A CATEGORICAL CHARACTERIZATION OF QUANTUM
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ABSTRACT. In this paper we study a generalization of the notion of AS-
regularity for connected Z-algebras defined in [13]. Our main result is a
characterization of those categories equivalent to noncommutative projec-
tive schemes associated to right coherent regular Z-algebras, which we call
quantum projective Z-spaces in this paper.

As an application, we show that smooth quadric hypersurfaces and the
standard noncommutative smooth quadric surfaces studied in [23, 15] have
right noetherian AS-regular Z-algebras as homogeneous coordinate alge-
bras. In particular, the latter are thus noncommutative P! x P! (in the
sense of [26]).
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Throughout this paper, we work over a field k.

1. INTRODUCTION

In noncommutative algebraic geometry, one studies so-called noncommuta-
tive schemes from a geometric perspective. These schemes are often abelian
categories with properties in common with categories of coherent sheaves over
a scheme. Those noncommutative schemes which behave like categories of
coherent sheaves over projective schemes have particular significance, as they
can be studied via their global invariants. For this reason, it may be useful to
characterize these abelian categories, and such a characterization constitutes
the main result of this paper.

The first result along these lines was due to Artin and Zhang [2, Theorem
4.5], who characterized those triples (¢, &7, s) consisting of a k-linear abelian
category ¢, a distinguished object .7 (thought of as a structure sheaf), and
an autoequivalence s of the category %, which are equivalent to a triple of the
form (tails A, 7(A), s), where A is some right noetherian N-graded k-algebra
satisfying a homological condition called y1, grmod A is the category of finitely
generated graded right A-modules, tors A is the full subcategory of grmod A
consisting of right-bounded modules, tails A := grmod A/ tors A is the quotient
category with quotient functor 7, and (abusing notation) s is induced by the
shift functor in grmod A. This result raises a natural question:

Question 1.1. Is there a characterization of categories of the form tails A for
suitably well behaved Z-graded algebras A?

Artin and Zhang’s result was later generalized by the first author and
Ueyama [15, Theorem 2.6] to the case in which A is right-coherent. The first
author and Ueyama then used this generalization to address Question 1.1. In
particular, they obtained a characterization of abelian categories equivalent
to noncommutative projective schemes with homogenous coordinate ring a
graded right coherent AS-regular algebra over a finite dimensional algebra R
of finite global dimension [15, Theorem 4.1].

In a separate development, Bondal and Polishchuk introduced the notion
of Z-algebra [3], and illustrated the utility of this concept in the study of
Z-graded algebras. Sierra provided further evidence [21] that working with
Z-algebras simplifies aspects of the theory of Z-graded algebras. On the other
hand, much of the theory of modules over Z-graded algebras can be generalized
to the Z-algebra context (see, for example [13]).
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Many noncommutative projective schemes with Z-algebra coordinate rings
have been studied. For example, Van den Bergh discovered notions of noncom-
mutative P! x P! [26] and noncommutative P!-bundles over a pair of smooth
schemes [27]. Specializing the latter construction to the case where the base
schemes are spectra of fields (or division rings), one obtains the notion of a
noncommutative projective line. Polishchuk [19] found sufficient conditions
for a k-linear abelian category to be of the form tails A for a right coherent
positively graded Z-algebra A. He applied this result to construct Z-algebra
homogenous coordinate rings for noncommutative elliptic curves [18]. Efimov,
Lunts and Orlov constructed noncommutative Grassmannians with Z-algebra
homogeneous coordinate rings [6], providing further evidence for the signifi-
cance of the notion of Z-algebra.

Returning to characterizations of noncommutative projective schemes, in
[17], the second author characterized those abelian categories equivalent to
noncommutative projective lines over a pair of division rings. The purpose of
this paper is to obtain a Z-algebra version of [15, Theorem 4.1] which gener-
alizes [17, Theorem 4.2].

Instead of characterizing categories equivalent to tails A where A is an
AS-regular Z-algebra, we use a related notion of regularity, called ASF*-
regularity (see Section 4). In the Z-graded case, AS-regularity implies that, if
7 is the torsion functor, then D R7(A) = A(—/),[d] in the derived category of
graded right A°-modules, for some graded algebra automorphism v € Aut A
called the Nakayama automorphism of A. In the Z-algebra case, it is unclear
if AS-regularity is enough to guarantee the existence of such an isomorphism,
and so we impose it as part of the definition of ASF**-regularity.

The following is the main result of the paper, characterizing those non-
commutative projective Z-schemes associated to an ASF**-regular Z-algebra
(Theorem 6.4, Theorem 6.5, and Theorem 6.11), which extends [3, Theorem
4.2], [15, Theorem 4.1], thus providing an answer to the Z-algebra version of
Question 1.1. Before we state it, we remark that we will abuse notation in this
paper by writing € = 2 for categories ¢ and Z if they are equivialent (not
necessarily isomorphic) categories.

Theorem 1.2. Let € be a k-linear abelian category. Then € = tailsC' for
some right coherent ASF™ -reqular Z-algebra C' of dimension at least 1 and of
Gorenstein parameter € if and only if

(GH1) € has a canonical bimodule wy, and
(GH2) € has an ample sequence {E;}icz which is a full geometric heliz of
period { for P°(€).

In fact, if € satisfies (GH1) and (GH2), then C := C(€,{E;}icz)>0 is a right
coherent ASF*T -reqular Z-algebra of dimension gldim € +1 and of Gorenstein
parameter ¢ such that € = tails C.

Moreover, C' constructed above is right noetherian if and only if € is a
noetherian category.
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The condition (GH1) requires that € has an autoequivalence which induces
a Serre functor on 2°(%¢). The notion of helix we use in (GH2) is similar
to that of [3] (see [15, Remark 3.17]). In comparison to [15, Theorem 4.1],
Theorem 1.2 is somewhat simpler in that no autoequivalence on % (other
than the canonical bimodule) is required. Our proof of Theorem 1.2 requires
the foundations of homological algebra for connected Z-algebras developed in
[13] and [14]. In particular, we use a variant of local duality [14, Theorem 2.1]
in this paper to prove, in Theorem 6.8, that tails C', where C'is ASF**-regular,
has a Serre functor. Our argument is adapted from [16, Appendix A].

As an application of Theorem 1.2, we construct a family of right noetherian
AS-regular Z-algebras from noncommutative quadric hypersurfaces. In partic-
ular, we will show that every smooth quadric hypersurface and every standard
noncommutative smooth quadric surface has a right noetherian AS-regular
Z-algebra as a homogeneous coordinate algebra (Theorem 6.14 and Theorem
6.13).

We now briefly describe the contents of the paper. In Section 2 we recall
relevant definitions and results from the theory of Z-algebras we will need.
Although some of this material appears in [13], most does not appear elsewhere,
and is necessary for defining the notion of an ASF**-regular Z-algebra. In
Section 3, after recalling the notion of noncommutative projective Z-scheme,
we prove variants of the version of local duality from [14] which we will use
in the proof of our main theorem. We also include a number of results about
derived functors and related triangles which will be used in the sequel.

In Section 4, we continue the study of regularity for Z-algebras initiated in
the paper [13]. In [13], we defined two notions of regularity for a Z-algebra,
namely, AS-regularity and ASF-regularity. In this paper, after reviewing the
aforementioned notions of regularity, we define two more notions of regularity
for a Z-algebra, namely ASF*-regularity and ASF**-regularity, and show the
implications:

ASF*+ = ASFT = AS = ASF

(Theorem 4.8, Theorem 4.14, and Theorem 4.19). Recall that AS-regularity
and ASF-regularity for a Z-algebra A are the same if A has a “balanced dualiz-
ing complex” [13, Theorem 7.10]. In this paper, we show that ASF*-regularity
and ASFT*-regularity are the same if A is ¢-periodic (Theorem 4.19). We note
that the notion of ASF**-regularity was first introduced and studied in [14,
Definition 3.1].

In Section 5, we introduce several concepts we will need for the proof of
Theorem 1.2, including various notions of helix. The proof of Theorem 1.2,
as well as some consequences, are given in Section 6. Finally, an application
of our main result, to noncommutative quadric hypersurfaces, concludes the

paper.
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Advice to the expert reader: To those familiar with Z-algebras and noncommu-
tative spaces at the level of [21], [13] and [26], willing to take some elementary
results on faith, we suggest

e reading Section 2.5 on periodicity, as it contains new notation utilized
to define ASF**-regularity in Section 4,

e reading the definitions of ASF*-regularity and ASF**-regularity from
Section 4, as well as their relationship, Theorem 4.19,

e reading Section 5, primarily for definitions and notation used in the
proof of Theorem 1.2, as proofs in this section follow familiar lines,
and

e reading Section 6 up to the proof of Theorem 6.4.

This is enough to follow the main ideas in the proof of half of Theorem 1.2
(Theorem 6.4). For the converse, Theorem 6.11, the most significant technical
hurdle is the existence of the Serre functor, Theorem 6.8. This, in turn, relies
on the versions of local duality in this paper, Theorem 3.21 and Theorem 3.29,
along with many of the supporting results in Section 3.

2. Z-ALGEBRAS

Although some of the results in this section are known (see [13]) or easy to
see, we will discuss them rather carefully, hoping that this section (together
with our previous paper [13]) will serve as a useful reference.

2.1. Z-algebras. A Z-algebra is an algebra with vector space decomposition
C = @, ezC;; and with the multiplication

0 if 7 # s.

A Z-algebra C' does not have a unity, but we assume that each subalgebra Cj;
has a unity e; € Cj;, called a local unity, so that C;; = e;Ce; (and that e;ae; = a
for every a € Cj;). Let C,C" be Z-algebras. A Z-algebra homomorphism
¢ : C — (" is an algebra homomorphism ¢ : C' — C” such that ¢(Cj;) C Cj;
for all i, 5 € Z, and ¢(e;) = €, for all i € Z. We say that C' is locally finite if
dimy Cj; < oo for all ¢, 7, and C is connected if Cj; = 0 for all ¢ > j and Cj; = k
for all 4.

Let C be a Z-algebra. A graded right C-module is a right C-module M =
®jezM; with the action M; ® C;; — M;. We assume that each M; is a unitary
C;i-module in the sense that me; = m for every m € M;. The category of
graded right C-modules is denoted by GrMod C' whose morphisms are right
C-module homomorphisms preserving degrees. A graded left C-module is a left
C-module M = EBiGZMi with the action Cij (029 Mj — Mz

Let C,C" be Z-algebras. A bigraded C-C' bimodule is a C-C" bimodule
M = @, ;M;; such that e,M := @®;M,; is a graded right C’-module for every
i and Me} == @;M;; is a graded left C-module for every j, that is, we have
maps My @ Cj; — My and Cyy @ My — My. A homomorphism of bigraded

Cij X Cst — {
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C-bimodules M, N is a homomorphism ¢ : M — N of C-bimodules such that
®(M;;) C Ny; for every i,j € Z.

For a graded left C-module M and a graded right C’-module N, M ®; N :=
®; jez(M; ® N;) is naturally a bigraded C-C’ bimodule. Note that C itself is a
bigraded C-bimodule. If C'is connected, then Cs,, := ®;_;>,C;; is a bigraded
C-bimodule for every n € N.

We define a graded right C'-module

P; = e,C = @;ezCij
for every ¢ € Z, and a graded left C-module
Qj = Cej = @iezCi;
for every j € Z. If C' is connected, then
Sj = €;(C/Cx1) = (C/Cx1)e; = Piej = €;Q; = €;Ce; = Cj;

has a structure of a bigraded C-bimodule for every j € Z. Moreover, {P;};ez
is the set of all indecomposable graded projective right C-modules up to iso-
morphism, and {S;},ez is the set of all graded simple right C-modules up to
isomorphism. Note that S; is the unique simple quotient of P;.

If M is a graded right C-module, then DM = @;ezD(M;), where D(M;)
is the k-dual of M;, is a graded left C-module via (af)(x) = f(za) where
a < CZ']',IE S Mj,f S D(MZ) = (DM)Z so that CLf S D(M]) = (DM)]
Similarly, if M is a graded left C-module, then DM is a graded right C'-module.
If M is a bigraded C-C’ bimodule, then DM := &, ;D(Mj;) is naturally a
bigraded C’-C' bimodule. It follows that

D(e;M) = @;D((e;M);) = ©;D(M;;) = ©;(DM);; = (DM )e;
D(Me}) = ®;D((Me)});) = @:;D(M;;) = ©:(DM)j; = e;(DM)

for every ¢ € Z and every j € Z, respectively.

We say that M € GrMod C' is locally finite if dimy M; < oo for every 1.
Note that C' is locally finite if and only if P; is locally finite for every j. If
M € GrMod C' is locally finite, then DDM = M in GrMod C.

The opposite Z-algebra of C'is the opposite algebra € with C7; := C_; _;.
For a” € O = C_y ;,0° € CF, = C_j 4, b°%a® = ab € C_y ; = Cf, so €7 is
in fact a Z-algebra. If M is a graded left C-module, then &;M_; is a graded
right C°-module under the action of a® € Ci"j =(C_;_;onz € M_; defined by
za® =ax € M_;.

In fact, the category of graded left C-modules is equivalent to the category of
graded right C°-modules, so we often identify these two categories. Similarly,
we can see that the category of graded right C-modules is equivalent to the
category of graded left C°-modules. Both of these facts are proven in [13,
Proposition 2.2], where the algebra C° is denoted C°P.

Note that if C' is a connected Z-algebra, then C° is again a connected Z-
algebra. Let C,C’ be Z-algebras. The category of bigraded C-C’ bimodules is
denoted by Bimod(C'—C"). Note that the categories GrMod C' and Bimod(C —
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(") are Grothendieck categories [26, Section 3], [13, Proposition 2.2(1)], hence
abelian.

Remark 2.1. Let C' be a Z-algebra.

(1) If M = @;ezM; is a graded left C-module, then, precisely speaking,
BiczM_; € GrMod C° is a graded right C'°~-module, however, we often
identify them in this paper.

(2) If M is a bigraded C-bimodule, then e;M := @,z M;; is a graded right
C-module for every i € Z, and Me; 1= @;ezM;; is a graded left C-
module for every j € Z, but Me; is not a graded right C°-module in
this grading. By defining M° := &;;M_; _; € Bimod(C°® — C°), we
identify Me; with a graded right C°-module €? ;M° := @z M?;,; 1=
CiezM_;; = Bier(Mej) ;.

(3) We write

P = e{C° = §erCy; = ®jerC-j—i = Ce_; =: Q,
Q7 = C%; = BiczCj; = GiezC—j—i = e_;C =: P_j,
5= 0 = O = Oy = e Co =5,

In particular, we identify a graded right C°-module P} := e3C° with a
graded left C-module ()_; := Ce_;, and so on.

(4) D : GrModC — GrMod C?° is defined by D(®;M;) = @;D(M;)
when we view D(®;M;) as a graded left C-module while D(&;M;) :=
®;D(M_;) when we view D(@;M;) as a graded right C°-module.

2.2. Hom and ®. If M is a bigraded C’-C bimodule and N is a graded right C-
module, then Hom (M, N) := @; Hom¢(e; M, N) = @&; Home (M, N) has
a structure of a graded right C’-module via (fa)(z) = f(az) where a € C},,x €
@jMij7 f S HO_IHC(M, N)g = Homc(EBlej, N) by the map a- : Mij — ng SO
that fa € Homy(M,N), = Home(®; M, N). (Although @;M;; does not
have a structure of a left C'-module, the left multiplication a- : &;M;; —
&, M,; is well-defined, which induces the right action -a : Homea (6, M, N) —
Homc(@ngj, N))

If M is a graded right C-module and N is a bigraded C’-C' bimodule, then
Hom (M, N) := &, Home(M, e;N) = &; Home (M, &,Nj,) has a structure of
a graded left C"-module via (af)(z) = a(f(z)) where a € Cj;,x € M, f €
Hom (M, N); = Home(M, &¢N,;) by the map a- : Nj; — Ny so that af €
HO_II]C(M, N)z = HomC(M, @gNig).

If M is a bigraded C’-C bimodule and N is a bigraded C”-C' bimodule, then
Hom(M,N) := &, ;Home(e; M, e;N) has a structure of a bigraded C”-C’
bimodule since

e; Hom-(M,N) = @®jez Hom-(M,N);;
= @jez Home (€M, €] N)
= Hom(M,e/N)
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is a graded right C’"-module for every i € Z, and
Homq (M, N)e; = @iez Home (M, N);
= ®jez Home(ejM, e/ N)
— Homy(¢}M, N)

is a graded left C”-module for every i € Z.
The proof of the following lemma is straightforward and omitted.

Lemma 2.2. Let C be a Z-algebra.
(1) For M € GrMod C, Hom(C, M) = M in GrMod C' so that

Home (P, M) = M,
for every i € Z. In particular,
S; ifi=j
0 ifi#j.
(2) Hom (P, C) = Q; in GrMod C°, and Hom . (Q;, C°) = P; in GrMod C
for every i € Z.

Definition 2.3. Let C,C’,C" be Z-algebras. For M € GrModC and N €
GrMod C°, we define

M ®C N = Coker(@i,jez(Mi ®C¢¢ Oij ®ij Nj) — EBkGZMk ®Ckk Nk)

where the morphism is induced by the usual difference between left and right
multiplication.

e For M € GrMod C' and N € Bimod(C — C’), we define
M@.N = Gen(M ®¢ Nej) € GrMod C.
e For M € Bimod(C’" — C') and N € GrMod C°, we define
M@ N = ®iez(e;M ®c N) € GrMod C*°.
e For M € Bimod(C' — C’), N € Bimod(C’" — C"), we define
M®,N = @;jez(e;M @¢ Nej) € Bimod(C' — C”).

Home (P, S;) = {

Note that from general properties of adjoint functors and [13, Proposition
5.3(2)], for N € Bimod(C" — C"), the functor

®,N : Bimod(C — C") — Bimod(C' — C")
commutes with colimits.
Lemma 2.4. [13, Section 4.1, Proposition 5.3] Let C' be a Z-algebra.
(1) For M € GrModC, M®,C = M in GrMod C so that M®,Q; = M;
for every j € 7Z.
(2) For N € GrMod C?, C®,N = N in GrMod C° so that @ N = N;

for every i € Z.
(3) For M € GrMod C, N € GrMod C" and L € Bimod(C — "),

Home/(M®,L, N) = Home (M, Home, (L, N)).
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2.3. Noetherian and Coherent Properties. For a set of objects £ in an
additive category %, we denote by add £ the set of objects in € consisting of
all finite direct sums of objects in &.

Remark 2.5. The notation add £ usually denotes the set of objects in € con-
sisting of direct summands of finite direct sums of objects in £, so the above
notation is not standard.

Definition 2.6. Let C' be a Z-algebra.

(1) We say that M € GrMod C' is finitely generated (resp. finitely pre-
sented) if there exists an exact sequence F* — M — 0 (resp. F!' —
F° — M — 0) where F'" € add{P;};cz.

(2) We say that M € GrMod C' is coherent if M is finitely generated and
Ker ¢ is finitely generated for every homomorphism ¢ : F — M with
Fe add{Pj}jez.

(3) We denote by grmod C' the full subcategory of GrMod C' consisting
of finitely presented modules, and by coh C' the full subcategory of
GrMod C consisting of coherent modules.

(4) We say that C'is right coherent if P;,S; € coh C for every i € Z.

We call a module in add{P;};ez finitely generated free. In this terminology,
C = ®;FP; € GrMod C itself is free but not finitely generated free. If C' is
connected, then every finitely generated projective graded right C-module is
isomorphic to a module in add{P;};cz.

The following result will often be used without comment in the sequel.

Lemma 2.7. Let C be a locally finite connected Z-algebra.

(1) coh C is an abelian category.

(2) If C s right coherent, then grmod C' = coh C' so that grmod C' is an
abelian category.

(3) Conversely, if grmodC is an abelian category, then P; € cohC' for
every j € Z.

Proof. (1) This follows from [19, Proposition 1.1].

(2) If M € coh C, then M € grmod C' by definition. Conversely, if C'is right
coherent and M € grmod C, then there exists an exact sequence F'* — F0 —
M — 0 in GrMod C where F', F* € add{P;};cz C cohC. Since cohC' is an
abelian category by (1), M = Coker(F' — F°) € coh C.

(3) If grmod C' is an abelian category, then, for every homomorphism ¢ :
F — P; with F, P; € add{P;};ez C grmod C, Ker ¢ € grmod C'. In particular,
P;, Ker ¢ are finitely generated, so P; € coh C'. U

Definition 2.8. We say that a Z-algebra C' is right noetherian if P; € GrMod C
is a noetherian object for every j € Z.

By [26, Definition 3.1], C' is right noetherian if and only if GrMod C' is a
locally noetherian (Grothendieck) catetgory.
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Lemma 2.9. If C' is a right noetherian Z-algebra, then every noetherian mod-
ule 1s coherent. In particular, C' is right coherent and grmod C' is an abelian
category.

Proof. If M € GrMod C' is a noetherian module, then M is finitely generated,
so there exists F' € add{P;};ez and a surjection ¢ : F' — M. Since P; is
noetherian for every j € Z, F' is noetherian, so Ker ¢ C F' is noetherian. It
follows that Ker ¢ is finitely generated, so M € cohC. In particular, since
P;,S; € GrMod C are noetherian for every j € Z, P;,S; € cohC, so C' is right
coherent. 0

Lemma 2.10. A Z-algebra C' is right noetherian if and only if grmod C' is a
noetherian category.

Proof. For every M € grmod C, there exists a surjection /' — M in GrMod C'
where F' € add{P;};cz C GrMod C' is a noetherian object, so M € GrMod C
is a noetherian object, hence grmod C' is a noetherian category.

Conversely, if grmod C' is a noetherian category, then P; € grmod C is a
noetherian object for every j € Z, so C' is right noetherian. O

2.4. Module Categories. Let C' be a Z-algebra. We denote by Mod C' the
category of right C-modules which is “unitary” in the sense that M = MC.
The following lemma is known (cf. [21], [26]). We give a proof for the conve-
nience of the reader.

Lemma 2.11. For every Z-algebra C', GrMod C' = Mod C'.
ej lf 1= ]
0 ifi#j,
for ¢ # 7, then ne; = ne? = me;e; = 0, 50 BjezMe; C M. Since M = MC, for
every m € M, there exist n € M and a = Z” a;j € ®; jezCi; = C such that
m =na =3, na; = ;> na;le; € jezMej, so M = SjezMe;. 1t is
easy to see that @;czMe; is naturally a graded right C-module. If ¢ : M — N
is a homomorphism of right C-modules, then ¢(me;) = ¢(m)e;, so ¢p(Me;) C
Nej, hence ¢ is naturally a homomorphism of graded right C-modules. It
follows that Mod C' — GrMod C; M +— @jczMe; is an equivalence functor.

O

Proof. Let M € Mod C'. Since e;e; = { if me; = ne; € Me;NMe;

Remark 2.12. By Lemma 2.11, we have the following:

(1) For a Z-algebra C' and M, N € GrModC, M = N in GrMod C if and
only if M = N in Mod C.

(2) For Z-algebras C,C", GrMod C' = GrMod (" if and only if Mod C' =
Mod C".

Lemma 2.13. Let C,C" be Z-algebras. If C' = C" as algebras (not necessarily
as Z-algebras), then GrMod C = GrMod C".

Proof. Let ¢ : C — C’ be an isomorphism of algebras. If M € Mod C’, then
MC"= M, so MyC := Mp(C) = MC' = M, hence M, € Mod C. It follows
that GrMod C' = Mod C' = Mod ¢’ 2 GrMod C’ by Lemma 2.11. O
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2.5. Periodicity. Let C,C’ be Z-algebras, and ¢ : C' — C’ a homomorphism
of Z-algebras. For M € GrMod C’, we define M, € GrMod C' by M, = M as
a graded vector space with the action m x a = m¢(a) for m € M,a € C. This
induces a functor (—)4 : GrMod C" — GrMod C'.
For a bigraded vector space M and r,¢ € Z, we define a bigraded vector
space M(T, E) by M(?”, E)Z] = Mr—&—i,@—l—j‘
Lemma 2.14. Let C,C" be Z-algebras.
(1) Fort € Z, C({) := C(¢,0) is a Z-algebra.
(2) If M is a bigraded C-C" bimodule, then M (¢,r) is a bigraded C'(¢)-C"(r)
bimodule.
(3) If ¢ : C — C(—{) is an isomorphism of Z-algebras, then ¢~ induces
an isomorphism C — C({) of Z-algebras, which is denoted by ¢~ by
abuse of notation, and C(0,—0), = ,~1C(£,0) as bigraded C-bimodules.

Proof. (1) Note that C' = C({) as ungraded algebras. Since
C(0)i; @ C(0)jk = Cirejre @ Cirpre = Ciyorye = C(L)ir,
the result follows.
(2) Note that M (¢,r) = M as ungraded C-D bimodules. Since
C)i; @ M(,7)jk = Cryips; @ Mogjrire = Moyigrrn = M, 1),
M(l,71)i; @ D(r)ji = Mytirs; @ Dygjrir — Mpgpipqn = M 1),
the result follows.
(3) Since ¢! : C' — C(¥) is an isomorphism of (ungraded) algebras, and
¢~ 1(Cij) = ¢ H(C(=0ireje) = Cirejre = C(0)sj,
¢! C — C(f) is an isomorphism of Z-algebras.

Since ¢ : 4-1C(¢,0) — C(0,—0), is an isomorphism of bigraded vector
spaces, and

¢(a+mb) = ¢(¢~" (a)mb) = ad(m)d(b) = ag(m) * b,
for m € 4,-1C(0,—¢) and a,b € C, ¢ : ,-1C(¢,0) = C(0,—F)4 is an isomor-
phism of bigraded C-bimodules. O

Let C be a Z-algebra. Since C' = C(r) as algebras (but not necessarily as
Z-algebras in general), GrMod C' =2 GrMod C(r) by Lemma 2.13. In fact, we
have an equivalence functor () : GrMod C' — GrMod C(r) defined by M (r) :=
®jezM,y;. Since (e,C)(r) = ®;ezCijrr = €i—(C(r)), the assignment F' —
F(r) preserves finitely generated projectives, so (r) induces an equivalence
functor (r) : grmod C' — grmod C(r). For M € GrMod C, M(r) is not a
graded right C-module in general, so there exists no notion of homomorphism
of graded right C'-modules of degree 7.

Lemma 2.15. Let C,C',C" be Z-algebras.

(1) Fort € Z, —®,C(0,0) = (=)(¢) : GrMod C' — GrMod C(¢) as func-
tors.
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(2) If  : C" — C" is a homomorphism of Z-algebras and M is a bigraded
C-C" bimodule, then —®,My = (-®,M)4 : GrMod C — GrMod C”
as functors.

(3) In particular, if ¢ : C — C({) is a homomorphism of Z-algebras, then
—®c C(0,0)y = (—)(0)p : GrtMod C' — GrMod C' as functors.

Proof. Functors of both sides are naturally isomorphic on ungraded module
categories and they are compatible with the grading, hence the result. 0

We say that C' is r-periodic if C(r) = C as Z-algebras. If C' is r-periodic
and ¢ : C' — C(r) is an isomorphism of Z-algebras, then, for M € GrMod C,
M(r)s € GrMod C, so there exist autoequivalences of GrMod C' and grmod C'
defined by M — M (7).

Lemma 2.16. If C' is an r-periodic Z-algebra, then an isomorphism ¢ : C' —
C(r) of Z-algebras restricts to an isomorphism Py — Ppy, (1) in GrMod C' for
every l € 7.

Proof. If ¢ : C — C(r) is an isomorphism of Z-algebras, then Py (r)s =
®iCriritr = ¢(Fr) as graded vector spaces. For a € Ppy,(r), and b € C,
o(a) b= d(a)p(b) = ¢(ab), so we have a commutative diagram

(P)i®Cij= Cu®Cyy —— Cy = (FR);

¢>®idJ( l@s
Prir(r)i ® Cij =Crpripr ® Cij —— Cgpjr= Pogr(r);
hence ¢ : Py — Pyi.(r)4 is an isomorphism in GrMod C for every ¢ € Z. O
2.6. Z-algebras Associated to Graded Algebras. For a graded algebra

A, we define a Z-algebra A by A := @, jezA;_;. The following lemma is well-
known (cf. [3], [19], [21]).

Lemma 2.17. For a graded algebra A, the functors ® : GrMod A — GrMod A
and ® : grmod A — grmod A defined by ®(M) := B;ezM; are equivalences of
categories sending A(—i) to P; and k(—i) to S; for every i € Z.

Proof. It is well-known that the functor ® : GrMod A — GrMod A defined as
above is an equivalence functor (cf. [21]). Since

D(A(—1)) = @;A(—1); = 4, = ®;Ai; = ;A= P,
@(k’(—%)) = 69]]{3(—2)] = @jk‘j_i = GZ'ZQ‘ = SZ
® restricts to an equivalence functor ® : grmod A — grmod A. 0

Lemma 2.18. Let A be a graded algebra. Viewing GrMod A® as the category
of graded left A-modules, the following hold.

(1) ®° : GrMod A° — GrMod A” defined by ®°(M) = ©;ezM_j is an
equivalence functor such that ®°(A(i)) = Ae; for everyi € Z.
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(2) GrMod A® — Bimod(A—A); M+ M := @i jezM;_; is a functor such
that, for every M € GrMod A®, ®(M(—i)) = e;M for every i € Z, and
®°(M(i)) = Me_; for every i € Z. (Here we view ® : GrMod A¢ —
GrMod A — GrMod A and ©° : GrMod A¢ — GrMod A° — GrMod A°
by composing with the natural functors GrMod A¢ — GrMod A forget-
ting the graded left A-module structure and GrMod A — GrMod A°
forgetting the graded right A-module structure.)

(3) ®°D = D® : GrMod A — GrMod A° as functors, and ®D = DD :
GrMod A° — GrMod A as functors.

Proof. (1) By Lemma 2.17, ®° : GrMod A° — GrMod A° defined by ®°(M) :=
@jezM; is an equivalence functor such that ®°(A°(—i)) = e?A” for every
i € Z viewed as a graded right A°-module, however, P(M) = @jezM_; and
e?A’ = Ae_; viewed as a graded left Z_—module by Remark 2.1. -

(2) Let M € GrMod A¢. For x € Mij = Mj_i,a S Asi = Ai—sab S Ajt =
Ai_j,axb e My = M, so we may view M € Bimod(A — A).

Let ¢ € Homae(M,N) where M, N € GrMod A°. For x € M;; = M,_,,
¢(z) € N;_; = N;j, so we may define a map ¢ : M — N by é(z) = ¢()
such that ¢(M;;) C Ny Since ¢(axb) = ¢(axb) = ad(z)b = ag(x)b, ¢ €
Hom(M, N). Moreover, we have

O(M(—i)) == DjezM(—1); = BjerMj—; = @jGZMij =:e; M,
and
O(M(i) = @jezM(i)j = ®jeaMij = ©jezM ;=2 Me_,.

(3) Recall that D : GrMod A — GrMod A? is defined by D(&®;M;) :=
@®;D(M_;) while D : GrModA — GrMod A” is defined by D(&;M;) =
®;D(M_;) when we view D(®;M;) as a graded left A-module (see Remark
2.1 (4)). Since

°D(®;M;) = ®°(®;D(M_;)) = ®;D(M;) = D(®;M;) = D(D; M;)
in GngdZO for M € GrMod A, we see that ®°D = D® : GrMod A —
GrMod A°.
Similarly, since
OD(B:M;) = B(@;D(M_;)) = &:DM_; = D(@:M_;) = DO°(; M)

in Gngdz for M € GrMod A°, we see that D = D®° : GrMod A° —
GrMod A. O

Remark 2.19. For a graded algebra A, (Ao)ij =A%, = Ay, = Z_j,_i =

(A)°;; for every i,j € Z, so (A°) = (A)° as Z-algebras. In particular, A is a
connected graded algebra if and only if A° is a connected graded algebra if and
only if A is a connected Z-algebra if and only if (A)° is a connected Z-algebra.

Lemma 2.20. [21, Proposition 3.1] Let C' be a Z-algebra. Then there exists a
graded algebra A such that C' = A as Z-algebras if and only if C' is 1-periodic.
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3. DERIVED CATEGORIES OF GRADED MODULES

One of the main results in [13] and [14] is a version of local duality for con-
nected Z-algebras. In this section, we prove another version of local duality for
Z-algebras (Theorem 3.29) and we prove other results about derived functors
associated to noncommutative projective Z-schemes which will be employed
in the sequel.

Throughout the remainder of the paper, if ¥ denotes an abelian category,
we let 2(€) (resp. 27(€), 27(€), 2°(¢)) denote the derived category
of € (resp. the bounded above derived category of %', the bounded below
derived category, the bounded derived category). We will also utilize various
left and right derived functors of functors already introduced, and the reader
may consult [13, Section 6] for more information about these derived functors.

3.1. Noncommutative Projective Z-schemes.

Definition 3.1. Let C be a Z-algebra and X € 2°(GrMod C). A complex (F,d)

dl d

RN 'l s X 5 0
where F9 € add{P;};cz is called a finitely generated free resolution of X if F
is quasi-isomorphic to X. A finitely generated free resolution of X is called
minimal if Imd? C F4Cs, for every q € Z.

Lemma 3.2. If C' is a right coherent connected Z-algebra, then every M &
grmod C' has a unique minimal finitely generated free resolution up to isomor-
phism.

Proof. The existence of a minimal finitely generated free resolution follows
from [13, Proposition 4.4]. Using the same argument as in the connected
graded case, a minimal finitely generated free resolution over a connected Z-
algebra is unique up to isomorphism. [l

The following condition is essential for the rest of the paper.

Definition 3.3. A connected Z-algebra C' is called right Ext-finite if every S;
has a minimal finitely generated free resolution in GrMod C'.

Lemma 3.4. If C is a right coherent connected Z-algebra, then C is right
Ext-finite.

Proof. This follows from Lemma 3.2. U

Lemma 3.5. Let C' be a connected Z-algebra. If C' is right Ext-finite, then C
1s locally finite. In particular, if C is right coherent, then C' is locally finite.

Proof. This follows from [13, Remark 3.3]. O

In summary, we have the following implications for a connected Z-algebra.

right noetherian = right coherent = right Ext-finite = locally finite.
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Definition 3.6. Let C' be a Z-algebra. We say that M € GrMod C' is right
bounded if M~,, = 0 for some m € Z and left bounded if M<,, = 0 for some
m € Z.

We denote by Tors C' the full subcategory of GrMod C' consisting of modules
M such that xC' is right bounded for every x € M.

We define a torsion functor 7 : GrMod C — Tors C' C GrMod C' by

7(M) :={x € M | xC is right bounded}.

Lemma 3.7. If C is a right Ext-finite connected Z-algebra, then TorsC' is a
localizing subcategory of GrMod C'.

Proof. By [13, Lemma 3.5], Tors C' is a Serre subcategory of GrMod C'. Since
7(M) is the largest torsion submodule of M € GrMod C, Tors C is a localizing
subcategory of GrMod C' by [20, Proposition 4.5.2]. O

Definition 3.8. Let C' be a right Ext-finite connected Z-algebra. We define the
quotient category Tails C' := GrMod C'/ Tors C. We call Tails C' the noncom-
mutative projective Z-scheme associated to C'.

Let C be a right Ext-finite connected Z-algebra. We denote by
7w : GrMod C' — Tails C'

the quotient functor. Since Tors C' is a localizing subcategory of GrMod C' by
Lemma 3.7, 7 : GrMod C' — Tails C' has a right adjoint

w : TailsC — GrMod C.

We write
Q@ = wm : GrMod C' — GrMod C.

We often write M := 7M € TailsC for M € GrModC. We also write
Ext¢(M,N) := Extl . (M, N) for M, N € TailsC.

If C'is a right coherent connected Z-algebra, then grmod C' is an abelian
category, so tors C' := grmod C'N Tors C' is a Serre subcategory of grmod C'. In
this case, we define tails C' := grmod C'/ tors C.

Lemma 3.9. If C is a right coherent connected Z-algebra, then tors C' is the
full subcategory of grmod C' consisting of finite dimensional modules.

Proof. Let M € torsC. Since M € grmodC, there exist zy,...,x,, € M
such that M = " x,C. Since M € Tors C, z;C' is right bounded for every
1=0,...,m. Since C'is locally finite by Lemma 3.5, z;C is finite dimensional
for every 1 = 1,...,m, so M is finite dimensional. The converse is clear. [

Remark 3.10. If C is a right coherent connected Z-algebra, then tails C' is the
same as cohproj C' defined in [17] and [19] by Lemma 3.9, so, for the rest of
the paper, we can and will view tails C' as a full subcategory of Tails C' by [17,
Lemma 2.2 (2)].

We use the following Z-algebra version of [4, Lemma 4.3.3] (see also [10,
Proposition 1.7.11]) implicitly in the sequel.
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Lemma 3.11. If C is a right coherent connected Z-algebra, then the canonical
functors 2°(grmod C) — 2(GrMod C) and 2°(tailsC) — P(TailsC) are
fully faithful.

By the above lemma, we often view 2°(grmod C) and 2°(tailsC) as full
subcategories of Z(GrMod C') and Z(Tails C'), respectively.
The next result follows from a property of a localizing subcategory.

Lemma 3.12. (cf. [17, Theorem 6.8]) If C' is a right Ext-finite connected
Z-algebra, then, for every X € 2°(GrMod C), there exists a triangle

R7(X)— X - RQ(X)

in 2(GrMod C). In particular, for every M € GrMod C, there exists an exact
sequence

0—=R7(M) = M —R°Q(M) = R'7(M) — 0,
and an isomorphism R?Q(M) = R 7(M) in GrMod C for every q > 1.
We have the following analogue of [13, Lemma 6.9].

Lemma 3.13. Let A, B be Z-algebras. If B is a right FExt-finite connected Z-
algebra, then the left-exact functor Q) := wn : GrMod B — GrMod B extends
to a left-exact functor

@ : Bimod(A — B) — Bimod(A — B)
via functoriality of Q).
Proof. Since R'7 commutes with direct sums by [13, Lemma 5.9], then by
Lemma 3.12, @) commutes with direct sums. Thus, if M is an object in
Bimod(A — B), then Q(®;e;M) = ®;Q(e; M) as graded right B-modules. Fur-
thermore, we may define a graded left A-module structure on this module via
functorality of @, and this makes Q(M) an object in Bimod(A — B) as one

can check. It is also routine to check this defines a functor and we omit the
verification. O

Since Bimod(A — B) has enough injectives, there is a right derived functor
RQ : 27 (Bimod(A — B)) — 2(Bimod(A — B)).

In what follows, we shall abuse notation by writing 7 and () for the associated
extensions of these functors to bimodule categories.

Lemma 3.14. If C' is a right Ext-finite connected Z-algebra, then there exists
a triangle

R7(C) - C = RQ(C)
in 2(Bimod(C' — C)). In particular, there exist an exact sequence
0—R'7(C) = C —=R°Q(C) = R'7(C) — 0,
and an isomorphism R 7(C) = R1Q(C) for every ¢ > 1 in Bimod(C — C).
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Proof. Let I denote an injective resolution of C' in Bimod(C' — C'). For each
i € Z, e;I is an injective resolution of P; in GrMod C by [13, Lemma 2.3], and
thus, by Lemma 3.12, there is a short exact sequence of complexes

0—7(e;]) = el = Qe;I) — 0

for each ¢ € Z. Since 7 and () commute with direct sums, then, by definition
of the extensions of 7 and () to bimodules, there is a short exact sequence of
complexes of objects in Bimod(C' — C)

0—=7(l)—1—QU)—0.
The result now follows from [7, Remark, p. 63]. O

For a connected Z-algebra C', the cohomological dimension of 7 is defined
by
cd7 :=sup{qg € N|R/7(M) # 0 for M € GrMod C}.

Note that if cd 7 < oo, then DR 7(C) € 2°(Bimod(C — C)) is bounded, which
is often an essential condition in the sequel.

Lemma 3.15. Let C be a right Ext-finite connected Z-algebra. If cdT <
0o, then DRQ(C) = cone(DC — DR7(C))[—1] in 2(Bimod(C — C)). In
particular, DR Q(C) is bounded.

Proof. The fact that D R7(C) is bounded follows immediately from cd 7 < oo.
By Lemma 3.14, there is a triangle

R7(C) - C - RQ(C)
in 2(Bimod(C — (). Thus, there is a triangle
DRQ(C)— DC — DR7(C)
which may be rotated to a triangle
DC — DR7(C) — DRQ(C)[1].
It follows that DR Q(C) = cone(DC — DR 7(C))[—1]. O

Definition 3.16. Let C be a right Ext-finite connected Z-algebra, M € Z(Tails C')
and q € Z.

(1) We define a graded right C-module structure on
Ext$(C, M) := ®iez Home (P, M(q])
by
Extd(C, M); x C;; = Home(P;, M[q]) x Home (P}, P;)
— Hom¢ (PZ, M[q]) x Hom¢ (Pj, 'P,)
— Home(P;, Mlq])
= Ext}(C, M);.
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(2) We define a graded left C-module structure on
Ext$(M,C) := @jez Home (M| —q], P;)
by
Cy; x BExtd(M, C); = Home(P;, P;) x Home(M([—q], P;)
— Home(P;, P;) x Home(M([—q], P;)
— Homc(/\/l[—q], 'PZ)
— Ext}(M.C).

Lemma 3.17. If C is a right Ext-finite connected Z-algebra, then w(—)
Hom,(C,—) : TailsC — GrMod C' as functors. In particular, R?w(M)
Ext}(C, M) in GrMod C for every M € TailsC' and q € Z.

Proof. For M € Tails C,
Hom,(C, M) := @®;ez Home(P;, M) = @iz Home (P, w(M))
=: Hom(C,w(M)) = w(M)

as graded vector spaces where the last isomorphism is in GrMod C' by Lemma
2.2 (1). Since 7 : GrMod C' — Tails C' is a functor such that TwM = M, we
have the following commutative diagram

(LUM)Z X Cij E— (WM)]'

| |
Home (P, wM) x Home(P;, P;) —— Home(P;,wM)

l |

Home(P;, M) x Home(P;, P;) —— Home(P;, M)
| ||
Hom,(C, M); x Cj; —  Hom,(C, M);
so wM = Hom,(C, M) in GrMod C'. It follows that
w(—) = Hom,(C, —) : TailsC' — GrMod C

as functors, so RwM = RHom/(C, M) in Z2(GrModC), hence R'wM =
hY(RwM) = h?(RHom.(C,M)) = Ext(C, M) in GrMod C for every ¢ €
Z. U

111

Remark 3.18. If C is a right Ext-finite connected Z-algebra, then Hom,(C,C)
has a structure of a bigraded C-bimodule as defined in Definition 3.16. On
the other hand, since Hom.(C,7(—)) : GrModC — GrMod C is a functor
commuting with direct sums, Hom,(C,C) has a structure of a bigraded C-
bimodule as defined in the proof of Lemma 3.13. It is routine to check that
these bigraded C-bimodule structures are the same.



A CATEGORICAL CHARACTERIZATION OF QUANTUM PROJECTIVE Z-SPACES 19

The following result plays a key role in the proof of Proposition 4.11, which
gives necessary and sufficient conditions for an algebra to satisfy various reg-
ularity conditions.

Lemma 3.19. If C is a right Ext-finite connected Z-algebra, then
RHom,(C,C) = RQ(C).
Therefore, there exists a triangle
R7(C) - C — RHom.(C,C)

in 2(Bimod(C — (). In particular, there ezists an exact sequence

0— R7(C) = C — Hom,(C,C) = R'7(C) — 0
and an isomorphism R 7(C) = Ext%(C,C) for every ¢ > 1 in Bimod(C —C).
Proof. The second and third part of the result will follow from the first by
Lemma 3.14. To prove the first part of the result, we know that Q(—) =
Hom,(C,7(—)) : GrMod C' — GrMod C' as functors by Lemma 3.17, so that, if
we extend Hom,(C, w(—)) to an endofunctor on Bimod(C' — C') using functori-

ality as we did in the proof of Lemma 3.13, we have Q(—) = Hom,(C, 7 (—)) :
Bimod(C' — C') — Bimod(C' — C') as functors. O

3.2. Local Duality. We will need the following notation from [13]: viewing k
as a graded algebra concentrated in degree 0, we define a connected Z-algebra

K =k, that is,
b i i
Kij = kj_z‘ = 1 Z j
0 ifi#7.
Note that K° = K as Z-algebras, so Bimod(K°— (') = Bimod(K —C') denotes
the category of bigraded K-C-bimodules.
In [13] and [14], local duality is proven for objects of 2~ (Bimod(K — ().
However, for various applications in this paper, we need to apply it to objects
of 2~ (GrMod (). For this reason we introduce the functor

Ii(—) := Ke; ®, — : GrMod C' — Bimod(K — C).

Lemma 3.20. Let C be a Z-algebra.
(1) I; : GrModC — Bimod(K — C) and e;(—) : Bimod(K — C) —
GrMod C' are exact functors, which induce functors I; : 2(GrMod C') —
Z(Bimod(K—C)) and e;(—) : Z(Bimod(K—C)) — 2(GrMod C) such

that
ej(—)ol; = =
0 ife#7.
(2) For every i,j € Z, I;(P;) € Bimod(K — C) is a projective bigraded
K-C' bimodule.
(3) I; induces a fully faithful functor 2(GrMod C') — 2(Bimod(K — ().
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Proof. (1) Clearly, I; and ej(—) are exact functors. If M € GrMod C, then
ejl;(M) = @sen(Ke; @pM);s

Bsez((Kei); @k M)

B {@SGZMS =M ifi=j

0 if i # j.
(2) By [13, Lemma 2.4], I;(P;) = Ke; ® ¢;C is a projective bigraded K-C
bimodule.
Part (3) follows immediately from (1). O

Using the lemma, we have the following consequence of [14, Theorem 2.1].

Theorem 3.21. Let C' be a right Ext-finite connected Z-algebra such that
cdT < 0o. For M € 2~ (GrMod C),
DR7(M)= RHom,(M,DR7(C))
in 2(GrMod C°).
Proof. For M € 2~ (GrMod C),
DR7(M) = DR7(egly(M)) [Lemma 3.20 (1)]
= D(egR7(1y(M)))
= (D RT([[)(M))GO
= RHom(Io(M), DR 7(C))eg
>~ RHom (egly(M), DR T(C))
=~ RHom (M, DR7(C)) [Lemma 3.20 (1)]

in 2(GrMod C°). O

[14, Theorem 2.1]

For a connected Z-algebra C', we define the small global dimension of C' by
sgldim C' := sup{pd(S;) | i € Z}.
For the readers convenience, we recall [14, Lemma 2.2]:

Lemma 3.22. Let C be a right Ezt-finite connected Z-algebra. If sgldim C' <
00, then cd T < 0.

Lemma 3.23. Let C' be a connected Z-algebra. If sgldim C' < oo, then the
global dimensions of GrMod C' and GrMod C° are finite.

Proof. By [13, Corollary 4.10], sgldim C° = sgldimC' < oo. Since the func-
tor —®,C/C>; : GrModC — GrModC' commutes with direct limits, the
left derived functors Tor"(—,C/Cs1), i > 0 defined in [13, Section 4.2], also
commute with direct limits by the Z-algebra analogue of the usual argument
in the graded context. Therefore, since every graded module is a direct limit
of left-bounded modules, the fact that the global dimension of GrMod C' is
finite follows by [13, Proposition 4.11], [13, Proposition 4.7], and the fact that
sgldim C° < oo. The fact that the global dimension of GrMod C? is finite now
follows by symmetry. O
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Lemma 3.24. Let C' be a coherent connected Z-algebra. If sgldim C' < oo,
then we have a duality

RHom(—,C) : 2°(grmod C) + 2°(grmod C°) : RHom . (—, C°).

Proof. By [13, Corollary 4.10], sgldim C° = sgldim C' < co. Thus, by Lemma
3.23 and [7, p. 68, Example 1],

RHom..(R Hom.(—,C),C°) : 2(GrModC) — 2(GrModC')

is way out on both sides. Furthermore, Hom,(—, C) : GrModC — GrModC®
equals the functor Hom(/y(—),C)ey when Hom,(—,C) is considered as a
functor from Bimod(K — C) to Bimod(C' — K). Thus, as in the proof of [14,
Theorem 3.7], the functors RHom(—, C') and RHom.(—, C°) induce functors
between the categories 2°(grmod C') and 2°(grmod C°) by Lemma 3.11. The
result now follows from [14, Lemma 3.6 (2)] in the case [ = 0 and v = id (see
the argument in the proof of [14, Theorem 3.7]). O

Definition 3.25. We say L € 2°(Bimod(K — () is a perfect complex if the
terms of L are finite direct sums of modules of the form Ke; ®; e;C.

Lemma 3.26. Let C' be a right coherent connected Z-algebra. If sgldim C <
o0, then every X € 2°(grmod C) has a finitely generated free resolution of
finite length. Therefore, 1o(X) is quasi-isomorphic to a perfect complex.

Proof. For X € 2°(grmod '), we may assume that X9 = 0 for all ¢ > 0 and all
q < 0. Since X7 € grmod C' is left bounded, pd(XY) < oo by [13, Proposition
4.11], so X7 has a unique minimal finitely generated free resolution of finite
length for every g € Z by Lemma 3.2 and [13, Corollary 4.5]. The total complex
of the Cartan-FEilenberg resolution of X is a finitely generated free resolution
of X of finite length. 0

The following result, which will be employed to prove Theorem 6.6, is a
Z-algebra version of [9, Proposition 2.1]. The proof employs the functors
Homg,(—, —) and Tot(—®,—) defined in [13, Section 6].

Proposition 3.27. Let B and C be Z-algebras, X € 2°(Bimod(K — C)),
Y € 2°(Bimod(B—C)) and Z € 2~ (Bimod(K —B)). If X is quasi-isomorphic
to a perfect complex, then there is an isomorphism

RHom (X, Z®LY) = Z®% R Hom (X, Y).

Proof. By assumption, X is quasi-isomorphic to a perfect complex L. More-
over, by [13, Lemma 2.4], Z is quasi-isomorphic to a bounded above complex
F', whose terms are direct sums of modules of the form Ke; ®; e;B. Thus, by
[13, Proposition 6.6 (2), Proposition 6.8],

R Hom. (X, Z®}LY) = Hom¢ (L, Tot(F®,Y)),

and
Z®@% RHom (X, Y) = Tot(F®, Homs, (L, Y)).
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Therefore, it suffices to prove that there is a natural isomorphism of complexes
Homg, (L, Tot(F®zY)) = Tot(F®z Homg, (L,Y)).
Since, for P a free module in GrModB, M in GrModC' a finitely generated
free module, and N in Bimod(B — C'), there is a natural isomorphism
P®;Homo (M, N) — Homq (M, P®4N),
in GrModC, the remainder of the proof is the same as that of [9, Proposition
2.1]. 0
We also will employ the following variant of [13, Lemma 6.10].

Lemma 3.28. Let C be a right Ext-finite connected Z-algebra. If M s a
complez of free right C'-modules, and N s a complex of bigraded C-bimodules,
then there exists a canonical isomorphism

Tot(M@,Q(N)) = Q(Tot(M@,N)).

Proof. By Lemma 3.12 and [13, Lemma 5.9], R’ Q commutes with direct limits
for i > 0. Thus, the argument in [13, Lemma 6.10] can be applied to prove
the result. O

The following is a Z-algebra version of local duality found in [16].

Theorem 3.29. Let C be a right Ext-finite connected Z-algebra such that
cdT < oo. For M € 2~ (Bimod(K — C)),

DRQ(M) = RHom(M,DRQ(C))
in 2(Bimod(C — K)).
Proof. Since cd 7 < 00, the cohomological dimension of @) is finite by Lemma
3.12. Furthermore, by Lemma 3.12 and [13, Lemma 5.9], R" @) commutes with

direct limits for ¢ > 0. Thus, by Lemma 3.28, the argument of [14, Theorem
2.1] can be applied to prove the result. O

4. AS-REGULAR Z-ALGEBRAS

AS-regular algebras, named after M. Artin and W. Schelter, were originally
introduced in the Z-graded context in [1]. The related notion of ASF-regular
algebra was originally introduced in [11]. After recalling these notions, we
modify these definitions for the purpose of this paper.

Definition 4.1. Let A be a locally finite connected graded algebra.
(1) Ais called AS-reqular of dimension d and of Gorenstein parameter ¢ if
e gldim A = d, and
k ifg=dandj=—/t,
0 otherwise.

o Ext’(k, A(j)) =

(2) Ais called ASF-regular of dimension d and of Gorenstein parameter ¢
if
e gldim A = d, and
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A(— if ¢ =
e DRIT(A) = (=0 ifq c?, as graded left and right A-
0 otherwise

modules.

Recall that a connected graded algebra A is right Ext-finite if and only if A
is left Ext-finite by [25], so we may just say that A is Ext-finite, and, in this
case, A is locally finite. If A is an Ext-finite connected graded algebra, then
A is AS-regular of dimension d and of Gorenstein parameter ¢ if and only if A
is ASF-regular of dimension d and of Gorenstein parameter ¢ by [11, Theorem
3.12] and [15, Theorem 2.19].

In this section, we extend these definitions to Z-algebras, and study some
properties and relationships of these Z-algebras.

4.1. AS-regular Z-algebras and ASF-regular Z-algebras. The following
definition was given in [13].

Definition 4.2. [13, Definition 7.1] A locally finite connected Z-algebra C' is
called AS-regular of dimension d and of Gorenstein parameter £ if
(ASR1) pd.S; = d for every i € Z, and
k ifg=dand j=1i+/

. that is,
0 otherwise,

(ASR2) ExtL(S;, P;) = {

k—d] ifj=i+¢

RHome(S;, Pj) = {() otherwise

in 2(Mod k).

Remark 4.3. Since Extl(S;, C); = Ext{(5;, ¢;C) = ExtL(S;, P;), the condition
(ASR2) is equivalent to

Siye ifg=d
0 otherwise

as graded left C-modules for every i € Z.

The following proposition justifies our definition of an AS-regular Z-algebra
above. A similar result was stated in [26, Section 4.1] although the definition
of an AS-regular Z-algebra in [26, Section 4.1] differs slightly from ours. (In
26], the Gorenstein parameter is not well-defined.)

Proposition 4.4. Let A be a locally finite connected graded algebra. Then
A is an AS-reqular algebra of dimension d and of Gorenstein parameter £ if
and only if A is an AS-reqular Z-algebra of dimension d and of Gorenstein
parameter (.

It follows from the above proposition and Lemma 2.20 that C'is a 1-periodic
AS-regular Z-algebra of dimension d and of Gorenstein parameter ¢ if and
only if there exists an AS-regular algebra A of dimension d and of Gorenstein
parameter ¢ such that C' = A.
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The next result tells us that AS-regularlity is left-right symmetric.

Theorem 4.5. Let C be a connected Z-algebra. Then C s a right Ext-finite
AS-reqular algebra of dimension d and of Gorenstein parameter £ if and only
if C° is a right Ext-finite AS-reqular algebra of dimension d and of Gorenstein
parameter (.

Proof. Let C be a right Ext-finite AS-regular Z-algebra of dimension d and of
Gorenstein parameter ¢. Since C' is right Ext-finite, S; has a minimal finitely
generated free resolution

0= F— ... 5 F° =8 -0

in GrMod C. Since F? € add{P;} ez, we have Hom(F?,C) € add{Q,};ez =
add{ Py} ez for every ¢ by Lemma 2.2 (2). By Remark 4.3,
0 — Hom(F°,C) — --- — Hom(F?, C) — Ext&(S;,C) = S;p — 0

is a minimal finitely generated free resolution of S?, , = S,y in GrMod C”, so
C° is right Ext-finite and pdS?,_, = d for every i € Z.

Since R Hom .. (R Hom(F,C), C°) = F by [14, Lemma 3.6 (2)] (see Lemma
3.24),

0 — Hom.(Hom(F?, C),C°) — --- — Homgo(Homy(F°, C), C°) = S; — 0

is isomorphic to the original minimal finitely generated free resolution of .S; in
GrMod C' by the uniqueness of the minimal free resolution, so

S;=8°, ifg=d
Ext,(S°, ,,C°) = ’
Exteo (5240, C7) {O otherwise,
hence C° is an AS-regular Z-algebra of dimension d and of Gorenstein param-
eter £ by Remark 4.3. O
Remark 4.6. In the setting of the above theorem, since
kooifi=j
0 ifij
by Lemma 2.2 (1), we have F° 2 P,. Similarly, since
kooifi=
0 ifij
we have Hom(F? C) = P°, .~ Q;.y, so we have ¢ = P, ,. Tt follows that
the minimal finitely generated free resolution of S; in GrMod C' is of the form

HOIIlc(Pi,Sj) = {
Homeo (P, S5) = {

0—=Pyy—--—>P—5 —0.
The following definition was also given in [13].

Definition 4.7. [13, Definition 7.5] A connected Z-algebra C' is called ASF-
reqular of dimension d and of Gorenstein parameter £ if

(ASF1) sgldim C' = d < oo, and
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~ D(Qj-) ifg=d
0 otherwise
J € Z, that is,

(ASF2) R?7(P;) as graded right C-modules for every

R7(F;) = (D(Qj-))[—d]
in 2(GrMod C).

As to relationships between AS-regular Z-algebras and ASF-regular Z-algebras,
one implication was proved in [13].

Theorem 4.8. [13, Corollary 7.7] If C is a right Ext-finite AS-reqular 7Z-
algebra of dimension d and of Gorenstein parameter ¢, then C is an ASF-
reqular Z-algebra of dimension d and of Gorenstein parameter (.

4.2. ASFT*-regular Z-algebras. We now modify the original definition of an
ASF-regular algebra given in Definition 4.1, replacing the condition (ASF2)
with conditions that takes into account both the left and right C-module struc-
ture on R 7(C).

The following definition is closer to the original definition of an ASF-regular
algebra.

Definition 4.9. A locally finite connected Z-algebra C' is called ASF*-reqular
of dimension d and of Gorenstein parameter ¢ if
(ASF1) sgldim C = d < oo,
(ASF2) (DR7(C))ej = Ce;j_¢ld] = Q;—¢[d] in Z2(GrMod C°) for every j € Z,
and
(ASF2%) ¢;(DR7(C)) = €;44C[d] = Piyo[d] in 2(GrMod C) for every i € Z.
Remark 4.10. Let C be a connected Z-algebra.
(1) Since
(DR7(C))e; =2 D(e; R7(C)) = D(R7(e;C)) = DR7(P))
as graded left C-modules, the above condition (ASF2) is equivalent
to the condition (ASF2) in Defintion 4.7. However, since ); has no
graded right C-module structure, 7(Q);) is not well-defined, so we are
not able to replace e;(DR7(C)) by DR 7(Q;) in the above condition
(ASF27).
(2) Since C(0, —l)e; = ®iezCij—r = Q;—¢ as graded left C-modules and
e;C(0,0) = ®ezCitrj = Pty as graded right C-modules, the condition
(ASF2) is equivalent to

C(0,—Ll)e; iftg=d
0 if q#d

as graded left C-modules for every j € Z, and the condition (ASF27)
is equivalent to

DRY7(C)e; = {

e;C(£,0) ifg=d

eDRIT(C) = {o it g#d
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as graded right C'-modules for every ¢ € Z.

(3) Recall that C(0, —¢) has a bigraded C-C(—¢) bimodule structure, and
C(¢,0) has a bigraded C(£)-C bimodule structure. Although DR 7(C)
has a bigraded C-bimodule structure, C(0,—¢),C(¢,0) do not have
natural bigraded C-bimodule structures unless C' is ¢-periodic. Even
if C' is (-periodic, C(0,—¢) and C(¢,0) are not isomorphic to C as
bigraded C-bimodules in general.

Proposition 4.11. Let C be a right Ext-finite connected Z-algebra of sgldim C' =
d.
(1) Ford =1,
o C satisfies (ASF2) if and only if there is an exact sequence
0— P, =¢C — ¢; Hom.(C,C) — ¢;D(C(0,—£)) — 0

as graded right C-modules for every i € Z, and Ext}(C,C) =0 for
every q > 1.
o C satisfies (ASF2" ) if and only if there is an eract sequence

0— Qj = C’ej — HOIHC(C,C)GJ‘ — D(O(ﬁ, 0))6j —0
as graded left C-modules for every j € Z, and Ext}(C,C) = 0 for

every q > 1.
(2) Ford> 2,
o C satisfies (ASF2) if and only if
e,C =P, ifg=0
e; Ext}(C,C) = < e;D(C(0,—¢)) ifg=d—1
0 otherwise

as graded right C'-modules for every i € 7, and
o C satisfies (ASF2") if and only if

O€j = Qj lf q = 0
Extl(C,Ce; = < D(C(¢,0))e; ifg=d—1
0 otherwise

as graded left C'-modules for every j € Z.

In the above, we tacitely require that the isomorphism when q = 0 is induced
by the canonical map C' = Hom(C,C) — Hom,(C,C).

Proof. By Lemma 3.19, we have a triangle
e;R7(C) — e,C = P, - ¢; RHom,(C,C)
in 2(GrMod C) for every i € Z, and a triangle
R7(C)e; = Ce; = Q; — RHom,(C,C)e;
in 2(GrMod C°) for every j € Z. By Remark 4.10 (2),
e;D(C(0,—0))[—d] = D(C(0,—0)e;)[—d] = D(DR7(C))e;) = e; R7(C)
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in 2(GrMod C) for every i € Z, and
D(C(£,0))[=dle; = D(e;C(¢,0))[=d] = D(e;(DR7(C))) = R7(C)e;
in 2(GrMod C°) for every j € Z, so the result follows. O

Lemma 4.12. Let A be an Ext-finite connected graded algebra, and @ :
GrMod A — GrMod 4, ®° : GrMod A° — GrMod A° equivalence functors de-
fined in Lemma 2.17 and Lemma 2.18.

(1) A is right Ext-finite.

(2) &7 = 7® : GrMod A — GrMod A as functors.

(3) For M € GrMod A¢, e;R7(M) = ®(R7(M(—i))) for every i € Z
in 2(GrMod A), and R7(M)e; = ®°(R7(M(j))) for every j € Z in
2(GrMod A%).

Proof. (1) Since ®(A(—i)) = P, if F' is a minimal finitely generated free
resoution of k(j) in GrMod A, then ®(F') is a minimal finitely generated free
resoution of ®(k(—i)) = S; in GrMod A by Lemma 2.17.

(2) Since M is right bounded if and only if ®(M) is right bounded, &
restricts to an equivalence functor ® : Tors A — Tors A. Since 7 : GrMod A —
Tors A, and 7 : GrMod A — Tors A are right adjoint to the inclusion functors
Tors A — GrMod A and Tors A — GrMod A, respectively, we have &7 = 7 :
GrMod A — GrMod A as functors.

(3) For M € GrMod A°,

e;m(M) = 1(e; M) = 7®(M(—i)) = &1(M(—1))

in GrMod A by Lemma 2.18 (2), and (2) above, so

ei(—)oTo(—)=2doro(—i): GrMod A° — GrMod A

as functors for every i € Z. Since functors (—) : GrMod A° — Bimod(A — A),
ei(=) : GrMod A — GrMod A, (—i) : GrMod A — GrMod A°, and & :
GrMod A® — GrMod A are all exact, e;R7(M) = ®(R7(M(—i))) for every
i € Z in 2(GrMod A).

On the other hand, since (—) : GrMod A — GrMod 4 is an exact functor,
and

- L Ay ifj—i>n)| Zz’j ifg—e>n| _ 5
(AZ")”_(AZ”)J—’_{ 0 ifj—z’<n}_{0 if j—i<n = (Azni

for every n € Z,

AfAsn = AfAsy = AfA,,
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SO
7(M)e; = lim Homz(A/As,, M)e;
n—o0
= lim Homx(e;(A/As,), M)
= lim (®jez Homz(e;A/As,, e;M))
= Tim (@ic Homg(((4/A,) (=), ®(M(~1))
= Tim 9 (@yez Homa((4/A5,) (=), M(0))
— @°(lim Hom,(4/As,,, M(j)))
n— o0 -
°(7(M(5)))
in GrMod A° by [13, Lemma 5.8], Lemma 2.18 (2), and Lemma 2.17, hence
(=)ejoTo (=)= d° 070 (jf): GrMod A° — GrMod A”
as functors for every j € Z.
Since the functors (—) : GrMod A° — Bimod(A — A), (—)e; : GrMod A” —
GrMod A°, (j) : GrMod A® — GrMod A€, and ®° : GrMod A¢ — GrMod A’
are all exact, R7(M)e; = ®°(R7(M(4))) for every i € Z in 2(GrMod A°). O

The following theorem justifies the definition of an ASF*-regular Z-algebra.

Theorem 4.13. Let A be an Ext-finite connected graded algebra. Then A
is an ASF-regular algebra of dimension d > 1 and of Gorenstein parameter
¢ if and only if A is an ASF*-reqular Z-algebra of dimension d > 1 and of
Gorenstein parameter (.

Proof. If ® : GrMod A = GrMod A is an equivalence functor defined in Lemma
2.17, then ®(k(—i)) = S, so

pd4S; = pdyk(—i) = gldim A

2

for every i € Z. B .
Since ®°(A(j —¥¢)) = Ae;_y in GrMod A" by Lemma 2.18 (1), and
(DR7(A))e; = D(e;R7(A))
DOR7(A(=))))
P’°DRT(A(—)))
in 2(GrMod A”) by Lemma 4.12 (3) and Lemma 2.18 (3),
(DR7(A))e; = ey ([d
for every j € Z if and only if
DR7(A(=j)) = Al - 0)[d]
in 2(GrMod A°) for every j € Z by Lemma 2.18 (1) if and only if
DR71(A) = A(-0)[d]

1%

I

in 2(GrMod A°).
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Similarly, since ®(A(—i — ¢)) = e;14A in GrMod A by Lemma 2.17, and
ei(DR7(A)) = D(R7(A)e;) = DO°(R7(A(1))) = DR 7(A(1))
in 2(GrMod A) by Lemma 4.12 (3) and Lemma 2.18 (3),

ei(DR7(A)) e Ald]

for every i € Z if and only if DR 7(A(7)) = A(—i — {)[d] in Z(GrMod A) for
every i € Z by Lemma 2.17 ifand only if DR 7(A) = A(—/)[d] in Z2(GrMod A).
U

We have the following implication.

Theorem 4.14. If C is a right Ext-finite ASF*-reqular Z-algebra of dimen-
sion d and of Gorenstein parameter ¢, then C is an AS-reqular Z-algebra of
dimension d and of Gorenstein parameter (.

Proof. First note that in this situation, cd 7 < oo by Lemma 3.22. Since

RHome(S;, P;) = RHome (S, e;_¢(DR7(C))[—d])
= RHom(S;, DR 7(C)),—¢[—d]

= DR7(5:)j-e[—d]

= (DSi)j—e[—d]

g{k}d} if j=i+¢
0 otherwise

in 2(Mod k) by (ASF2") and Theorem 3.21, C satisfies (ASR2). Since pdS; <
sgldim C' = d by (ASF1), while pdS; > d by (ASR2) for every i € Z, C' satisfies
(ASR1). O

4.3. ASF**-regular Z-algebras. We introduce another notion of regularity,
which plays an essential role in this paper.

Definition 4.15. A locally finite connected Z-algebra C' is called ASF**-regular
of dimension d and of Gorenstein parameter ¢ if

(ASF1) sgldim C' = d < oo, and
(ASF2t*) DR7(C) = C(0,—¢),[d] in Z2(Bimod(C — C)) for some isomorphism
v:C — C(—{) of Z-algebras, called the Nakayama isomorphism of C.

Remark 4.16. Let C be a Z-algebra and A = {\; € Cj;}iez is a sequence of
unit elements, then Iy : C — C defined by I)(a) = \;'a)\; for a € Cj; is an
automorphism of a Z-algebra C, called an inner automorphism of C'. If

Vi C — C(—0)
are isomorphisms of Z-algebras, and

0 :C(0,—L), = C(0,—£),
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is an isomorphism of bigraded C-bimodules, then

plee)/(a) = pleis) * a = plews * a) = plerw(a))
— (1)) = p(v(a)e;—s) = via)p(e,)

for a € (C(0,—2),)ij+¢ = Ci; so that v(a),v'(a) € C(—£)i; = Ci_yj—s, SO
V' = 1I,ov where A = {p(e;—¢) € C(—{);;}icz. It follows that the Nakayama
isomorphism is unique up to inner automorphism of C'(—/) if it exists.

Remark 4.17. If A is an AS-regular algebra, then DR7(A) = A(—{),[d] in
2(GrMod A¢) for some graded algebra automorphism v € Aut A called the
Nakayama automorphism of A. We say that A is Calabi-Yau if v = id (up
to inner automorphism). For a non-Calabi-Yau AS-regular algebra A, it is
often the case that there exists a Calabi-Yau AS-regular algebra A’ such that
GrMod A = GrMod A’ (see [8, Theorem 1.1]). In this case, A = A’ as Z-
algebras by [21, Theorem 1.1], so the notion of Calabi-Yau does not make sense
for an AS-regular Z-algebra. (The Nakayama isomorphism for a Z-algebra is
never the identity.)

Lemma 4.18. Let C be a locally finite connected (-periodic Z-algebra, and
M a bigraded C-bimodule. If Me; = C(0,—{)e; as graded left C-modules for
every j € Z and e;M = ¢;C((,0) as graded right C-modules for every i € Z,
then there exists an isomorphism of Z-algebras v : C — C(—{) such that
M = C(0,—0), as bigraded C-bimodules.

Proof. Let ¢ : M — C(0,—{) be a bigraded k-linear map which restricts to
an isomorphism ¢|az.; : Mej — C(0, —€)e; of graded left C-modules for every
j € Z. Define a bigraded k-linear map v : C' — C(—{) by v(a) = ¥ (¢ (ei_¢)a)
for a € Cj;. For a € Cy5,b € Cyy,

sov:C — C(—/{) is a homomorphism of Z-algebras.
Since C' is {-periodic, there exists an isomorphism ¢ : C' — C(—/) of Z-
algebras. By Lemma 2.14 (3), there exists a bigraded k-linear map

w: M — C((,0)— C(0,—-0),
which restricts to an isomorphism
Olesar €M — €,C(L,0) — e;(C(0,—0))

of graded right C-modules for every i € Z. If v(a) = 0, then ¢! (¢;_y)a = 0,
SO

P (eime))B(a) = o (eimr)) * a = (¢ (ei—¢)a) = 0.
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Since 0 # (v (e;4)) € Cip 2 k, ¢p(a) = 0, so a = 0, hence v is injective.
Since C is locally finite, v is surjective, so v : C' — C(—{) is an isomorphism
of Z-algebras.
We now consider the bigraded k-linear map ¢ : M — C(0,—/¢),. For a €
C’ij,m S th, b e Cs,
ayp(m) x b = ap(m)v(b) = (am)y (Y~ (e,—e)b)

= (¢ (am)y™ (e,—e)b) = P(¥ 7" (Y (am))b)

= ¢(amb),
so ¢ : M — C(0,—/), is an isomorphism of bigraded C-bimodules. O
Theorem 4.19. A locally finite connected Z-algebra is ASF™* -reqular of di-

mension d and of Gorenstein parameter { if and only if it is {-periodic ASF" -
reqular of dimension d and of Gorenstein parameter £.

Proof. If C'is an ASF**-regular Z-algebra of dimension d and of Gorenstein
parameter ¢ with the Nakayama isomorphism v : C' — C(—/), then C'is clearly
(-periodic. Since

DR7(C)=C(0,-0),[d]
in Z(Bimod(C — ()),
DR7(C)e; = C(0, —l)e;ld] = Qj—eld]
in 2(GrMod C°). Similarly, since
DR7(C) = C(0,—£),[d] = ,~C(£,0)[d]
in 2(Bimod(C — C)) by Lemma 2.14 (3),
e;DR7(C) = ¢;C(¢,0)[d] = Piy[d]

in 2(GrMod C), so C' is ASF*-regular.

Conversely, let C' be an ¢-periodic ASF*-regular Z-algebra of dimension d
and of Gorenstein parameter £. By Remark 4.10 (2), DR 7(C)e; = C(0, —()e;
as graded left C-modules for every j € Z, and ;DR 7(C) = ¢,C(¢,0) as
graded right C-modules for every i € Z. By Lemma 4.18,

C(0,—0), ifg=d
DRI7T(C) =
m(©) {o ifq+d
for some isomorphism v : C' — C'(—¢), so C' is ASF**-regular. O

In summary, for a right Ext-finite connected Z-algebra C, we have the fol-
lowing implications by Theorem 4.8, Theorem 4.14, and Theorem 4.19:

ASF*+ = ASFT = AS = ASF

Moreover, if C' has a “balanced dualizing complex”, then AS < ASF by [13,
Theorem 7.10], and if C' is ¢-periodic, then ASF+* < ASF* by Theorem 4.19.
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5. C-CONSTRUCTION

The C-construction defined below is essential to study Z-algebras. We collect
some properties of the C-construction which will be needed in this paper (see

[12]).
5.1. C-construction.

Definition 5.1. Let € be a k-linear category.

(1) (B-construction) For O € € and s € Aut, %, we define a graded
algebra B(%, 0, s) := ®icz Homy (O, s°0).

(2) (C-construction) For a sequence of objects {E;}icz in €, we define a
Z—algebra O(Cg, {Ez}zEZ) = @i,jEZ Homg,;(E_j, E—z)

The following three lemmas are easy to prove, so we omit their proofs.

Lemma 5.2. [12, Lemma 3.3] Let € be a k-linear abelian category. For O € €
and s € Auty, ¢, C(€,{s'O}icz) = B(€, 0, s) as Z-algebras so that

GrMod C(¥,{s'O}iez) = GrMod B(€, O, s).

Lemma 5.3. If C is a Z-algebra, then C(r) = C(GrMod C,{P_;_, }icz) for
every r € 7.

Lemma 5.4. [5, Lemma 2.5] Let {E;}icz and {E!}icz be sequences in k-linear
categories € and €', respectively.

(1) A functor F : € — €' induces a Z-algebra homomorphism
C(€¢ {Ei}iez) — C(¢",{F(Ei) }ien)-

(2) If there exists a fully faithful functor F : € — €' such that F(E;) = E!
for every i € Z, then C(€,{E;}icz) = C(€¢",{E.}icz) as Z-algebras.

Remark 5.5. For a Z-algebra C, the quotient functor m : GrMod C' — Tails C'
induces a homomorphism

C

I

Hom(C, C)
= C(GrMod C,{P_;}icz)
— C(TailsC, {P_;}icz)
= Hom,(C,C)
of Z-algebras by Lemma 5.3 and Lemma 5.4, so C(Tails C,{P_;}icz) has a

bigraded C-bimodule structure. On the other hand, Hom.(C, C) has a bigraded
C-bimodule structure as Definition 3.16, and we can see that

C(Tails C,{P_; }iez) = Hom,(C,C)

as bigraded C-bimodules.
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5.2. Ampleness. The following notion of ampleness is a reindexed version of
that introduced in [19].

Definition 5.6. We say that a sequence of objects { E; };cz in an abelian category
€ is ample if

(A1) for every X € ¢ and every m € Z, there exists a surjection ©j_ £ _;, —
X in ¥ for some iq,...,17s > m, and

(A2) for every surjection X — Y in %, there exists m € Z such that
Homy (E_;, X) — Homg(E_;,Y) is surjective for every ¢ > m.

Remark 5.7. For an abelian category €, O € € and s € Aut %, the pair (O, s)
is ample for ¢ in the sense of [2] if and only if the sequence {s'O};cz is ample
for ¢ in the above sense.

Theorem 5.8. Let € be a Hom-finite k-linear abelian category. If {E;}icz
is an ample sequence for € such that Endy(E;) = k for every i € Z, then
C:=C(€,{E:})>0 is a right coherent connected Z-algebra and there exists an
equivalence functor F : € — tails C' such that F(E_;) = P; for every i € 7.

Proof. This follows from [17, Theorem 2.3], which is just a re-indexed version
of [19, Theorem 2.4]. O

5.3. x-condition.

Definition 5.9. Let C' be a right coherent Z-algebra. We say that C' satisfies
xi if RY7(M) is right bounded for every M € grmod C' and every ¢ < i. We
say that C' satisfies y if C' satisfies x; for every ¢ € N.

Remark 5.10. Let C' be a right Ext-finite connected Z-algebra. By Lemma
3.12, C' satisfies y; if and only if, for every M € grmod C, there exists m € Z
such that the canonical map Ms,, — (wrM)s,, is an isomorphism.

The following lemma answers [19, Remarks, page 70].

Lemma 5.11. If C' is a right coherent connected Z-algebra satisfying x1, then
tails C' is Hom-finite and {P_;}icz is an ample sequence for tails C'.

Proof. (A1): For every M € grmod C, there exists a surjection F' — M in
grmod C' where F' € add{P;};ez which induces a surjection F — M in tails C
where F € add{P;};cz, so it is enough to show the condition (A1) for P; for
every ¢ € Z. Since C' is right Ext-finite, for every ¢ € Z, there exists an exact
sequence F' — P, — S; — 0 in grmod C' where F' € add{P;};>; which induces
a surjection F — P; in tails C where F € add{P;},>;. Applying this argument
finite number of times, for every m € Z, there exists a surjection F — P; in
tails C' where F € add{P;};>m.

(A2): Every surjection 7¢ : 1M — wN in tails C where M, N € grmod C
is induced by a homomorphism ¢ : M — N such that ¢>,,, : M, — N>pm,
is a surjection in grmod C for some m; € Z. Since C' satisfies xi, there exists
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ma, m3 € Z such that Ms,,, = (wmM)spm, and N>, = (WTN)>p,, by Remark
5.10. By Lemma 2.2 (1), we have a commutative diagram
(

Homc (7 P;,m¢)
R AKIGLL

Home(wP;, mM) Home(wP;, mN)

14

(a3

Hom¢ (P, wr M) ——  Hom¢(P;,,wnN)

o~ o7

(wrM); AR (wrN);

so Home (7w Py, w¢) : Home (7w Py, mM) — Home(wP;, mN) is surjective for every
i > max{my, mg, ms}.

We finally prove that tails C' is Hom-finite. Let M = 7 M, N = 7N € tailsC
where M, N € grmodC. By Remark 5.10, there exists m € 7Z such that
N> & (WrN)>p. By (Al), there exists a surjection ©3_,P;, — M where
i; > m for every j =1,...,s. By Lemma 2.2 (1),

Home (M, N) € Home(®5_ 7P, 7N) = &5_, Home(P;;, wnN)

Since C' is locally finite by Lemma 3.5, N is locally finite, so Home (7w M, 7N)
is finite dimensional. U

Lemma 5.12. If C is a right coherent ASF-reqular Z-algebra of dimension
d > 1, then C satisfies x, so tailsC' is Hom-finite and {P_;}icz is an ample
sequence for tails C'.

Proof. Since C' is right coherent, for every M € grmod C, there exist F' €
add{P; };cz and L € grmod C such that 0 - L — F' — M — 0 is an exact
sequence, which induces an exact sequence R?7(F) — RY(M) — R*™ 7(L) in
GrMod C for every ¢q € Z. Since C' is ASF-regular, R? 7(P;) is right bounded
for every i € Z and ¢ € Z, so RY7(F) is right bounded for every ¢ € Z.
Since pd(M) < d by [13, Proposition 4.11], R?7(M) = R?7(L) = 0 are right
bounded for every ¢ > d. In particular, R™™ 7(L) = 0, so R 7(M) is right
bounded. By the same argument, R? 7(L) is right bounded, so R*™' 7(M) is
right bounded. By induction, R?7(M) is right bounded for every ¢ € Z, so
C satisfies x. By Lemma 5.11, tails C' is Hom-finite and {P_;};cz is an ample
sequence for tails C. O

5.4. Quasi-Veronese Z-algebras.

Definition 5.13. Let I; := {i € Z | jr < i < (j + 1)r — 1} for each j € Z.
For a Z-algebra C and r € N*, the r-th quasi- Veronese Z-algebra C"l of C' is
defined by (Cm)st = @ier_,,—jer_,Cij
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Note that if C = C(Cg, {Ei}ieZ)a then C[r} = C(Cg, {@iEIjEi}j€Z>‘
Lemma 5.14. For a Z-algebra C and r € N*, GrMod C = GrMod C!"].

Proof. Since C"l 2 C' as algebras (not as Z-algebras unless 7 = 1) by a variant
of [12, Corollary 3.6], the result holds by Lemma 2.13. O

Lemma 5.15. A sequence of objects { E; }icz in an abelian category € is ample
if and only if {Dic1, Ei}jez is ample.

Proof. (A1) Let M € €. If {E;}icz is ample, then, for every m € Z, there
exists a surjection @)_;E_;, — M in € for some iy,...,i, > rm — (r — 1).
Since, for 1 < ¢ <'s, i, > rm — (r — 1), we have —i, < —rm + (r — 1), and
thus there exists ¢, € Z such that {;, > m and

—rly < —ig < —rly + (r —1).

Thus, —i, € I_4, and therefore there exists a surjection

é@Ei%M.

q=1 iEI,zq

Conversely, if {®ics, Fi}jez is ample, then, for every m € Z, there exists a
surjection ®;_;(Pier_,, Bi) — M in ¢ for some ji,...,js > (m +r—1)/r.
Thus, for 1 < ¢ < s, rj, > m+ (r — 1) and thus —rj, + (r — 1) < —m. It
follows that if i € I_; , then —i > m, and so {Ej};cz is ample.

(A2) Let M — N be a surjection in €. If { E;},cz is ample, then there exists
m € Z such that Homy (FE_;, M) — Homy(E_;, N) is surjective for every i >
m. Now suppose ¢ > (m+r—1)/r. Then r{ — (r—1) > m and thus if w € I_,
then m < —w. It follows that Home (®icr_,Ei, M) — Homey(®ier_,Ei, N) is
surjective for every £ > (m+r —1)/r.

Conversely, if {@ies, Ei}jez is ample, then there exists m € Z such that
Homy (®ier_, Bi, M) — Home (Dicr_; E;, N) is surjective for every j > m.

Now suppose —i > mr — (r —1). Then i < —mr + (r — 1) and thus i € I_;
for some j > m so that Homy (E;, M) — Homy (E;, N) is surjective. O

5.5. Helices. In this subsection, we recall some notions from [15].

Definition 5.16. Let € be a Hom-finite k-linear category. A Serre functor for €
is a k-linear autoequivalence S € Auty € such that there exists a bifunctorial
isomorphism

Fxy : Homg(X,Y) — D Homy (Y, S(X))
for XY € .

Remark 5.17. We explain the functoriality of a Serre functor S in Y in the
above definition. (See [15, Remark 3.2] for the functoriality in X.) Define func-
tors G = Homy (X, —) and H = D Homy(—, S(X)) = Homg(Homg (—, S(X)), k).
Fix 5 € Home(Y,Y”). Then

G(B) : Homy(X,Y) — Homyg (X, Y)
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is given by (G(5))(a) = S o a. On the other hand,
H(B) : Homy(Homg (Y, S(X)), k) — Homy(Homg (Y, S(X)), k)
is given by ((H(8))(6))(7) = 6(y o ) for 7 € Hom(¥", S(X)). By functori-

ality, we have a commutative diagram

Homg (X,Y) 2% Homg(X,Y")

FX,YJ/ lFx,Y’

D Home (Y, S(X)) 2% D Homg (Y7, S(X)),

so, for & € Home(X,Y) and v € Home (Y, S’(X)), we have

Fxy(Boa)(7) = (Fxy/(G(B) (@) () = (H(B)(Fx,y(a)))(7) = Fx.y(a)(y0f).

Definition 5.18. Let % be an abelian category. A bimodule L over € is an
adjoint pair of functors from % to itself with the suggestive notation £ =
(— ®¢ L, Homg(L,—)). A bimodule £ over € is invertible if — ®4 L is an
autoequivalence of ¥. In this case, the inverse bimodule of £ is defined by
L7 = (— R E_l, HO?TL(,;([,_l, —)) = (Hom(g(ﬁ, —), — Q¢ ﬁ)

Definition 5.19. Let € be a Hom-finite k-linear abelian category. A canonical
bimodule for € is an invertible bimodule w¢ over % such that, for some n € Z,
the autoequivalence —®@Lwy[n] of 2°(€) induced by —®¢wy is a Serre functor
for 2°(%).

Definition 5.20. Let 7 be a triangulated category. For a set of objects £ in
T, we denote by (£) the smallest thick full triangulated subcategory of 7
containing £. We say that S classically generates 7 if (£) = 7.

Definition 5.21. Let .7 be a k-linear triangulated category, and € = {Ey, ..., E;_1}
a sequence of objects in 7.
(1) & is called ezceptional if
(E1) Ends(E;) =k for every i =0,...,0 — 1,
(E2) Hom gy (E;, E;[q]) = 0 for every ¢ # 0 and every i = 0,...,0 — 1,
and
(E3) Homg (E;, Ej[q]) = 0 for every g and every 0 < j <i < /{—1.
(2) & is called full if (£) = 7.
Definition 5.22. Let € be a k-linear abelian category having the canonical
bimodule wy, and € = {E; }icz a sequence of objects in 2°(%).
(1) &€ is called a heliz of period ¢ if
(H1) By 2 E; QL w%l for every 1,
Eifqg=0
0 ifg#0
(H3) Extl(E;, E;) = 0 for every ¢ and every 0 < i — j < ¢ (or equiva-
lentry every j < i < j+ /).

(H2) Extl(E;, E;) = " for every i, and
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(2) A helix &€ of period ¢ is called geometric if ExtL(E;, E;) = 0 for every
q # 0 and every i < j.

(3) A helix & of period £ is called full if (E;, ..., Ei 1) = 2°(€) for every
1.

Remark 5.23. Let € be a k-linear abelian category having the canonical bi-
module wy, and € := {E;};cz a (full) helix of period £ for 2°(%).
(1) {E;,...,E; 41} is a (full) exceptional sequence for 2°(%) for every i.
(2) If gldim ¢ = n, then the Serre functor for 2°(¢) is given by —®%we[n]
by [15, Remark 3.5], so

Homy (E;, E;) & D Homy(E;, E; @ weln]) = DExt?(E;, E;_y)

for every 1,5 € Z.
(3) The above definition of a helix is not exactly the same as the one defined
by mutation in [3] (see [15, Remark 3.17]).

Lemma 5.24. If € is a k-linear abelian category having the canonical bimodule
wg, and {E;}icz is a heliz of period € for P°(€), then C = C(€,{E;}icz) is

(-periodic.

Proof. Since w%l : ¢ — ¥ is an equivalence functor such that E; ®w9;1 > Fiy
for every i € Z, C(0) = C(€,{Eiti}icz) = C(€,{Ei}icz) = C as Z-algebras
by Lemma 5.4, so C' is ¢-periodic. O

6. A CATEGORICAL CHARACTERIZATION OF QUANTUM PROJECTIVE
Z-SPACES

The main theorem of [15] is a categorical characterization of quantum pro-
jective spaces, which are defined to be the noncommutative projective schemes
associated to AS-regular algebras. In this last section, we will give a Z-algebra
version of this result. As a biproduct, we give a family of non-trivial examples
of AS-regular Z-algebras, which are constructed from noncommutative quadric
hypersurfaces.

6.1. A Categorical Characterization.

Definition 6.1. Let € be a Hom-finite k-linear abelian category. We say that
¢ satisfies (GH) of period ¢ if

(GH1) % has a canonical bimodule wy, and
(GH2) ¥ has an ample sequence {E;};cz which is a full geometric helix of
period ¢ for 2°(%).

Let € be a Hom-finite k-linear abelian category satisfying (GH) of period
¢. We write
° TCZEo@"'@Eg_l Gcg,
e R:=Endy(T), and
o [IR := B(Cg, T, — Qg w%?)Z(].
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Lemma 6.2. If ¢ is a Hom-finite k-linear abelian category satisfying (GH)
of period ¢, then gldimIIR = gldim% + 1 < oo.

Proof. Since {T @« (wy")®'}jez = {Dier, Ei}jez, where
Li={ieZ|jt<i<(+1)l—1}

is ample for ¢ by Lemma 5.15, (T, — ®¢ w,') is ample for € in the sense
of [2] by Remark 5.7. By [15, Lemma 3.18, Lemma 3.19, Theorem 3.11 (2)],
gldimIIR = gldim % + 1 < oc. O

Remark 6.3. In the above lemma, {T®q (w,')®'}cz is a “full geometric relative
helix of period 17 for 2°(%) in the sense of [15, Definition 3.14] by [15, Lemma
3.18], so T'is a “regular tilting object” for 2°(%’) in the sense of [15, Definition
3.9] by [15, Lemma 3.19]. In the literature, R = End¢(7) is called a “Fano
algebra”, and IIR := B(%¢,T, —®(gw;&1)20 is called the “preprojective algebra”
of R (cf. [11]).

The following theorem is a generalization of [3, Theorem 4.2] and one direc-
tion of [15, Theorem 4.1]. Our definition of a helix is not the same as the one

defined in [3], so that the Koszul condition plays no role in the theorem below
(see [15, Remark 3.17, Corollary 4.2]).

Theorem 6.4. If € is a Hom-finite k-linear abelian category satisfying (GH)
of period ¢, then C := C(€,{E;}icz)>0 is a right coherent ASE™" -reqular Z-
algebra of dimension gldimé + 1 and of Gorenstein parameter ¢ such that

€ = tails C.

Proof. Suppose that € satisfies (GH) of period ¢ with n = gldiné < oo.
Since € is Hom-finite, C' is locally finite. Since C;; = Hom¢(E;, E;) = k by
(H2), C is a connected Z-algebra. By Theorem 5.8, C' is right coherent and
¢ = tailsC, so it is enough to show that C' is an f-periodic ASF*-regular
Z-algebra of dimension n + 1 and of Gorenstein parameter ¢ by Theorem 4.19.
Let T:=FEy®---® Ey_1 € € and R := Endg(T).

First suppose that n = 0. Since {Ey, ..., Fy_1} is an exceptional sequence,
k HOHI%J(E(), El) tee HOchg(EO, ngl)

0 k cee H0m<g<E1, Eg_l)

R = Endy (D' E;) = is an up-

0 0 e k
per triangular matrix algebra over k. By Remark 6.3 and [15, Theorem 3.10],
R is semisimple, so R = kf, hence Homg (E;, E;) = 0 for any 0 < i # j < {—1.
Since D°(€) = D’(mod R), we have wy = idy, so B,y = E; for every s € Z.
It follows that, for every i,j € Z, there exists 0 < i',7 < £ — 1 such that
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Ez' = Ei/,Ej = ijl7 SO

C(%, {Ei}i€Z>ij = Hom(g(E_j, E—z) = HOIH(,{(E_]'/, E_i/)

~ )k ifd =7’ or equivalently if £ | j —i
|0 if i # 4, or equivalently if £ Jj — i,

= kla, o7 o = kfz, a1

where degz = ¢. Since we have a canonical commutative diagram

C(C ALi}iez)iivst @ C(C {Eiticn)ivstivsrye — C(C {Ei}ier)iit(s+t)t

oY

IR

Homy (E_ (i), B_;) ® Homey (E_ (i1 (s4)0), E—(ivsr)) — Homey (E_(it(s+1)0), E—s)

o o

HOIH%(E_Z‘, E—z) & HOIIlg*(E_i, E—z) —_— HOIH%(E_Z‘, E—z)
k®k — k
kz® @ ka' R kxstt

[a)

1%

ko, 27,y 0 @ klz, 271 e klx, 1]

i+sli+(s+t)L 1,0+ (s+t)l

C = C(€,{Ei}icz)>0 = klz,x71]5, = klz] as Z-algebras. Since k[z] is an
ASF-regular algebra of dimension 1 and of Gorenstein parameter ¢, C is an
(-periodic (in fact 1-periodic) ASF*-regular Z-algebra of dimension 1 and of
Gorenstein parameter ¢ by Theorem 4.13.

Now suppose that n > 1. If j < ¢ < j + ¢, then Hom¢(E;, Ej) = 0 by
(H3). If j + ¢ < i, then Homy (E;, E;) = D Exty(E;, E;—y) = 0 since {E;} is
geometric and n > 1. It follows that C' = C(%€, {E;}icz), so C is ¢-periodic by
Lemma 5.24.

(ASF1): Since E; @Lw,' = E;, for every i € Z by (H1), and Homy (E;, E;) =
0 for every j < i as shown above,

IIR := B(%, T, — ®<g W%I)ZO = B((g, T, - ®<g w%l)
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Since T ®y¢ (wy')® = @ier, By where I; = {i € Z | j0 < i < (j+ 1)0 — 1},

MR = B(%,T,— ®¢w,)
C(2%(6),{T @L w,'},ez)
C(2"(€),{®ier,E}jez})
C(E,{Ei}icz)

[4]

Y

i1 1l

1%

I
Q

so GrMod C' = GrMod C¥ = GrModIIR = GrModIIR by Lemma 5.14 and
Lemma 2.17. Since {S;}icz is the set of complete representatives of isomor-
phism classes of simple objects in GrMod C,

sgldim C' = sgldim IIR = gldimI[IR =n + 1

by [11, Proposition 2.7] and Lemma 6.2.

(ASF2), (ASF2%): We will check the equivalent conditions given in Propo-
sition 4.11. Since {E;};cz is ample for €, there exists an equivalence func-
tor € — tailsC' sending E_; to P; for every ¢ € Z by Theorem 5.8. Since
Hom,(C,C) = C(tailsC,{P_;}icz) = C(€¢,{Ei}icz) =: C as bigraded C-
bimodules by Lemma 5.4 and Remark 5.5, ¢; Hom.(C,C) = ¢;C = P, as graded
right C-modules for every i € Z and Hom,(C,C)e; = Ce; = (), as graded left
C-modules for every j € Z.

If ¢ < j, then Ext}(P;, P;) = ExtL(E_;, E_;) = 0 for all ¢ # 0 since {E; }iez
is geometric. If ¢ — ¢ < j < i, then Ext}(P;, P;) = ExtL(E_;, E_;) = 0 for all
q by (H3). If j <i— ¢, then

EXt(q:(Pj, Pz) = EXt%(E_j, E_z) = DEXtZZp_q<E_i7 E_j_g) =0
for all ¢ # n since {E; }icz is geometric. It follows that
M(C, C) = @i,jGZ Eth(Pj, 7)1) - 0

unless ¢ = 0, n.
We will prove only (ASF27%). The proof for (ASF2) is similar (see the proof
of [15, Theorem 4.1]). Let F}; be the isomorphism

Exty (E_j, E;) = Homg(E_ [l —d],E)
— DHomg(E_;, S(E_;[1 —d]))
= D Hom%»(E_i, E_j ®% W‘é’)

D HOmcg(E,i, E,j,g)
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induced by the Serre functor, and consider the diagram
Oij X Ethil (C, C)]k e Ethil (C, C)zk

Homg (E_;, E_;) x Homg (E_[1 — d), E_;) —— Home(E_4[1 —d], E_;)

id X Fjp, Fig

Homg (E_;, E_;) x DHomg(E_;, E_j—y) —— DHome(E_s, E_j_)

The top square commutes since this is the way to define the graded left C-
module structure for Ext!(C, C) as in Definition 3.16 (2). The middle square
commutes by the bifunctoriality of the Serre functor as follows: For (8, «a) €
Hom¢ (E_;, E_;) x Homy (E_x[1—d], E_;), we have ®(8, o) = foa. Moreover,
for (5,¢) € Homg(E_;, E_;) x DHomg(E_;, E_;_s), we have V(53,¢)(v) =
(v o B) for every v € Home(E_;, E_j_y). By Remark 5.17,

Fir(®(8, ) (7) = Fir(B o a)(v) = Fi(a) (7 0 B)
= V(3, Fjr(a))(y) = W((id x Fj) (5, ) (7).
The bottom square commutes since this is the way to define the graded left C-

module structure for D(C(¢,0)), so Ext&*(C,C)ex = D(C((,0))e; as graded
left C-modules for every k € Z, hence (ASF2%) holds. O

Theorem 6.5. Let € be a k-linear abelian category. If € satisfies (GH), then
the following are equivalent:

(1) C :=C(¥,{Ei}icz)>0 is right noetherian.

(2) € is a noetherian category.

(3) E; € € is a noetherian object for every i € Z.

Proof. (1) = (2): If C is right noetherian, then grmod C' is a noetherian
category by Lemma 2.10. It follows that, for every M € tails C, there exists
a noetherian object M € grmod C' such that M = 7M € tailsC. Since C
is a right coherent connected Z-algebra by Lemma 2.9, Tors C' is a localizing
subcategory of GrMod C' by Lemma 3.7, so M = 7w M € Tails C'is a noetherian
object by [20, Lemma 5.8.3], hence tails C' is a noetherian category.

(2) = (3): If ¥ is a noetherian category, then E; € € is a noetherian object
for every ¢ € Z by definition.

(3) = (1): If E; € € is a noetherian object for every ¢ € Z, then T :=
E,®---® FEy_; € € is a noetherian object, so IIR is right noetherian by [15,
Theorem 4.1]. It follows that grmod C' = grmod IIR is a noetherian category,
so C' is right noetherian by Lemma 2.10. O

We will next show the converse to Theorem 6.4 to complete our categorical
characterization (a generalization of the other direction of [15, Theorem 4.1]).
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Theorem 6.6. Let C be a right coherent ASFt -reqular Z-algebra. If X, Y €
2°*(grmod C), then we have a bifunctorial isomorphism

R Hom (1o(X), Io(Y)@2¢ DR Q(C)) = DR Home (Io(Y), R Q(Io(X))).

Proof. By Lemma 3.26, In(X) and Iy(Y') are quasi-isomorphic to perfect com-
plexes. Furthermore, since X is bounded and D R Q(C) is bounded by Lemma
3.15, DRQ(Iy(X)) € 2°(Bimod(C — K)) by Theorem 3.29. We next note that
by Lemma 3.12, there is a triangle

(DRQ(X)); = (DX); = (DR7(X));
in 2(Mod k). Since, by Theorem 3.21, D R7(X) has locally finite homology,
so does DR Q(X). It follows that DR Q([y(X)) has locally finite homology.

Therefore, by Proposition 3.27, Theorem 3.29 and [13, Corollary 6.2], we have
bifunctorial isomorphisms

R Hom(Io(X), Io(Y)@5D R Q(C)) 2 Iy(Y)®F R Hom (Iy(X), DRQ(C))
= Iy(Y)®eDRQ(In(X))
= DRHom(Lh(Y), RQ(Iy(X))),

where in the last isomorphism, in order to apply [13, Corollary 6.2], we use
25, Proposition 3.1(1)], which holds since the last two expressions have locally
finite homology by [7, Proposition 7.3(i)] and the fact that (Y is quasi-
isomorphic to a perfect complex and R Q(/y(X))) has locally finite homology.

U

Lemma 6.7. If C' is a right coherent ASF**-reqular Z-algebra and X,Y €
P*(grmod C), then

(1) if Y>, =0 for some n € Z, then RHom(X>,,Y) =0, and

(2) RHom(X>,, RQ(Y)) 2 RHom(X>,,Y) for some n € Z.

Proof. (1) Since C is right coherent, X/X>, € 2°(grmodC), so X>, €
P*(grmod C). If F is the minimal free resolution of Xs,, then F., = 0,
SO
RHom(X>,,Y) =Hom (FY) =0,
hence the result.
(2) For X,Y € 2°(grmod C) and n € Z, we have a triangle R7(Y) — Y —
RQ(Y) in 2(GrMod C') by Lemma 3.12; which induces a triangle

RHom(X>,,R7(Y)) - RHom(X>,,Y) - RHom(X>,,RQ(Y)).

Since C'is right coherent and sgldim C' < oo, Y € 2°(grmod C) has a finitely
generated free resolution G of finite length by Lemma 3.26. Since C'is ASF*-
regular, it is ASF-regular and so R7(P;) = (D(Q;-,))[—d] is a complex whose
terms are right bounded for every j € Z, so R7(G)>, = 0 for some n € Z, and
so the result now follows from (1). O

The proof of the following result was inspired by the proof of [16, Appendix
Al.
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Theorem 6.8. Suppose that C is a coherent ASF*T -reqular Z-algebra of di-
mension d > 1 and of Gorenstein parameter ¢ with Nakayama isomorphism
v:C — C(={). For X,Y € 2"(grmod C), there is a bifunctorial isomorphism

Homojb(taﬂsC) (ﬂ-X7 W(Y<_‘€))l/[d - 1]) =D Hom.@b(tailsC) (7'('}/, WX)
i.e. the autoequivalence S = (=)(—{),[d — 1] : P°(tails C) — 2°(tails C) is a

Serre functor.

Proof. The fact that the equivalence (—)(—¢), : GrMod C — GrMod C' de-
scends to an autoequivalence of tailsC' is a straightforward exercise using
22, Lemma 1.1]. It follows that there is an induced autoequivalence S on
P°(tails C) as in the statement of the theorem.

First note that, for X € 2°(grmod C) and for any n € Z, X5, € 2°(grmod C)
and 7X = 71X5,. Let 7 = 2(GrMod(C) and ¥ := Z(TailsC). Since
RQ X Rworm: 2 — 2 by the proof of [4, Lemma 4.1.6] and (7, Rw) is an
adjoint pair of functors between 2 and %', we have bifunctorial isomorphisms

HOII]g(?TX, W(Y(_E))V[d - 1]) = Hom.@(XZna RQ(Y<_€))V)[CZ - 1])a
and
D Homg (7Y, 7X) = DHomg(Y,RQ(X>,))
for any n € 7Z, so it is enough to show
DHomg(Y,RQ(X>,)) = Homg(X>,, RQ(Y (—¥)),)[d — 1])

for some n € Z by Lemma 3.11.
By Theorem 6.6, we have a bifunctorial isomorphism

DRHome(1p(Y), RQIn(X>,)) = RHome (Lo(X>n), IO(Y)@ED RQ(C)),
so, taking zeroeth cohomology on both sides,
DHomg (Y,RQ(X>,)) 2 Homy(Xs,, YRLDRQ(C))

by Lemma 3.20 (3).
In order to compute this last expression, we first note that by Lemma 3.14,
there is a triangle

DC[-1] — DR7(C)[~1] 2 C(0, —),[d — 1] = DRQ(C)

in 2(Bimod(C — C)). Since (Y®gDC[—1])s, = 0 for some n € Z, we have
Homg (X>,, YQEDC[—1]) = 0 by Lemma 6.7 (1). Since Homg(X>,, —) is
cohomological,

Homg (X5, Y®LDRQ(C)) = Homg (X5, Y®GC(0, —0),[d — 1])
for any n > 0. Finally, since
Homg (X5, YRLC(0, —0),[d — 1]) = Homg(X>,, Y(—£),[d — 1))
> Homg (X, RQ(Y(~0),)[d — 1))
for any n > 0 by Lemma 2.15 (3) and Lemma 6.7 (2), the result follows. [
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The following lemma is standard. We include the proof for the convenience
of the reader.

Lemma 6.9. Let € be an abelian category and £ a set of objects in €. If X is
a bounded complex such that X9 € £ for every q € Z, then X € (£) C 2°(¥).

Proof. Since (€) is closed under shifting complexes, we may assume that X7 =
0 for every ¢ < —n and 0 < ¢. If n = 0, then the result is trivial. In general,
since there is an exact triangle

X "n—1 = X=""" 5 X - X "[n],
and X "[n — 1], X=""" € (€) by induction, we have X € (£). O
Lemma 6.10. If C is a right coherent AS-reqular Z-algebra of dimension d

and of Gorenstein parameter €, then (Pj, ..., Pire—1) = P°(tails C) for every
J € L.

Proof. If C' is a right coherent AS-regular Z-algebra of dimension d and of
Gorenstein parameter ¢, then we have exact sequences
0=Py—Ft—. ..o F 5P -85 -0
0_>Pj+£—1—>Gd_1—>"'—>G1—>Pj_1—>Sj_1—)O
in grmod C, where F* is an object in add{P;},<i<jt¢ for 1 < s < d —1 and
G" is an object in add{P;};_1<i<jte—1 for 1 <t < d—1 by Remark 4.6. These
induce exact sequences
0=Piy—Ft—a . o F 2P, =0
0= Pjp1 =G > G =P, =0
in tailsC, so Pj_1,Pj4e € (Pj,...,Pjre—1) by Lemma 6.9. By induction,
Pi € (Pj,...,Pire1) for every i € Z. Since every X € D’(grmod C) has a
finitely generated free resolution of finite length by Lemma 3.26,
<7Dj Ce 7,Pj+€*1> = <{PZ}Z€Z> = Db(tails C)
by Lemma 6.9. U

The theorem below is the converse to Theorem 6.4, a generalization of the
other direction of [15, Theorem 4.1]. (See also [12, Theorem 4.7]).

Theorem 6.11. IfC is a right coherent ASF* -reqular Z-algebra of dimension

d > 1 and of Gorenstein parameter ¢ with the Nakayama isomorphism v : C' —

C(—Y), then

(GH1) (=) ®cwe := (—)(—1), is a canonical bimodule for tails C', and

(GH2) {P_;}icz is an ample sequence for tails C' which is a full geometric heliz
of period € for D°(tails C),

so that tails C' satisfies (GH) of period {. In this case, C({P-i})s0 = C as
Z-algebras.
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Proof. (GH1): This follows from Theorem 6.8.
(GH2): By Lemma 5.12, {P_;};cz is an ample sequence for tails C'. Since C'
is (-periodic, P_;_y 2 P_;({),~» =2 P_; QF wc_l for every 7 € Z by Lemma 2.16,
50 {P_i }iez satisfies (H1). Since (D(C(0,—¢)));; = D(C(0,—¢);;) = D(Cji—s),
if d =1, then
Exte(P;, Pi) = Exte(C,C);
N {(0 @ D(C(0,~0)))y; = Cy; & D(Cji—e) ifqg=0

0 otherwise,

and, if d > 2, then

Cij ifg=0
Eth(Pjapi) = M(Cac)ij = ¢ (D(C(0, —5)))@' = D(Cj,ifé) ifg=d—-1
0 otherwise

by Proposition 4.11. Since D(C;,;—¢) = 0, we have

Ci=k 1ifqg=0,
0 ifq#0

for every i, so {P_;}icz satisfies (H2). If j < 4, then C;; = 0 and if i <
J + ¢, then D(Cj,;—,) = 0, so, in either case, Extl(P;, P;) = 0 for every ¢ and
J < i < j+4 so {P_}icz satisfies (H3). Moreover, Ext}(P;,P;) = 0 for
every ¢ # 0 and every i < j, so {P;}icz is a geometric helix of period ¢ for
Db(tails C). By Lemma 6.10, {P_; }iez is full. If j >4, then D(C;;_¢) = 0, so
C({P-i})s0 = ®;>; Home(P;, P;) = C as Z-algebras by Remark 5.5. O

Ext¢ (P, Pi) = {

6.2. An Application to Noncommutative Quadric Hypersurfaces. For
the rest of the paper, we assume that k£ is an algebraically closed field of
characteristic 0. If C' is a 3-dimensional “cubic” AS-regular Z-algebra C' in
the sense of [26], which in particular implies that C is a right noetherian
AS-regular Z-algebra of dimension 3 and of Gorenstein parameter 4 (cf. [26,
Corollary 5.5.9]), then tailsC is considered as a noncommutative P! x P!,
On the other hand, if S is a 4-dimensional noetherian quadratic AS-regular
algebra, and f € S5 is a regular normal element, then tails S/(f) is considered
as a noncommutative quadric surface (see [23]). Since P! x P! is isomorphic to
a smooth quadric in P? in commutative algebraic geometry, we expect a similar
result in noncommutative algebraic geometry. The following implication was
known:

Theorem 6.12. [26, Corollary 6.7] For every 3-dimensional “cubic” AS-reqular
Z-algebra C', there exist a 4-dimensional right noetherian quadratic AS-reqular
algebra S and a regular normal element f € Sy such that tails C' = tails S/(f).

This paper gives a partial converse.

Theorem 6.13. If S is a 4-dimensional noetherian quadratic AS-reqular al-
gebra and f € Sy is a reqular central element such that
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e S/(f) is a domain,

e S/(f) is a noncommutative graded isolated singularity in the sense that
gldim(tails S/(f)) < oo (that is, tails S/(f) is “smooth”), and

e S/(f) is “standard” in the sense of [15, Section 5],

then there exists a right noetherian AS-reqular Z-algebra C' of dimension 3 and
of Gorenstein parameter 4 such that tails S/(f) = tails C.

Proof. 1t is known that gldim(tails S/(f)) = 2 (cf. [15, Section 5]). By
[15, Theorem 5.16], there exists a full geometric helix {E;};cz of period 4
for Z(tails S/(f)). By the proof of [15, Theorem 5.17] and Lemma 5.15,
{E;}iez is ample, so tails S/(f) satisfies (GH) of period 4, hence there ex-
ists an AS-regular Z-algebra C' of dimension 3 and of Gorenstein parameter 4
such that tails S/(f) = tails C' by Theorem 6.4. Since S/(f) is right noether-
ian, tails S/(f) is a noetherian category, so C' is right noetherian by Theorem
6.5. U

We partially extend the above theorem to noncommutative quadric hypesur-
faces below.

Theorem 6.14. Let S = k(xy,...,2,)/(viz; — €jx52;) be a £1 skew poly-
nomial algebra where €;; = 1 for every i, €;; = €;; = £1 for every ¢ # j, and
A:=S/(x3+---+22). Ifn > 3, then there exists a right noetherian AS-reqular
Z-algebra C' of dimension n — 1 such that tails A = tails C'. In particular, for
every (commutative) smooth quadric hypersurface Q C P"7', there exists a
right noetherian AS-reqular Z-algebra C of dimension n— 1 and of Gorenstein
n—1 ifnis odd,
n if n is even,
of coherent sheaves on ().

parameter { = such that tails C' = coh (), the category

Proof. Since A is right noetherian, tails A is a noetherian category, so it is
enough to show that tails A satisfies (GH) by Theorem 6.4 and Theorem 6.5.

(GH1): It is known that A is a noetherian AS-Gorenstein algebra of dimen-
siona n — 1 > 2 (cf. [24, Section 2.1]) and of Gorenstein parameter n —2 > 1
and that gldim(tails A) = n—2 (cf. [24, Section 2.2]), so tails A has a canonical
bimodule w4 = A, (—n + 2) where v is the Nakayama automorphism of A (cf.
24, Lemma 2.2].)

(GH2): Let Ind”(CM%(A)) = {A, X1, Xs,...,X,} be the set of complete
representatives of isomorphism classes of indecomposable graded maximal Cohen-
Macaulay right A-modules generated in degree 0 where we say that M €
grmod A is a graded maximal Cohen-Macaulay if Ext? (M, A) = 0 for every
q # 0. We label the sequence

A(—n + 3), ce. ,A(—l),A, X17X27 .. .,Xa

by FEo,...,E;_1 where { = n — 2 + a. We extend in both directions the
sequence Ey, ..., Ei1 to {E;}icz by Eirp = E; @4 (w;ll)@’” so that {E;}iez
satisfies (H1). By [24, Lemma 3.15] and Lemma 5.15, {E;};cz is an ample
sequence for tails A.
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If X € Ind”(CM%(A)), then X ®4w" (r(n —2)) = X, € Ind°(CM?(A)) for
every r € 7Z, so, for every i € 7, there exists s € Z and X € Ind"(CM%(A))
such that B; = X (s). Since A(i)@5wT =2 A, (i—r(n—2)) = A(i—r(n—2)) for
every i € Z, there exists a permutation o on {1,...,a} such that X; @ wq" =
Xyr(jy(=r(n —2)) (cf. the proof of [24, Lemma 3.15]). Keeping in mind that
A(r(n—2)+1) = A((r+1)(n—2) —n+3), it follows that the sequence {E; };cz
looks like

yA(r(n—2) —n+3),..., A(r(n —2) — 1), A(r(n — 2)),
XJ—’“(l) (T(n - 2))7 XO'_T(Q) (T(?’L - 2))a SRR XO'_T(OC) (T(TL - 2))’
A(m—2y+n,”wqw+¢xn—m-&%A«w+nm—2m
Xy (1) (1 + 1) (n = 2)), X)) ((r + 1) (0 — 2)),
Xy 1) (o) ((r + 1) (n = 2)), - -

Since Ey, ..., E;_1 is an exceptional sequence by [24, Lemma 3.12],

kifg=0,

Ext?, (E;, B}) &
xta(Ei 1) {o if g0,

so {E;}iez satisfies (H2).
Since gldim(tails A) = n—2, Ext!y =0 for every ¢ >n—1. For A% XY €
Ind®(CMZ%(A)),

(

Aps if ¢ =0,
(1) Exty(A(s), A(t)) =<0 if1<qg<n-3,
D(As 4 ny2) ifg=n—-2
>Xt_s if =0,
(2) Ext%(A(s), X(t)) =<0 if 1 <qg<n-3,

D(Hom 4 (X, A)s—t—ns2) ifqg=n-—2,
Hom,(X,A);—s ifqg=0,

(3) Bxty(X(s), A(t)) =40 if0<q<n—3,
D<<Xu)sft7n+2) if q=n— 27
@q(Xay)t—s 1fOSQSn_37
q ~ A
(4) EXtA<X(S)7 y<t)) - {D(HOIHA(Y7 Xy)s—t—n+2) if g=n— 2’

by [24, Lemma 2.3] (cf. the proof of [24, Lemma 3.13]). We also use the
following facts:
(i) If i <0, then Hom 4 (X, A); = 0 ([24, Lemma 3.7]).
(i) If i < 0, or ¢t <0 and X 2 Y, then Hom,(X,Y); = 0 ([24, Lemma
3.9)).

(iii) If ¢ > 1 and @ # —q, then Ext%(X,Y); = 0 ([24, Lemma 3.8]).
We will now show that ExtL(E;, E;) = 0 for every ¢ when 0 < i —j < £. It is
enough to consider the following cases where A 2 X, Y € Ind’(CMZ(A)).
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(1) The case E; = A(s), E; = A(t) for some s,t € Z: If 0 < i —j < ¢, then
0<s—t<n—2 Sincet—s<0and s—t—n+2 <0, we have
Ext? (A(s), A(t)) = 0 for every ¢ € Z.

(2) The case E; = A(s), E; = X(t) for some s,t € Z: If j <1 < j+¢, then
E; = A(s), E; = X(t) are positioned as follows

Xy—ry(r(n —2)),... X(t) = X(r(n —2)),..., Xor@(r(n —2)),
A(r(n—=2)+1),..., A(s),..., A((r + 1)(n — 2)),
that is, t = r(n —2) and r(n —2) + 1 < s < (r + 1)(n — 2) for some

reZ,sot<s<t+n-—2 Sincet—s<0ands—t—n+2<0, we
have Ext?% (A(s), X (¢ ))—Ofor every q € Z by (i).

(3) The case E; = X() A(t) for some s,t € Z: If j <i < j+ ¢, then
E; = X(s), E; = A(t) are positioned as follows
A(r(n — )—n+3), A(t), ..., A(r(n —2)),

Xy—ry(r(n —2)), ... X(s) = X(T(n —2)),..., Aoy (r(n —2)),

that is, r(n —2) —n+3 <t < r(n—2) and s = r(n — 2) for some
reZ,sot<s<t+n—2 Sincet—s<0Oands—t—n+2<0, we
have Ext% (X (s), A(t)) = 0 for every ¢ € Z by (i).
(4) The case E; = X(s), E; = Y(t) for some s,t € Z: If j < i < j+¢, then
E; = X(s), E; = Y(t) are positioned as either
Xy—r(y(r(n=2)),..., Y(t) = Y(r(n=-2)),...,X(s) = X(r(n=2)),..., Xor)(r(n—=2))

or

XU—T(l)(r(n - 2))a s 7XV(r(n - 2))a T >y(t) = y(r(n - 2)) 7‘)(0_7"(04)(7“(” - 2))7
Alr(n—=2)+1),...,A((r+ )(n —2) = 1), A((r + 1)(n — 2)),
Xy ((r+1)(n=2)),..., X(s) = X((r + 1)(n = 2)),..., Xyt (o) (r + 1) (0 = 2)),
soeithers=tandY 2 X, ors=t+n—2and Y Z X @ wa(n—2) =
X,.
(a) The case s=tand Y 2 X: If 0 < ¢ < n — 3, then

Exty (X (s), V(1)) = Ext}y (X, Y)o = 0

by (ii) and (iii) since Y 2 X. If ¢ = n — 2, then Ext’{ *(X(s), V(t)) =
D(Hom 4 (Y, X,)s—t—nt2) = 0 by (ii) since s —t —n+2=—-n+2<0.
(b) The case s = t+n—2and ¥V 2 X,: If 0 < ¢ < n— 3,
then Ext’(X(s),Y(t)) = Ext}(X,Y),—s = 0 by (ii) and (iii) since
t—s=-n+2<0andt—s=-n+2+# —q. If ¢g=n—2, then
Ext”2(X(s), Y(t)) = D(Hom,(Y, X,)o) = 0 by (ii) since Y 2 X,
It follows that {E;}.cz satisfies (H3).

On the other hand, if i« < j and E; = X(s), E; = Y(t) for some X,Y €
Ind’(CM?%(A)) and s,t € Z, then s < t,s0t —s >0and s —t —n+2 < 0,
hence Ext%(X(s),Y(t)) = 0 for every g # 0 by (i), (ii), and (iii). It follows
that {E;}icz is a geometric helix of period £ for 2°(tails A).
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Since Ey, . .., Ey_y is full by [24, Lemma 3.12], {E; }iez is full by [15, Lemma
3.16, Remark 3.17].

It follows that C' := C(tails A, { E; }icz) is a right noetherian AS-regular Z-
algebra of dimension n — 1 such that tails A = tailsC' by Theorem 6.4 and
Theorem 6.5.

If @ c P"!is a (commutative) smooth quadric hypersurface, then

Q) = Proj k[‘rla"wxn]/(m% +o +I?2’L)7

SO
coh Q 2 tails k[zy, ..., z,] /(2% + - + 22),
hence the final assertion (cf. [24, Theorem 1.1]). ]

Remark 6.15. (1) Presumably, the AS-regular Z-algebra C' constructed above
is not 1-periodic (see the quiver presentations of End 4(®'Z) E;) in [24,
Section 3.5]), so that C is not a Z-algebra associated to any (AS-
regular) graded algebra by Lemma 2.20.

(2) Let @ C P*! be a (commutative) smooth quadric hypersurface. If n
is odd, then the final assertion of the above theorem follows from [3,
Proposition 3.3]. If n is even, then the Z-algebra C' constructed in the
above theorem is AS-regular, but not Koszul.
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