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Goal of talk

k=base field

Noncommutative algebraic geometry

Study k-linear abelian categories like cohX where X is a scheme.
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Goal of talk

k=base field

Noncommutative algebraic geometry
Study k-linear abelian categories like cohX where X is a scheme.

When is a k-linear abelian category a 'noncommutative version' of
cohP1?

o’

What are necessary and sufficient conditions on a k-linear abelian
category C such that

C = cohP'?

A
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Abstract characterization of P!

Let C = cohP!. Let £ = (L;)iez. If L; := O(i), then, for all i,
o End(L;) =k

o Hom(L;,Li 1) = Ext}(L;, L 1) =0
o Ext!(L;, L)) =0Vj>i

e Hom(Lj, M) is f.d. VM € C

@ dses

O—)ﬁ,’—)ﬁﬁ_l%ﬁ;_ﬂ%o

whose left map is defined by a basis of Hom(L;, £;11).

L is ample
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Abstract characterization of P!

Let C = cohP!. Let £ = (L;)iez. If L; := O(i), then, for all i,
o End(L) = k
o Hom(L;,Li 1) = Ext}(L;, L 1) =0
o Ext!(L;, L)) =0Vj>i
e Hom(Lj, M) is f.d. VM € C
@ Jses
0= L= L% = Lito—0
whose left map is defined by a basis of Hom(L;, £;11).

o L is ample

Consequence of main theorem

A k-linear abelian category C is equivalent to cohP! iff 3
L = (L;)iez satisfying above properties.
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Coherent rings and modules

A is N-graded algebra, GrA = cat. of graded right A-modules.
Suppose M € GrA

@ M is coherent if M is f.g. and every f.g. submodule is finitely
presented.

@ A is coherent if it is coherent as a graded right A-module.

Theorem (Chase (1960))

A is coherent iff the full subcategory of GrA of coherent modules is
abelian.

v
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Examples/Nonexamples of (graded right) coherence

@ A noetherian = A is coherent.
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Examples/Nonexamples of (graded right) coherence

@ A noetherian =—> A is coherent.
@ k(x1,...,xn) is coherent.

e k(x,y,z)/(xy,yz,xz — zx) is not coherent (Polishchuk
(2005)).
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Z-algebras (Bondal and Polishchuk (1993))

The orbit algebra of a sequence

If £L=(Lj)icz is seq. of objects in a category C, then
(Ag)j = Hom(L_j, L)

with mult. = composition makes Az = ®; jez(Ar)j a Z-algebra
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If £L=(Lj)icz is seq. of objects in a category C, then
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with mult. = composition makes Az = ®; jez(Ar)j a Z-algebra

A ring A is a (positively graded) Z-algebra if
@ d vector space decomp A = @; jezAjj,
o AjjAjk C Ai,
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@ Aj=0ifj <.

Adam Nyman



Z-algebras (Bondal and Polishchuk (1993))

The orbit algebra of a sequence

If £L=(Lj)icz is seq. of objects in a category C, then
(Ag)j = Hom(L_j, L)

with mult. = composition makes Az = ®; jez(Ar)j a Z-algebra

A ring A is a (positively graded) Z-algebra if
@ d vector space decomp A = @; jezAjj,
o AjjAjk C Ai,
° AjjAi =0 for k # j,
@ the subalgebra Aj; contains a unit, and
@ Aj=0ifj <.
There is a notion of graded coherence for Z-algebras.
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The category cohproj (Polishchuk (2005))

Let A be coherent Z-algebra and let
@ cohA = cat. of (graded right) coherent modules

@ torsA = full subcat. of right-bounded modules.

Definition
cohprojA := cohA/torsA
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The category cohproj (Polishchuk (2005))

Let A be coherent Z-algebra and let
@ cohA = cat. of (graded right) coherent modules

@ torsA = full subcat. of right-bounded modules.

Definition
cohprojA := cohA/torsA
If A is noetherian, cohprojA = projA.
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Noncommutative versions of coherent sheaves over P!:
Bimodules

If V is 2-diml/k, P! = P(V). Idea: replace V by bimod. M.
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Noncommutative versions of coherent sheaves over P!:
Bimodules

If V is 2-diml/k, P! = P(V). Idea: replace V by bimod. M.

@ Dy, D; = division rings over k

@ M = Dy — D;-bimodule of left-right dimension (m, n)

Right dual of M

M* := Homp, (Mp,, D1) is D1 — Do-bimodule with action
(a4 - b)(x) = ap(bx).

Can define *M = M~ similarly.

. for i
M is 2-periodic if M* has left-right dim — { (™) for i even
(n,m) for i odd
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Noncommutative versions of coherent sheaves over P!:

Definition (Van den Bergh (2000))

Let M be 2-periodic Dy — D;-bimodule.

Definition of S"°(M)
°© 37n:D— M*®p M+

ne L M*Q--@MiTx o o
o S"(M); = it menib for j > i,

@ mult. induced by ®.

Definition of P"(M)
Suppose S"¢(M) is coherent. We let

P"(M) := cohprojS" (M)
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P"¢(M) arises in nature

@ Generic fibers of noncommutative ruled surfaces (Patrick
(2000), Van den Bergh (2000), D. Chan and N (2016))

@ Generic fibers of noncommutative Del Pezzo surfaces (De
Thanhoffer and Presotto (2016))

o Generic fibers of ruled orders (Artin and de Jong (2005))
e Noncommutative curves of genus zero after Kussin (N (2015))

@ Artin’s Conjecture: Every noncommutative surface infinite
over its center is birational to some P"(M) (1997)
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Piontkovski's P!

Theorem (Zhang (1998))

If Ais connected, gen. in degree 1 and regular of dim 2 then

A= k(x1,...,xn)/({b)

where n > 2, b=>"", xjo(xp—i+1) and o € Aut k(xi, ..., Xn).
Furthermore, A is noetherian iff n = 2.
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Piontkovski's P!
Theorem (Zhang (1998))

If Ais connected, gen. in degree 1 and regular of dim 2 then

A= k(x1,...,xn)/({b)

where n > 2, b=>"", xjo(xp—i+1) and o € Aut k(xi, ..., Xn).
Furthermore, A is noetherian iff n = 2.

Theorem (Piontkovski (2008))

n > 2 implies A is coherent. If P! := cohprojA, then P} depends
only on n, is Ext-finite, satisfies Serre duality and is hereditary.

Is PL = Pre(M)?
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Results
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Recognizing orbit algebras as S"°(M) (finite-type case)

C = k-linear abelian category £ = (L;)jecz seq. of obj. in C
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Recognizing orbit algebras as S"°(M) (finite-type case)

C = k-linear abelian category £ = (L;)jecz seq. of obj. in C
Properties £ might have Vi:

End(L;) = D; is div. ring f.d./k and dim D; = dim Dj»
Hom(ﬁ;,ﬁ;_l) = Eth(ﬁ,',[,,'_l) =0

Ext (L, £;)=0Vj>i

Hom(L;, Liy1) is f.d./k

If /,' = dimD;+1 Hom(ﬁ;,£;+1), d ses

0—L;— Ef.';rl — Liyp =0

whose left map is defined by a left-basis of Hom(L;, £i11).

Theorem N (2017)

If C has sequence L satisfying properties above, then
® p,Mp, :=Hom(L_1, Lo) is 2-periodic,
@ M does not have type (1,1), (1,2), or (1,3),
o Ar = S"(M).
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Main Theorem: Finite-type case

C, L as before.
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Main Theorem: Finite-type case

C, L as before. Properites £ might have Vi:

End(L;) = D; is div. ring f.d./k and dim D; = dim D; 5
Hom(L;, Li 1) = Ext'(L;, Li-1) =0

Ext (L, L) =0V >i

Hom(L;, M) is f.d. YM € C

If ; :=dimp,,, Hom(L;, Li;1), 3 ses

0L, — ‘Cf'i-&-l — Liz2— 0
whose left map is defined by a left-basis of Hom(L;, £i11).
e L is ample

Theorem N (2017)

C has L satisfying props iff C = P"°(M) where
e M is 2-periodic
@ M is Dy — D;i-bimodule not of type (1,1), (1,2), (1,3)
@ S"(M) is coherent.

Adam Nyman




P! revisited

An Example

If C = cohP! and £ = (O(i))iez, then L satisfies properties in
previous result. Thus,

cohP! = P™(V)

where V is 2-diml vector-space over k.
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P! revisited

An Example

If C = cohP! and £ = (O(i))iez, then L satisfies properties in
previous result. Thus,

cohP! = P™(V)

where V is 2-diml vector-space over k.

Corollary N (2017)

P! = P(V)

where V is n-diml vector space over k.

Explains dependence of P on n only.
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Thank you for your attention!
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More applications

Corollary N (2017)

C has a sequence L satisfying properties above with D; = k iff
C = P! for some n.
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More applications

Corollary N (2017)

C has a sequence L satisfying properties above with D; = k iff
C = P! for some n.

Corollary N (2017)

If D is nonsplit k-central division ring of deg n, 3 ext. k C k’ such
that

Spec k'’ XSpec k P"“(0Dk) = P!

Generalizes fact that a (commutative) curve of genus zero is a
projective line after finite base extension.
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Main Theorem: Remark on the general case

Finite-type case of main theorem does not apply to generic fibers
of quantum ruled surfaces (not Hom-finite)
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Main Theorem: Remark on the general case

Finite-type case of main theorem does not apply to generic fibers
of quantum ruled surfaces (not Hom-finite)

e Finite-dimensionality of D; = End(L;) can be dropped.

o Need property ensuring if Hom(L;, £;+1) has
left-right-dimension (m, n) then Hom(L;, £;+1)* has
right-dimension m.
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