > 5U®n/Iy(L]
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so there exists a map oy((M]) : U — P(Uxx)%(é'U@”/Ig) such that s o jo
Oy (IM]) € Homg (U, Px2(E£%™)) factors as

s0jo®y ([M]) n
U A IF’(Uxx)?j(gU@)

UU([M])»L T

Pz (EVE/TY) Pz (EVE/TY)

Thus, there exists a map oy : TE(U) — Hom (U, Pwxxyz, (EY@n /TU)Y) such that
the diagram

Jjo®uy(—)

(7.13) rE (1) Hom' (U, Py x3, (EV)")
O'U\L lso—
Homg (U, Py xy2, (EV®"/Z}])) —— Homg (U, Py, x 2, (EV™))
commutes as well. Let EEY be the composition
¥ (1) —> Homg (U, P(yy x)2 (EV®" /ZY)) — Hom (U, Px=(£9"/T,.))

whose right composite is induced by the composition

(7.14) Puxx)z (EV9" /L) = Pysxyz (€% /Tn)7) — Px2(E%" /T).
If we let (—, —) = Hom% (—, —), the half-cube
(7.15)
jody (—) n
() — (U Bz, (E7)%")
/
(U,Pwxx)z (V" /TT)) (U,Pwx)z (EVE™)
(U, Px2(£)%")
(U, Px2(£%7 /1)) (U, Px2(E9M))

commutes since the diagram
(7.16)  Puxx)z 2 (EVETY) — Puxxyz (EVO") < — Pk x) )2 (EV)En

l l

Puxx)z (E€"/Tn)Y) —=Pruxx)z, (E5™)Y)

l l

sz(é'@”/l'n) —>]Px2(g®n) Px2((€
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whose left vertical equals (7.14), and whose bottom verticals and right-most vertical
are maps from Lemma 4.11, commutes. The right square commutes since s is
compatible with base change, the upper left square commutes by the naturality of
the indexing of the tensor product, and the lower left square commutes by Lemma
4.11. Thus, we have a commutative diagram

(7.17) i (U) —————— Hom% (U, Px2(£)®")

Egrl lso_

Homg' (U, P2 (%" /1,,)) — Homg' (U, P2 (%))

for each U € S.
To complete the proof, we need only show that X is natural. For, in that
case, 2 extends to a natural transformation

¥ : T, = Homg(—,Px2(E®"/T,))

by Proposition 4.3. To show that X is natural, we must show that if f:V — U
is a morphism of affine schemes, then the diagram

Fr
Zy

Hom% (V,Px2(£%"/T,))

Fgr(f)l l—Of

I (U) ———— Hom§ (U, Px=2(£9"/T,,))

b
commutes. If we let (—, —) = Homy (—, —), this follows easily from the fact that
all faces of the cube
V) (V. Px2(£)%")
(V,Px2(E®"/T,)) L (V,Px2(E%M))
r'fr(U) [ (U, Px2(£)%")

(U, Px2(E9" /1)) (U, Px2(£%M))

save possibly the left face, commute. For, the top and bottom commute (7.17),
while the far square commutes by naturality of ® . Since the horizontal arrows
are injections, it must be true that the left face commutes also. O

COROLLARY 7.5. Let P be the pullback in the diagram
Py (€)®"

ls

]sz (5®n/l’n) e sz (5®n)
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whose bottom wvertical is induced by the epimorphism 2™ — E2"/T,,. Then the
natural transformation ¥ ((7.9) on page 131) induces a monomorphism

(7.18) T :T,, = Homg(—, P).
PRroOOF. By Proposition 7.4, ¥ makes

Fn _——> HOmS(—, IF)XZ (8)®n)

zﬂ ﬂso_

Homs(—7]PX2 (5®n/1'n)) — Homs(—,IPXz ((‘3@”))

commute. Since the right route is a monomorphism, the induced map to the pull-
back must also be a monomorphism

[, = Homg(—, Px2()®") Xtoms(— b o (eon)) Homg (=, Px2(EC™/L,)).
By [19, p.20], this is the same as a monomorphism
T :T,, = Homg(—, P)
as desired. O

LEMMA 7.6. SupposeY is a scheme, F is an Oy -module, T C F is a submodule,
p: Py (F) =Y is the structure map, and there is a commutative diagram

g9

(7.19) U Py (F)
Py (F/Z)

where g and ¢’ are Y-morphisms. If g corresponds, by Proposition 4.6, to a mor-
phism

Vv F — q.L,
then v factors as

]:'*w>q*£

7

F/T
PRrROOF. If ¢’ corresponds to ¢’ : /T — q.L', then
F—sFT -t

corresponds to the bottom route of (7.19). Since (7.19) commutes, the top map
must also correspond to the morphism. Thus, by Proposition 4.6, there exists an
isomorphism « : ¢, £’ — q.L such that

]__*111>q*£

Lk

F|T ——= q. L'
/ e

commutes, as desired. ([
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PROPOSITION 7.7. The natural transformation Y : T, = Homg(—, P) (7.18)
is an equivalence.

PrOOF. We show Y™ : TF* — Hom"(—, P), the restriction of T to free fam-
ilies, is an equivalence. This suffices to prove the proposition in light of Proposition
4.3. Let U be an affine scheme and suppose f € Homgr(U, P). Then f is defined
by a pair of maps (f1, f2) making the diagram

(7.20) U Py2(£)®n

Px2 (8®H/In) —— PXQ ((C:@n)

commute. If A, is the functor of flat families of T'(£)-modules of length n+ 1, then
there exists a morphism I';, = A,, induced by the epimorphism T'(€) — T'(€)/Z.
By Theorem 5.3, f; corresponds to an element of AF*(U), [M], where M is a free
T(EY)-module of length n + 1. By Lemma 3.23, to show that M is actually a
T(EY)/ZY-module, we need to show, for all 4,7 > 0, that the composition

M; QT —— M, @ EU®I L My
equals zero. It thus suffices to show that, for all 7,5 > 0,

IJU C ker Ad p; ;.

Since (7.20) commutes, we claim the diagram

f1xidu

U Px2(E)®" xs U
fgxidui lsxid[\

]P)XQ( n/In ><SU4>}P>X2 5®n ><SU U><X,2]

e R

IP)(U><X)2 8U®n/IU —>]P>(U><X 5U®n)

whose diagonals are from Lemma 4.11, commutes. The upper left commutes since
(7.20) commutes. The lower left square commutes by Lemma 4.11, while the lower
right square commutes since s is a U-morphism which is compatible with base
change. Denote the top and bottom route of the diagram by f and f¥ respectively.
By Proposition 6.24, f{ corresponds to the epimorphism

R iy Wi n
v: VO ————— Q). ¢i.i+1:0v

where 1; is the composition

Ad#z‘,l >~
GiMip — q@',i+1*OU

gU

whose right composite is the map in Proposition 5.8. Since f{ factors through
Puxxyz (EVE™/TIY), v factors through EY€™/IT by Lemma 7.6. Thus, Z] C

ker @;-_, 1;. By Corollary 7.3,
ker ®?:1¢1' = ker Ad ,uw-
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as desired. O
Thus, we have established Theorem 7.1.
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