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ABSTRACT. Let k denote an algebraically closed field of characteristic zero and
let X denote a smooth elliptic curve over k. In this paper, motivated by work
in [5], we think of two-periodic elliptic helices as noncommutative analogues
of degree two line bundles over X. We classify and study two-periodic ellip-
tic helices in order to generalize the theory of double covers of P! by X to
the noncommutative setting. This leads to the following problem: given an
integer d > 2 and a real number 6 € Q + Qv/d? — 4, classify elliptic helices
inducing double covers of ]P’(li by C?, where ]P’(li is Piontkovski’s noncommutative
projective line and C? is Polischuk’s noncommutative elliptic curve. We find
examples of d and 6 such that there is essentially one numerical class of elliptic
helices and examples of d and 6 such that there are several distinct numerical
classes of elliptic helices, in contrast to the commutative situation.

1. INTRODUCTION

Throughout this paper, we let k denote an algebraically closed field of character-
istic zero and we let X denote a smooth elliptic curve over k. Recall the following
result, which classifies linear systems of dimension one and degree two, g3’s, on X.

Proposition 1.1. Let £ be a degree two line bundle over X. Then

(1) any degree two line bundle over X is isomorphic to Lo @ L, where Lo
1s a degree zero line bundle. Furthermore, degree zero line bundles are
parameterized by X [2],

(2) given any choice of generating global sections of L, one obtains a double
cover f: X — P such that f*O(1) = L, and

(3) given two double covers f,g : X — P, there exist automorphisms o of X
and T of P! such that the diagram

X-5X

g |

IP’17>IE”1
commutes [8, Chapter IV, Lemma 4.4].

The purpose of this paper is to present a noncommutative generalization of this
picture.

Three-periodic elliptic helices in a triangulated category were introduced by Bon-
dal and Polishchuk in [3], and three-periodic elliptic helices composed of line bundles
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over X were used by Bondal and Polishchuk in order to construct and classify Artin-
Schelter regular algebras of global dimension and Gorenstein parameter three. In
order to describe the utility of two-periodic elliptic helices initially studied in [5],
recall that for every 6 € R, Polishchuk defined a nonstandard ¢-structure on D?(X),
and defined the abelian category C? as the heart of this t-structure [15]. He then
proved that C? has cohomological dimension one and is derived equivalent to X
([15, Proposition 1.4]), justifying the perspective that C? is a noncommutative el-
liptic curve. In addition, for d > 2, the space P} studied by Piontkovski [13] is a
noncommutative analogue of the projective line (see Section 7.4 for more details).
In [5], two-periodic elliptic helices composed of simple vector bundles over X (see
Definition 2.2 for details) were constructed and used to build double covers of P}
by CY for certain values of d and 6. Based on the constructions in [5], it seems
reasonable to think of two-periodic elliptic helices as noncommutative analogues
of degree two line bundles over X, and we pursue that perspective here. For this
reason, in this paper we classify all two-periodic elliptic helices, £ := (&;);ecz, over
X (Theorem 3.1):

Theorem 1.2. Suppose £_1 and &y are simple vector bundles over X with slopes
p—1 and po, respectively, such that p_1 < pg. Let d := dimHom(E_1,&)). Then
the pair (E-1,&y) extends, via mutation, to an elliptic heliz of period two if and
only if

e d=2. In this case, r_1 =19 =1 and dy = d_1 + 2, or

e d>2and

(1-1) dr_irg — 12, — 18 > 0.

The numerical condition [6, Lemma 7.6], which we didn’t know when [5] was
written, plays a key role in the proof. We next show that, in case d > 2, the
sequence of slopes (in the negative direction) of the vector bundles in a two-periodic
elliptic helix has an irrational limit, # (Lemma 3.3). The value of 8, which is always
in Q+Qv/d? — 4, is explicitly given in terms of the numerical data defining £_; and
&o. We also prove that all two-periodic elliptic helices are ample (Proposition 4.3).
The significance of this last result is that the Z-algebra B¢ with i, j-component
Hom(&_;,€_;) and multiplication induced by composition is a noncommutative
homogeneous coordinate ring of the noncommutative elliptic curve C?. As 6 is
irrational, Bg is coherent and nonnoetherian ([15, Proposition 3.1]).

Before we describe our noncommutative version of Proposition 1.1(1), we relate
the d = 2 case of Theorem 1.2 to the commutative case. The following terminology
will be useful:

Definition 1.3. Let £ be a two-periodic elliptic helix. If £ denotes a line bundle over
X, we let L&RE denote the two-periodic elliptic helix with 7th component L& E; and
call this the twist of £ by L. If m € Z, we let £[m| denote the two-periodic elliptic
helix with ith component &;,, and call £[m] the shift of £ by m. We say £ and
JF are numerically equal if rank F; = rank &; and deg F; = deg&; for all i. We say
two-periodic elliptic helices are in the same numerical class if they are numerically
equal after shifting and twisting.

Now suppose £ is a two-periodic elliptic helix with d = 2. Then, by Theorem
1.2 (and Remark 2.4(3)), we may twist £ by either a degree zero or degree one
line bundle so that some component of our helix is Ox while the next is a degree
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two line bundle L. It follows that, up to shifting, we may assume £_; = Ox and
& =2 L. Since a two-periodic elliptic helix is determined by any two subsequent
terms (see Remark 2.4(4)), the terms of £ must be isomorphic to tensor powers of
L by [5, Example 3.5]. Notice that, in this case, the negative limit slope 6 is —oo,
and every pair of two-periodic elliptic helices are in the same numerical class.

This leads us to the following

Question 1.4. For which values of d > 2 and 6 is there a unique numerical class
of two-periodic elliptic helices? If there is not a unique numerical class, how many
classes are there?

We address Question 1.4 in Section 6 for various values of d and 6, but a com-
prehensive solution is beyond our reach. For example, we show (Proposition 6.6)
that if 0 € Q — ﬁ\/ d? — 4, then any pair of two-periodic elliptic helices are in
the same numerical class. Although twisting will change the rational part of the
negative limit slope by the degree of the twisting bundle, the value of d is unchanged
(see Section 5). Therefore, any two elliptic helices with equal 6 (in the set above)
and equal d > 2 are numerically equal up to shifting. This holds, in particular, for
the values of d and 0 studied in [5].

We also find many examples for which the answer to Question 1.4 is negative.
For example, we prove (Proposition 6.9) that if d = 10 and 6 € Z — /6, then there
are two distinct numerical classes of two-periodic elliptic helices.

The heart of the investigation of Question 1.4 involves the classification of solu-
tions to an equation related to a Pell-like equation, as we describe below. Given
a two-periodic elliptic helix £, the left-hand side of (1-1) is an associated positive
integer D such that every consecutive pair of ranks, r;_1,7; of £&_1,&; satisfies the
equation

(1-2) dri_yri —ri — 17 =D.
Diagonalizing the corresponding quadratic form yields the quadratic form
(1-3) (d—2)z* — (d+2)y* = 4D

which has the property that (r;_1 + r4,7; — r5,_1) is an integer solution for all 4.
Furthermore, any other two-periodic elliptic helix with the same limit slope and
the same value of d also provides solutions to (1-3). By an observation of Lagrange,
there is a Pell-like equation whose integer solutions are related to solutions to (1-3)
[9, Section 17]. Specifically, for every integer solution (x,y) to (1-3), the pair (X,Y)
with X = 4(d? — 4)y and Y = 2(d — 2)x is an integer solution to

(1-4) X% —4(d® — 4)Y? = —64(d* — 4)(d — 2)D.

In general, there is a finite set S of solutions to (1-4) such that every solution to
(1-4) is a so-called Pell associate of a solution in S. See [9, Section 17] for more
details. Our analysis of solutions to (1-2), however, doesn’t utilize the theory of
Pell-like equations.

We next turn to the study of morphisms induced by two-periodic elliptic helices
(Section 7), and note that a choice of basis of Hom(€_1, &) induces a double cover
(i.e. a functor)

Fe:C" — P}
which has a left-adjoint F¢ (see (7-7)). We prove that if O(4) is the twist of the
canonical structure sheaf of P}, then FZ(O(i)) = &; for all i (Proposition 7.12).
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This is our noncommutative version of Proposition 1.1(2). It is interesting to note
that, as was mentioned above, the values of # that arise are constrained to be
in Q + Qvd? — 4. Noncommutative elliptic curves derived equivalent to X are
parameterized by the real numbers, and it is unclear whether it is possible to
extend our results to other values of 6.

We use Proposition 7.12 to prove the following noncommutative generalization
of Proposition 1.1(3) (Proposition 7.15):

Proposition 1.5. Let £, F be elliptic helices such that deg&; = degF; = d;,

tk& =rkF; = r; fori = —1,0. Then there exist auto-equivalences o of C* and T
of P} such that the diagram of functors
c?ZLc?
Fél lFi
Py —P;

commutes up to natural equivalence.

Given this result, one might ask what the group of autoequivalences of P} and
CY are. We determine the autoequivalences of P} in Proposition 7.10:

Proposition 1.6. The group of auto-equivalences of P} is isomorphic to Zx PG Ly.
The factor Z is generated by graded shifts whilst PGLg corresponds to automor-
phisms of k®.

Our main tool for the proof of this proposition and Proposition 7.12 is a Z-algebra
generalization of the Eilenberg-Watts theorem [12, Theorem 1.2] (see Section 7.2).

Although the autoequivalences of D?(X) were computed in [15], we have not been
able to determine the autoequivalences of C?, but the problem seems an interesting
one (see Remark 7.11).

Notation and conventions: We will let CohX denote the category of coherent
sheaves over X. The symbol u (decorated by a subscript) will denote the slope of
a vector bundle, that is, the degree of the bundle divided by its rank. Moreover

C will denote a k-linear, Hom-finite abelian category,

where Hom-finite means that the k-dimension of all Hom-spaces over C are finite
dimensional. Other notation will be introduced locally.

2. DEFINITION AND BASIC PROPERTIES OF TWO-PERIODIC ELLIPTIC HELICES

In this section, we recall, from [5] and [6], the definition and basic properties of
two-periodic elliptic helices over the category CohX. The definitions are motivated
by [3, Section 7].

Definition 2.1. An object & € C is elliptically exceptional if i) Ext?(£,E) = k
for j = 0,1 and is zero otherwise and ii) for any F € C, the natural pairing
Hom(&, F) ® Ext!'(F,€) — Ext!'(E,&) = k is non-degenerate.

It follows (see [6, Section 6]) that a coherent sheaf £ over X is elliptically ex-
ceptional in CohX if and only if £ is either a vector bundle with relatively prime
degree and rank or £ is a skyscraper sheaf.
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We recall from [1] that if £ and F are objects of C such that End€ = k = End F,
one can define objects Hom(&, F) ®; € and * Hom(E, F) @ F of C as in [1, Section
B3]. Moreover, given a choice of basis for Hom(&, F), there are canonical maps,
the evaluation map

€:Hom(&, F) @ & — F,
and the coevaluation map
n: & — *Hom(E, F) @ F.

Definition 2.2. An ordered pair &£, F of objects in C is said to be left mutable if
Ext? (€, F) =0 for j # 0 and furthermore the evaluation map

e: Hom(E, F) @& - F

is surjective. In this case we define the left mutation LgF := ker €, and remark that,
up to isomorphism, it does not depend on choice of basis of Hom(E, F). We also
say F left mutates through £ in C. The right-handed versions are defined similarly
using coevaluation.

Definition 2.3. Let £ = (&;);cz be a sequence of elliptically exceptional objects in
CohX. We say & is a two-periodic elliptic helixz if
(1) for all i < j we have Ext'(E;,&;) = 0 and,
(2) for all 7, &; left mutates through & _1, and this left mutation is isomorphic
to gi_g.

Remark 2.4. (1) By [10, Lemma 3], a two-periodic elliptic helix can also be
defined using right mutation.
(2) By the remark following [6, Question 7.1}, if £ is a helix, then &; is a simple
bundle for all i € Z.
(3) Every two-periodic elliptic helix £ defines, by mutation, a helix in the sense
of [5, Definition 3.1] since Hom(&;, &;) = k. In particular, by [10, Lemma
3], for each i there is a short exact sequence

(2-1) 0— & — Hom(Ei11,E12) ® Eiv B Eiya — 0,

and * Hom(&-, giJrl) = Hom(&urh gi+2)~

(4) It follows from (2-1) that every two-periodic elliptic helix is determined up
to term-wise isomorphism by any consecutive pair of terms. We will often
use this fact in the sequel.

3. CLASSIFICATION OF TWO-PERIODIC ELLIPTIC HELICES

In this section, we determine necessary and sufficient conditions for a pair of
simple vector bundles over X, £_1, &y, with ranks r_; and 1, degrees d_; and dy,
and slopes p—_1 < po, to extend to a two-periodic elliptic helix.

3.1. Preliminaries and notation. Recall that, by [6, Lemma 7.6] applied to both
(E-1,&) and (&F,E%,), if

d ;= dimHom(€_1,&) >0
and we let r;, i € Z, be defined by

()= () (3)
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(see (2-1)), then the pair £_1, & extends to a two-periodic elliptic helix if and only
if r; > 0 for all ¢. In order to find necessary and sufficient conditions under which
this occurs, we first describe the relevant linear algebra in a slightly more general
context.

Suppose d € R is such that |d| > 2, and A = (_01 ;) Then A~ = (fli —01>’

and both A and A~! have characteristic equation

(3-1) pa(N) =X —d\+1=0

whose (real) roots are ay = % + Y =4 The corresponding eigenvectors of both

Aand A1 are (al ) and (al ) Motivated by (2-1), given pairs of real numbers
+ —

(r_1,d—1) and (rq, do), we define , sequences of real numbers (r;);cz and (d;);cz by

the formula
() (2)
7% aop

where either a; = r; for all 7 or a; = d; for all i.

e If d = 2, there is only one eigenvalue, A = 1, whose corresponding eigenvec-

1 . “1) .
tors are spanned by (1> Thus, we may write (rr 1) in terms of a Jordan
0

. 0 1
basis of (1 2) as follows:

()= )o-r(3)

In particular, for n > 0, we have
Tn_1 n(T-1 nrg— (n—1)r_;
= A =
Tn To (n+ 1)ro —nr_y.

Similarly, we may write (rr_1> in terms of a Jordan basis of <? 01):
0

() (- )
so that, for n > 0, we have
(r_(n_,_l)) _g-n <T_1> _ (—m"o +(n+ 1)7’_1)
T—n 70 (1 —n)rg+ nr_s.
In particular, for all n € Z, we have

(3-2) rn=(n+1)ro—nr_y.

e If |d| > 2, there are two distinct one-dimensional eigenspaces and we may
write

(3-3) (aa01> — <a1+> T <a1>

for a = r or a = d. Thus, for all n € Z, we have

(3-4) an = o lay +a"Ma_,
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3.2. Statement and proof of the classification. In this section, we retain the
notation from Section 3.1. We have the following classification result.

Theorem 3.1. Suppose £_1 and &y are simple vector bundles over X whose slopes,
p—1 and po satisfy p—1 < po. Let d :== dimHom(E_1,&y). Then the ordered pair
(E-1,&) extends to an elliptic heliz of period two if and only if
e d=2. In this case, r_1 =1r9g=1and dy=d_1 + 2, or
e d>2and
r—1
(3-5) a. < — < oy
To

dtvd?—4

where a4 = 5

Proof. Retain the notation from Section 3.1, so that £&_; and & have rank and
degree (r_1,d_1), (r0,dp) as in Section 3.1.

If d =1 and (£-1,&) extended to an elliptic helix, then we would have exact
sequences 0 — &_1 — & — &1 — 0 for ¢ > 0 by Remark 2.4. In particular,
r1 =719 —r_1 while 1o =11 —r9g = —r_1 < 0, a contradiction.

Now, suppose d = 2. In this case, we show that if (£_1, &) extends to an elliptic
helix, then r; = 1 and d; = d;—1 + 2 for all i. By (3-2), r,, = (n+ 1)rg — nr_; for
all n € Z. Thus, r, > 0 for all n if and only if

(3-6) (n+1)rg >nr_y
for all n. Rearranging this inequality for n > 0, we find
1 _
(3-7) ntl r
n To

Substituting —n for n in (3-6) yields (—n + 1)rg > —nr_;. If n > 1, this may be
rearranged to get

B 1
(3-8) 1, n
To n

and so, considering both inequalities (3-7) and (3-8), we deduce r¢g = r;.
Next, we note that

2 = dimHom(&_4,&))
= do?",l — d,1’1"0
= To(do — d_l),

so that the only possible values of rank are 1 or 2. Finally, if both r_; and r¢ are
2, then dy = d_1 + 1 and r; = 2 for all 4. It follows that d; = d;_1 + 1 for all 4, so
if there was a helix in this case, there would be a term in the helix with rank and
degree both two. Since this bundle isn’t simple, we do not obtain an elliptic helix.

The converse, that if r_y =1 = rg and dg = d_1 + 2, then (£_1,&) extends to
an elliptic helix follows from the fact that r; = 1 for all i € Z in this case, so that
r; > 0 for all 7.

Finally, suppose d > 2. By (3-4) we have

T = oy + oy

for all m € Z. Thus, if r,, > 0 for all m € Z, then, since oy > 1 and aya_ =1,

r+a3_m+2 > —r_ for all m € Z. Since the left-hand side of this inequality is

unbounded as m — oo, this is only possible if either ry > 0 or ;. =0 and r_ > 0.
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The latter case is impossible since if ry = 0, then by (3-3), r_ is irrational and

equal to r_j, which is an integer. Thus, r; > 0. Similarly, r+oz3_m+2 > —r_ for
all m << 0 implies that r_ > 0 since a;a_ = 1. We conclude that if r,, > 0 for
all m € Z, then r1 > 0 and r_ > 0. Using (3-4) in case m = —1 and m = 0, we

deduce that

(3-9) re = To—a-r-1
Oé+ — _

so that ry > 0 implies r9 > a_r_1, which implies ay > TT;OI Similarly, since

r— >0, we find (oy — @_)r_; > 19 — a_r_1, which implies %}1 > a.
Conversely, suppose

(3-10) ar > Lsa..

To
We first claim that - > 0 and r_ > 0. To prove that ry > 0, we know that since
ayro > r—1 by (3-10), we have

ap(apry +a_r_)>rp+ro

by (3-3). Simplifying this inequality yields (e — 1)r4 > 0, whence the first claim.

Next, we prove that r— > 0. We first note that it suffices to prove r_; > r
since, if this were true, then the fact that r_y = r4 +r_ implies that r_ > 0. Thus,
we prove that r_1 > r;. To prove this, we note that it suffices to prove a_rg > r.
For, if this is the case, then by (3-10), r_1 > a_rg > r4 as desired. Thus, to prove
r_ > 0, it remains to prove a_r¢ > r4. To this end, by (3-3), we have

ro —Q_Tr_1

r,. =
+ ap — o

so we need to prove
(ay —a_)a_rg>rg—a_r_y.
Simplifying this last inequality yields %1 > «_, which holds by (3-10).

Thus, we have established that r; and r_ are positive, and the result now follows
from (3-4). O

Remark 3.2. Since a are the roots of the quadratic g(\) = A\? — d\ + 1, the
condition (3-5) from Theorem 3.1 amounts to 0 > q(%l) which in turn can be
re-written more succinctly as dr_irg — (r2; +r2) > 0. That is, the integer

D(r_1,ro) :==dr_yrg — 1%, — 1§

is positive.

We now show that the elliptic helices described in Theorem 3.1 with d > 2 have
an irrational limit slope.

Lemma 3.3. Let £ denote a two-periodic elliptic heliz with d > 2. Let p,, denote
the slope of €,. Then lim,,_, . u,, exists and is irrational.

Proof. By (3-4), we note that since ay > 1> a_,
d_

lim p, =
n——oo
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Furthermore, we may solve for r_ and d_ given the ranks and degrees of £_; and
&y. We find that

1 d 1
d_=d_1(= + —d
G ovE=) N E—
and
1 d 1
r—=r_1(=+ ) —ro

2 2Vd? -4

so that the negative limit slope exists and is

d? —4

1 d 1

d- d-1(3 + 2\/d2—4) —do Vdaz—1
d )—7’ .

V21 0Vaz—1

r_— - T—l(% —|—

A straightforward computation, using the fact that d = dgpr_1 — d_17g, shows that

d_
(3-11) 6(d—1,do,r—1,70) := .
2(7‘0(10 + d,1’l",1) — d(’l‘od,1 + do?“,1> d 2
= 2, 2 73 d? — 4.
2(rg + 72y —dror—1) 2(rg + 12, —dror_1)

By Remark 3.2, the denominator is nonzero, and by hypothesis, d > 2. Thus, since
v d? — 4 is irrational, the result follows. [l

Remark 3.4. In the formula for the limit slope # in Lemma 3.3, the denominator
contains the quadratic function of ranks D(r_1,7¢) defined in Remark 3.2. Note
that if the values for 6 and d are fixed, then so is the value of D(r_1,7y) since

vd? — 4 is irrational.

4. A CONDITION FOR AMPLENESS

In this section, we utilize aspects of Polishchuk’s argument from [15, Theorem
3.5] to prove that two-periodic elliptic helices are ample. The argument we give is
general enough to allow us to deduce that the helices we constructed in [6, Theorem
7.23] are ample, as well. Although we stated this fact in [6], we did not include
details there.

For the readers convenience, we recall the definition of ampleness. The definition
is (superficially) distinct from that in [15], as our indexing conventions are different.
We let £ = (£;);ez denote a sequence of objects in C such that Hom(L;, £;) = k.

We call £

e projective if for every epimorphism f : M — N in C there exists an integer
n such that Hom¢(L_;, f) is surjective for all i > n, and

e ample for C if it is projective, and if for every M € C and every m € Z
there exists a surjection

@§:1£—ij — M
for some 7y, ...,%, with 7; > m for all j.
Lemma 4.1. Suppose 0 is irrational, and suppose L := (L, )nez s a sequence of

simple bundles over X. Let r,, and p,, denote the rank and the slope of L,,. If

(1) pn, >0 for alln,

(2) limpy—s— oo i, = 6 and

(3) limy,—y— oo 72 (in, — 0) exists and is greater than 1,
then L is ample for CY.
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Proof. In what follows, we will write d,, for the degree of £,,. By the proof of [15,
Theorem 3.5], two inequalities must be satisfied. First, we must have

1
Mn_9>72

for n << 0 (this is the r = 0 case in Polishchuk’s proof), and, for all integer pairs
(r,d) with r > 0 and p:=d/r > 0,

-0
rrgz (fn — 0) > a
K= Hn
for n << 0. Since lim,,_,_ H"_ﬂ = 1, both of these inequalities hold by our
hypotheses. ([

The hypotheses in the next lemma are purely numerical, but the notation is
consistent with the d > 2 case in Section 3.1.

Lemma 4.2. Let d € R be such that |d| > 2 and ay be the roots of \* —d\ + 1

indexed so ay > 1> a_. Letdy,r+ € R and set d,, = d+oz”+1 +d_o™ andr, =

r a’ffl—l—r o™t forn € Z. Finally, suppose r, # 0 for alln, 6 := lim,,_, _ o d,, /7y,

and
_[(T= d_1
().
If det M > \/d? — 4 then lim,,_, o, 72(d,, /1, — 0) exists and is greater than 1.
d, _ d_

Proof. We begin by noting that since aya_ = 1, lim,,_« 7 = 7=. Next, we
observe that
r2(dp )1 —0) = 7p(dp —100)

d_
= (reat 4 a”+1)<(d+ai+1+d_aﬁ+l) (reaftt™ +r_a™th— >
r_

n+1 1+1 n+1 rid_ n+1
(ryaly™ +r_a” )<d+oz+ - o )

rod_
(’I"+O[i+l +7r_ Oén+1) i+1 <d+ -t )

T_
Thus,
lim 72, (4 —0) =r_dy —rid_ = det D
where
r— d_
p-( %)
Now

(1 1)D:M
o Ol+

so the condition det D > 1 just amounts to the condition
1 1

a_ a4

det M > =ay —a_ =+d>—4.

O

Proposition 4.3. Let £ be a two-periodic elliptic helix with negative limit slope 6.
Then & is ample for C?.
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r—1 d,1
To do
from Lemma 4.2. O

Proof. Since det M = det ( ) = d > V/d? — 4, this follows immediately

Proposition 4.4. The three-periodic elliptic helices (€, )nez constructed in [6, The-
orem 7.23] are ample.

Proof. Note first that the formulas for r,, and d,, given in [6, Lemma 7.18] are for
n > 0, whereas we are interested in behavior for n << 0. Now, for all n, we have

Up41 = dan - dan—l +an—2

for a; = r; or a; = d;. It follows that

d —d 1 Ap_1 an—2
1 0 0 an = | an-1
0 1 0 Ap+1 An,

Note that the characteristic polynomial this time is
N_d+d—1=AN-1)\=(d—-DA+1).

Let as be the roots of A2—(d—1)A+1 indexed so a;. > 1 > a_ so that the sequences
of ranks and degrees are linear combinations of the geometric series 1, o'}, o™ . Note
first that (do,70) = (0,1), (d1,7m1) = (d,1) and (da,7r2) = (d> —d,d — 2). We deduce
that (d_1,7_1) = (=d,d — 2) and (d_a,7_3) = (—d?® + d,d* — 3d + 1).

Solving the initial value problem, we find that the sequences of d_,, and r_,,
are actually only linear combinations of a” and «’}. Indeed, we have parallel cross
products

1 1 1 d() To 1
a_ | xlax | =(ar—a_)|1-4d], d_i| x|ro1 ) =d|1-d
062, 062+ 1 d_o r_9 1

Hence, we may use Lemma 4.2 to verify the hypotheses of Lemma 4.1. We are
done on noting

r—y d_y\ _|[d—=2 —d| JAd—-17 4
det( do)‘ ) O‘d> (d—1)2 — 4.

To

5. HELIX OPERATIONS AND THEIR NUMERICAL INCARNATIONS

In this section, we consider operations on a helix £, and how it affects the
numerical data d; = degé&;, r, = rk&;,1 = —1,0. Of particular interest is the
question, how does the negative limit slope function 6(d_y,do,r_1,79) in (3-11)
change with the corresponding changes to d_1,dy,r_1,707

We can shift the helix £ to give F with F; = &41. Of course, the corresponding
values of d = dimHom(F_1, Fy) and negative limit slope 6 for F are the same
as those for £. A direct computation proves more generally the numerical version
below.

Proposition 5.1. Let d_q,dy,7_1,70 € N. Define

dil . d,1 TLl o r_1
(da)A<do>’ < =4 )
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where A = <_01 cll> as in Section 8.1. Then 0(d'_y,dy,v"_1,7y) = 6(d—1,do,7—1,70)
and

TLl dLl _ r—1 d,1

T6 d6 To do

We can also tensor a helix by a line bundle £, say of degree a. Clearly we
have Hom(£ ® £_1, L ® &) ~ Hom(E_1,&p) and the new negative limit slope has
increased by the integer a. The numerical version of this is the following.

oy T_1 2 d,1 dLl 2
Proposition 5.2. Let <7“0> € 725, and (do > , ( d € Z°. Then

r—1 d_l
ro  do

r—1 d,—l
To d6

/
iff there is a € Q such that (d,l) = (d_1> +a (T_1> in which case
do do T

0

G(d’_l, d6,7’_1,’l“0) =a-+ e(d_l,do, T_1,’/‘0).

The final operation we consider on a helix is taking its dual £* (and reversing the
order of the sequence so its n-th term is £*,)). Clearly, the dimension d of the Hom-
spaces remains the same, as does the quadratic function on ranks D(r_1,7¢) defined
in Remark 3.2. However, the negative limit slope changes in a rather interesting
way as the following proposition shows.

Proposition 5.3. Let d_i,dy € Z? and r_1,79 be positive integers and d =

7"T—1 dd_l as usual. If 0(d_q1,do,7_1,70) = a + bV/d? —4 with a,b € Q, then
0 0

0(_d07 _d—la To, T—l) =—a+ b\/m

6. HELICES WITH GIVEN d AND NEGATIVE LIMIT SLOPE 6

Suppose we fix a positive integer d and slope 6 € Q + Qv/d? — 4. Consider the
question of classifying “double covers” f: C® — PL. A natural place to start is
to classify all helices £ with negative limit slope 6 and consecutive Hom spaces
d-dimensional up to numerical class. In this section, we give a version of this
numerical classification for some easy cases.

We fix a positive integer d and start with a “numerical seed” consisting of two
vectors (Tr;) €72, (ddol) € Z? such that 7;;)1 d(i:)1
with d = 2 were numerically classified already in Theorem 3.1 so we exclude this

case. We say (rrl) , (dd1> are relatively prime if 1 = ged(r_1,d_1) = ged(ro, dp).
0

= d > 2. Note that helices

0
For the moment, we do not fix #, but we do fix

(6-1) D :=D(r_y,ro) =dr_iro — 1%, =18 >0
which would be fixed if 6 were.
We extend 7“T—1 , dd_l to sequences as in Section 3.1 by
0

Tn—1\ _ 4n (T-1 dn—1 _An d_y
()= () ()= () oemen
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0 1
5
equivalent to the fact that (r;);cz is a sequence of positive integers and hence, that
(ri)icz, (d;)icz are the sequences of ranks and degrees of a 2-periodic elliptic helix
if (“ d-1
To ’ d()
We first consider the Diophantine equation (6-1) for fixed D. One might try
to solve this using techniques in the theory of Pell-like equations as described in
the introduction, but here, the geometry gives us some extra symmetry. Indeed,
we know from Proposition 5.1, that shifting a helix does not change the quantity

where A = Recall from Theorem 3.1 that the condition D > 0 is

are relatively prime.

D, so any solution (7;—1> yields the infinite family of solutions A™ (7“;1 ,n € Z.
0 0

Amongst all these “shifted” solutions, we can more or less select a unique one as
follows. Since we have assumed d > 2 we know from Equation (3-4) that

T =ryai Tt oot

where a1 are the roots of the characteristic polynomial cpa(\) = A2 —d\ + 1 and
r4 are positive reals. This is a concave up function of n so, at the price of shifting
the sequence, we can normalise until rg is a minimum. Note that if there is another
minimum, then it has to be either r_; or r;. We thus consider the minimality
criterion rg < r_1,r1 = drg — r—1 which can be more simply expressed as

(6-2) ro <711 < (d—1)ro.

Note that this minimality criterion on (r_

., 1) ensures that D(r_1,79) > 0. It can
0

also be written as

(6-3) 1<t <d-1
To

This can be used to limit solutions to the Diophantine equation (6-1).
Lemma 6.1. Suppose that 0 < D < 4(d — 2). If (7‘;1> € 72 satisfies
0
dror_1 — 7"31 — 7"3 =D.

Then there are integers n,y such that (7“7’—1) = A" (:{) where dy —y?> —1 = D.
0
Furthermore, D > d — 2.

Proof. Since shifts correspond to multiplication by A, we may assume 1y satisfies
the minimality criterion of (6-3). We wish to establish the first assertion by proving
that rg = 1. Note

D r 2 r r
B () () ()
To To To To

and that on the domain [1,d — 1] given by (6-3), —cpa(A) has its minima at the
endpoints. In addition, this minimum value is d — 2. Thus

D
(6-5) 5 >d—2

To
This firstly gives D > d — 2. Furthermore, if 7o > 2 then D > 4(d — 2) so we must
have ro = 1. [l
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This suggests that we have a lot more control when D is small relative to d. We
will mainly be interested in the case where D < 4(d — 2) so rg = 1 is fixed.

Let us suppose now that (rr_1> € Zio is given and pose the question, when can
0

r_1 d_1

ro do| = d. The following

you find a relatively prime (dd_1> € 72 such that
0

gives a necessary criterion.

Proposition 6.2. Let (rrl) € 72,, (ddl) € 7Z? be relatively prime and d =
0 0

r—1 d,1
ro  do
Proof. Note first that ged(r_1,79) divides both ged(r_1, d), ged(rg, d). Conversely,
suppose a := ged(rg, d) also divides r—;. Then a|r_1dy — rod—1 and hence alr_;dp.
Now a, dy are relatively prime so a|r_; too and the proof is now complete noting
symmetry in r_1,7q. O

. Then ged(r—1,70) = ged(r—1,d) = ged(ro, d).

We unfortunately only have a partial converse to the above result.

Proposition 6.3. Suppose d € Z and (7;_1) € Z2, are such that ged(r_1,m0) =
0

ged(r_q1,d) = ged(rg,d) =: T is odd. Then there exists (dd_l) € 72 relatively prime
0
to (T_l) such that
To

(6-6) d=

If ¥ = 1 then any solution (d_1> to Equation (6-6) is automatically relatively

do
. ¢ T—_1
prime to o )

Proof. The last assertion follows immediately from definitions.

/
. r_ _(r" _ . o . .
Write ( 1) =7 < r’1> ,d =7d'. Since r’_;,r(,d" are pairwise relatively prime,

TO 0
/ ,r/ ,rl d/
we can find | 5! ) € Z? relatively prime to [ ') such that d' = | 5! “5!|. We
d, T T d
0 0 0 0
. d_1 T'/_l dl_l . .
seek an integer m such that =m|( 5 )+ ;) has coordinates relatively
dQ To dO
prime to 7. Since any such d_ satisfies Equation (6-6) and is relatively prime
0
7"I_1 . . . d,1
to o) we will have obtained our desired do )
0 0
For each prime p|7 and ¢ = —1,0, the fact that r}, d} are relatively prime ensures

there is at most one value of m(p); € Z/p such that
m(p);r; + d; = 0 mod p.

Since p > 2, we can pick m(p) € Z/p such that m(p) Z m(p); mod p for all p. Tt
suffices now to use the Chinese remainder theorem to pick any m € Z such that
m = m(p) mod p for the finite number of primes p|7. O
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Remark 6.4. It is easy to see that the above Proposition fails if the assumption
that 7 is odd does not hold.

We are interested in helices up to shifting and twisting by line bundles (see
Definition 1.3). Recall from Propositions 5.1, 5.2 that such operations do not
change the dimensions d of consecutive Hom spaces, nor the invariant D, and that
the negative limit slope 6 will only change by the integer corresponding to the
degree of the line bundle one twists by.

We will show later, in contrast to the commutative case d = 2, that § and d do

not uniquely determine the numerical class of a helix. The only uniqueness result
we have is the following.
Proposition 6.5. Let £, & be helices with ranks and degrees given by r;,d;, 7", d;
respectively and let 0 be the negative limit slope of £. Suppose that i) both helices
have d-dimensional consecutive Hom spaces, ii) D := D(r_1,ro) = D(r’_1, (), )
ged(r-1,7m0) =1 and i) r; =1} for some i, j.

Then

(1) &' is in the same numerical class as either £ or its dual £*.

(2) 0 is also the negative limit slope of some twist of E* iff 6 € 37— %\/d2 —4.

(3) If D < 4(d —2), £*,& are in the same numercial class iff ri—1 =r; =1 or
ri—1 = riy1 for some i.

Proof. The solutions of the equation
—y? +droy —r5 =D

are y = r_1 and y = r1. After shifting, we may assume, by iv), that r{ = rg so
that either ' ; = r_; or r’_; = 7. Proposition 5.2 and our assumption iii) ensure
that £ is numerically equal to a twist of £ in the first case, and a twist of £* in
the second. This proves (1).

If=a-— %\/ d? — 4, then the negative limit slope of twists of £* must have
the form n —a — %\/ d? — 4 for some integer n by Proposition 5.3 and Proposition
5.2. These can only be equal if a € %Z, thus proving (2).

Finally, suppose that £* € are in the same numerical class. We first shift £ so
that ro <r_; and rg < 71. If r_1 # 1o, then we must have r_; = r;. The converse,
is just an elementary calculation. O

We now address the question of determining numerical classes of helices with
given parameters D and d. We wish to use Lemma 6.1, valid when D < 4(d — 2),
which allows us to shift the helix so that ro = 1. We may thus suppose that the
helix has (rr1> = (1) for some y € Z~o. Note D = dy — y? — 1 which suggests

0
that we should look at the cases y = 1,2,3,4. We look at each of these in turn.
Recall also from Proposition 6.3, given any d relatively prime to y, one can find
d_1 2 . . T_1 . r—1 d_1
( do) € 77 relatively prime to (7"0 with re do
helices corresponding to these numerical invariants.
The y = 1 case is the following.

= d. There thus exist
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To do

relatively prime vectors such that D(r_1,79) = d — 2 and d = 7;-1 dd_l
0 0

Proposition 6.6. Fix an integer d > 2. Let <r1> € ZQ>O, <d1> € Z2 be

Then

To
In particular, all helices with d-dimensional consecutive Hom spaces and negative

limat slope 8 € Q — W‘iz)\/ d? — 4 are in the same numerical class.

(T_l) = A" (1) for somen € Z.

Proof. By Lemma 6.1, we may assume that ro = 1. Since D(r_1,rg) = d—2, either
r.y=1lorr_y=d-—1. If r_y =1, we are done with the first part of the result,
so suppose r_1 =d — 1. Then ry = drg — r_1 = 1, so, after shifting again, we may
assume that r_; = rg = 1, and the first assertion follows.

To prove the second assertion, suppose &, £ both have negative limit slope in
the indicated range and d-dimensional consecutive Hom spaces. By our negative
limit slope assumption and Remark 3.4, D(r_1,79) = D(r"_1,7{) = d — 2. Thus, by
Proposition 6.5(1), £ is in the same numerical class as either £ or £*. However,
Proposition 6.5(3), shows that £,£" are in the same numerical class so we are
done. O

The y = 2 case is the following.

Proposition 6.7. Fix an integer d > 2. Let (7“7“—1) € Z2>0, (dd_1> € Z2 be
0 0

rT_1 d_l

- do | Then

relatively prime vectors such that D(r_1,79) = 2d — 5 and d =

r—_1 — an 2 n d—2
(ro)_A (1) or A ( 1 )forsomenEZ.

Let 0 € Q — m\/cp —4. Ifd # 5, then all helices £ with d-dimensional
consecutive Hom spaces and negative limit slope 8 are in the same numerical class.
For d =5, there are no helices unless the negative limit slope 6 € 7 + % — % 21 in

which case there are two distinct numerical classes.

Proof. The proof of the first assertion follows the same argument as that for Propo-
sition 6.6. To prove the second assertion, let 8/ € Q — %\/ d? — 4, and sup-

pose &', denotes a two-periodic elliptic helix with negative limit slope 6. Then
D(r"q,ry) = 2d — 5. On the other hand, consider the two-periodic elliptic helix

£ with (") = 2 ) d1) _ (—d . Note that D(2,1) = 2d — 5 and that
To 1 do 0

92 _
1 0
either £ or £*. Therefore, it suffices to show that if d # 5, then the negative limit
slope of £, 0, isn’t the negative limit slope of some twist of £*, while if d = 5, £ and
£* have the same negative limit slope, up to twisting, so that the assertion follows
from the first part and Proposition 6.5(3).

To prove the claim above, we use Proposition 6.5(2) to check when 6 € %Z -

%\/ d? — 4. From Equation (3-11), the rational part of (d_1,do,7—1,70) is —;éid;ji;)

so we must solve for the condition 2d — 5/4d — d?. Now by Propostion 6.2, we must

= d. Then, by Proposition 6.5(1), £ is in the same numerical class as
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have d odd so we write d = 2d + 1 and consider the divisibility condition
4d—3 | 4d® —4d - 3.

Using the division algorithm, this is equivalent to 4d — 3|d + 3 from which it is easy
to conclude that the only solutions are d = 1,2 giving d = 3,5. The case d = 3 is

actually already covered in Proposition 6.6 since then (d I 2) = (}) O

Example 6.8. For an explicit example, the case d = 5,60 = 5 — 51/21 can be

obtained from helices with numerical seeds < ) (1> ( ) = ( ) or
- 3 , d-1 (= . They are not in the same numerical class.
To 1 d() 0

The y = 3 case is the following.

Proposition 6.9. Fiz an integer d > 4. Let <TT_1) € Z>0, (d_1> € 77 be
0

relatively prime vectors such that D(r_1,rq) = 3d — 10 and d = ro1 doy

(Tro) A”( ) or A™ <d13) for some n € Z.

Let 0 € Q — Tw)\/d2 —4. If d # 5,10, then all two-periodic elliptic helices
& with d-dimensional consecutive Hom spaces and negative limit slope 6 are in the
same numerical class. For d = 10, there are no two-periodic elliptic helices unless
the negative limit slope € Z — /6 in which case there are two numerical classes.
The case d =5 is covered in Proposition 6.7.

ro  do

Proof. The proof of the first assertion is similar to the proof of the first assertion
in Proposition 6.6. For the second assertion, we repeat the proof used in Propo-

sition 6.7 using this time the vectors o) o 3 , d = —d . Also, d is
To 1 do 0

coprime to 3 so we write d = 3d + b where b = 1 or 2. The condition that the ratio-
nal part of 6(d_1,dp,7_1,70) is half an integer corresponds now to the divisibility
condition

9d +3b— 10 ’ 9% + (6b — 18)d + b% — 6b.

Examining cases b = 1,2 one readily arrives at the unique solutions d = 4, 5, 10.
The solution d = 4 is covered by Proposition 6.6, the solution d = 5 is covered by
Proposition 6.7 leaving the only new case d = 10. (]

Example 6.10. For an explicit example, the case d = 10,6 = —/6 can be obtained

from helices with numerical seeds | ') = 3 , d-1 = -7 or (1) =
To 1 do 1 To

(I) , (dd_1> = (117>. They are not in the same numerical class.
0 -

The y = 4 case is the following.
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Proposition 6.11. Fiz an integer d > 5. Let (Trl) € Zio, <dd1) € 7% be
0 0
d

-1 1

relatively prime vectors such that D(r_1,ro) =4d — 17 and d = , d_ . Then
0 0

(T_l) = A" (4) of A™ (d B 4) for somen € Z.
To 1 1

In particular, all helices with d-dimensional consecutive Hom spaces and neg-
ative limit slope € Q — W‘l_w)\/cp — 4 are in the same numerical class un-

less d = 17. If d = 17, then there are two numerical equivalence classes for

d /

Proof. We again repeat the proof used in Proposition 6.7 using this time the vec-

tors (1) = 4 , d = —d . We determine when 6(d_1,dy,7—1,70) has
To 1 do 0

rational part half an integer. Since d must be odd, we may write d = 4d + b where
b =1 or 3. The required divisibility condition now is

16d + 4b — 17‘16622 + (8b — 32)d + b% — 8b.
Using the division algorithm, this is equivalent to

(6-7) 16d + 4b — 17‘(4b +1)d+ b2 —4b—17.

Suppose first that b = 1. Then we must have 16d — 13‘56?— 20. In particular, either
5d — 20 = 0 which corresponds to d = 17, or we have the inequality

(6-8) |16d — 13| < |5d — 20].

Solving this gives d < 1—71 For such d, 16d — 13‘56?— 20 only when d = 1 giving the

solution d = 5 which is already covered in Proposition 6.6. Note that when d = 17,
the rational part of 8(d_1,dg,r_1,70) is integral.

Suppose now that b = 3 so that Equation (6-7) becomes 16d — 5|13d — 20. Again
we have an inequality, this time
(6-9) |16d — 5| < [13d — 20].

Solving gives d < % so there are no solutions with d > 5. (I

Example 6.12. We now consider the case d = 5 and 6 = % - %\/21. In this

case, D = 75,80 D # d — 2,2d — 5,3d — 10,4d — 17. In particular, our previous

i ) -1\ _ 4 d_1 _ 9 -1\ _ 5
analysis cannot be used. We let (7”0 ) = (7), (do ) = (17), or (7“0 ) = (5>,

(ddol) = <E . Since, in the second case, 5|r; for all 4, corresponding two-periodic

elliptic helices are not in the same numerical class.

7. DOUBLE COVERS OF NONCOMMUTATIVE PROJECTIVE LINES BY
NONCOMMUATIVE ELLIPTIC CURVES

Modulo the automorphism group PGL, of P!, the finite 2-to-1 morphisms from
X to P! are given by the complete linear systems of a degree two line bundle
(Proposition 1.1(2)), and the automorphism group of X acts transitively on these
(Proposition 1.1(3)). The goal of this subsection is to investigate the corresponding
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noncommutative story where we replace X with C’ and P! with Piontkovski’s
noncommutative line P1.

7.1. Basic notions from noncommutative algebraic geometry. Recall that
a Z-algebra over k is a ring A with decomposition A = @®; jezA;; such that

e A;; are vector spaces over k,
e multiplication is induced by associative multiplication maps

Aij Rk Ajl — Ajl

(multiplication A;; Ay = 0if j # k), and
e ecach A;; contains a unit element e; satisfying the usual unit axiom.
See [16] for more information about Z-algebras. If A is a Z-algebra, we let GrA
denote the category of graded right A-modules. If, in addition, A is coherent, we
may define an abelian category

projA := coh A /torsA

where cohA denotes the full subcategory of graded right A-modules consisting of
coherent modules and torsA is the full subcategory of A consisting of right-bounded
modules [14]. In addition, we let 7 : cohA — projA denote the quotient functor.

If £ is a sequence of objects in C, then we let Bg denote the Z-algebra with 4, j-
component Hom(€_;, £_;) and product induced by composition, and we let S*¢(£)
is the quadratic part of Be (see [5, Definition 2.1, 2.2]). We let

FQZC —)GI’BQ

denote the functor P, Hom(€_;, —), where components of the image in degrees
less than 0 are just 0 modules. Recall that, by [14, Proposition 2.3], if £ is ample,
and X is an object of C, then I'g(X) is a coherent module.

7.2. The Eilenberg-Watts Theorem for Z-algebras. The goal of this section is
to prove a version of the Eilenberg-Watts Theorem for Z-algebras (Proposition 7.7).
This result will be used to compute the automorphism group of noncommutative
projective lines (Proposition 7.10), and to classify double covers (Proposition 7.12).

As the classical Eilenberg-Watts theorem characterizes those functors which are
tensoring with a bimodule, we will need to first specify the notion of bimodule we
will be using. Below, given a finite dimensional vector space V' and object F € C,
we let V ®; F be the object in C which represents the covariant functor V* ®y
Homc (F, —) ~ Homy (V,Homc(F, —)). For v € V and ¢ € Homy(V, Homc(F, G)),
we use the notation ¢(v): v® F — G.

Definition 7.1. An (A, C)-bimodule is a collection of objects Fo = {F;}icz in C and
morphisms p;;: Ay Qi Fj — F; for 1,5 € Z satisfying the usual module axioms.

Example 7.2. Given a k-linear functor F': coh(4) — C we obtain the (A, C)-
bimodule, F(A)e := {F(e;A)}. Indeed, given a € A;j, if mq: ejA — e; A denotes
left multiplication by a, then F(a) : F(e;A) — F(e;A) gives the A-module struc-
ture.

Suppose now that A is coherent and F, is an (A4, C)-bimodule. Given M € coh(A)
we wish to define M ®4 F, € C. If C has countably infinite direct sums then we
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can define

(7-1) M®@p Fo = (@Mi Ok J—'Z-> /Qec

where (2 is the sum of the images of the maps
(7—2) pij::mij®1—1®/,éijtMi®Aij®fj—>Mj®fj@Mi®]‘—i

and m;; denotes module multiplication in M. If C does not have infinite direct sums,
then we need to revert back to the universal property implied by Equations (7-1)
and (7-2) as follows.

Definition 7.3. We define M ®4 F, to be the object in C that is universal with
respect to the following property.
(1) There are morphisms ¢;: M; ®y F; — M ®4 F, for all j € Z such that
(2) the composite morphisms

M;® Ay @ F; 295 M@ Fy o M; @ Fi 2 =) M@, 7,

are all zero.
Example 7.4. One readily checks that e;A ® 4 Fo ~ F; with defining morphisms
Lj = fhij: eiAej Rk .7:]' — Fi.

To show existence of M ® 4 F, more generally, we give an explicit construction
as follows. Note that M is coherent so there is a finite presentation

(7—3) @6&14&@6@14*)]\4*)0

S

where ® is viewed as a matrix with entries in A. We may thus define

(7-4) M® , Fu := coker (@ Fi. 5 @]—1)

which we shall show is M ® 4 F,.
Proposition 7.5. We have M® ,Fo =~ M ®4 F,
Proof. We check the universal property for M® ,F,. We first construct
wu: My @ Fr = M 4 Fe
as follows. Note first that
P, ei. Ae
(D, ¢j. A1)

Now multiplication, as in Example 7.4 defines a morphism
@e“Aeg@fl%@ = M®,Fe

By definition of M@Af., this factors through the quotient M; ® F; to give ¢;. The
A-module compatibility conditions in Definition 7.3(2) holds since it holds in ¢;.
It remains only to show that M® ,F, is universal so suppose there is another
object G € C equipped with morphisms w;: M; ®; F; — G satisfying the compat-
ibility condition in Definition 7.3(2). The w; and (7-3) can be used to define a
morphism @, F;, — G and the compatibility condition ensures it factors through
M@A}'. as desired. O

M; =
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Proposition 7.6. We have a right exact k-linear functor (—) ® 4 Fe: coh(A) — C.

Proof. Universality defines the k-linear functor so we prove right exactness. Given
any exact sequence

M :0—-M —-M-—M" -0
of coherent A-modules, we can find a Cartan-Eilenberg resolution P} — Py —
M* — 0. Note that the P’ ®4 F, are still split exact. Hence right exactness
follows from Proposition 7.5 and right exactness of cokernels. (]

We have our first version of the Eilenberg-Watts theorem.

Proposition 7.7. Let F': coh(A) — C be a right exact functor. Then F is naturally
isomorphic to (=) @4 F(A)e where F(A)q is the (A, C)-bimodule in Example 7.2.

Proof. We first construct the morphism 7y : M @4 F(A)e — F(M) for any M €

coh(A) by using the universal property as follows. We define x;: M; ® F(e;A) —

F(M) to be m ® F(e;A) LOm), F(M) for any m € M; where A\,,: ¢gA — M is

left multiplication by m. Checking the compatibility condition in Definition 7.3(2)
ensures this induces the morphism 7,,. The naturality of n follows from the uni-
versal property. To show that 75, is an isomorphism, first observe that it is an
isomorphism for M = e;A and then apply the right exact functor F' to (7-3) to
identify F/(M) with M® , F'(A)s. The result now follows from Proposition 7.5. [

Corollary 7.8. Let A be the Z-algebra associated to some ample sequence so in
particular, A is coherent. Let F: proj(A) — C be a right exact functor. Then
(=) ®a F(rA)e induces a functor on proj(A) and there is a natural isomorphism
n: (—)@aF(mA)e — F. Here F(mA)s is the (A, C)-bimodule of Example 7.2 applied
to the functor F' := Fo.

Proof. Note first that the composite functor F': coh(A) = proj(A) 5 Cis right
exact so by Proposition 7.7 there is a natural isomorphism 7': (=) ®4 F'(A)e —
F’. Since F' maps morphisms with torsion kernel and cokernel to isomorphisms,
the same is true of (—) ® 4 F'(A)e so it follows readily that n’ induces a natural
isomorphism 7n: (—) ®4 F(7mA)e — F. O

7.3. Functors preserving exactness of Euler sequences. Given objects F,G €
C, recall that we have two universal morphisms

tuniv: F = *Hom(F,G)® G, muniv: Hom(F,G) @ F — G.

Universality for t,n;v means that given a finite dimensional vector space V and
morphism ¢: F — V®G, then there exists a unique linear map A,: * Hom(F,G) —
V such that ¢« = (A, ® idg) © tuniv- Universality for mn;y is dual, any morphism
m: V ®F — G factors uniquely as myniv © (pr ® idx) for some linear p,.

Proposition 7.9. Suppose V' is a finite dimensional vector space, Op, 01,05 € C
and

(7-5) 05005 VR0, 5 0,0

is an exact sequence in C.

(1) Then ¢ is determined, up to Aut(Oyp), by m, and 7 is determined, up to
Aut(O2), by ¢.
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(2) Suppose D is a k-linear, Hom-finite abelian category and F: C— D is
a k-linear functor which preserves exactness of (7-5). If 7 is universal
(so V ~ Hom(O1,02)) then Fo, 0,: Hom(O1,O3) — Hom(F Oy, FOs) is
completely determined, up to Aut(FOs), by the map Fo, 0, : Hom(Op, O1) —
Hom(F Oy, FO1). Dually, if v is universal, then Fo, o, is completely de-
termined, up to Aut(FOy), by Fo, 0,

Proof. Part (1) is clear so we prove (2) and suppose that 7 is universal, the case ¢
universal being dual. By assumption we have an exact sequence

0= FO, 25 v e Fo, £% FO, - 0.

First note that we have a commutative diagram
\%4 L— Hom(Ol, 02)

Fo,,0
PFm J/ L2

Hom(FOl, FOQ)

Now p, is an isomorphism so Fp, o, is completely determined by F'm, which, by
part (1), is in turn completely, determined, up to Aut(FO3) by Fi¢. Now Fu is
completely determined by Fp,, o, - (I

7.4. The space IP’}i and its automorphism group. Before we classify k-linear
autoequivalences of ]P’%l, it will be convenient to review the construction and basic
properties of this space. Recall that, in [13], Piontkovski proves that a Z-graded
k-algebra

A=kxy,...,zq9) /(B zi0(xq_))

where o is a graded automorphism of the free algebra, is graded coherent. Pio-
ntkovski defines P} as the quotient of the category of graded coherent modules over
A modulo the full subcategory of finite-dimensional modules.

Since A is Z-graded, the category of graded right A-modules has a graded shift
functor, which descends to a functor [—] in PL. By [11, Section 8], the sequence
L; := m(A[i]), is ample for P}, so that there is an equivalence between P} and
projS™c(L). Finally, by [5, Proposition 3.6(1)], S"(£) = S"*(Hom(L_1, Ly)), where,
for a finite dimensional vector space V, S*(V) denotes M. Van den Bergh’s non-
commutative symmetric algebra [17]. Since Hom(£L_1, L£y) & A;, fixing a basis for
Hom(L_1, Lo) induces an isomorphism S"¢(Hom(L_1,Lg)) — S"¢(k?). Putting
these maps together gives us an equivalence

projS™¢(k?) — PL.

We will often write S for S™¢(k?).

For ¢ € Z, we let O(i) denote the object me_;S = L;, and we abuse notation
by writing O for O(0). In particular, the sequence (O(i));ez is an ample helix for
projS. The “helices” are the Euler exact sequences

(7-6) 0= 06) = k@, 0>G+1) = 0@ +2) =0

for i € Z. The morphisms in this helix are universal so that Proposition 7.9(2)
applies.
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Proposition 7.10. The group of k-linear auto-equivalences of projS is isomorphic
to Z x PGLy. The factor Z is generated by graded shifts whilst PGLg corresponds
to automorphisms of k%.

Proof. Tt is clear that the automorphism group of projS contains the copy of
7Z x PGLy described above so it suffices to show that every auto-equivalence F
is generated by graded shifts and automorphisms of k%. By Corollary 7.8, we know
that F' is naturally isomorphic to (=) ®s FO(e) where FO(e) is the (S, proj(S))-
bimodule {FO(—i)} with scalar multiplication by S;; = Hom(O(—j), O(—1)) de-
fined by

Fo(_j).o(—i): Hom(O(=j), O(~i)) — Hom(FO(j), FO(~i))

Our first goal is to show that F can only shift the sequence {O(i)|i € Z} in
the sense that there is some m € Z such that FO(i) ~ O(i +m) for all i € Z.
We need to recall some facts from [4]. Let F be the full subcategory of projS of
objects isomorphic to direct sums of the O(7). Then there is a torsion theory (T,F)
where T consists of torsion sheaves by [4, Corollary 5.5]. Furthermore, both F, T
are stable under the Serre functor @w and in fact we have O(i) ® w ~ O(i — 2).
Thus the O(i) can be characterised as those indecomposable sheaves F for which
(F @ w™)pez is an ample sequence. This proves that F' must permute the O(4) and
computing Hom spaces, one sees that F' can only shift them.

We may thus shift and assume that there are isomorphisms 7;: FO(i) = O(i)
for all i. Now F induces an automorphism ® of Hom(O(—1), ), i.e. an element of
GLgy. The Euler exact sequences (7-6) mean that we can apply Proposition 7.9 and
conclude that, up to adjusting the 7;, ® determines all the Fpo(_;_1) o(_j for all j.
Now S is generated in degree 1 so the isomorphism class of the (S, proj(S))-bimodule
FO(e) is now completely determined by ®, so that the result follows from Corollary
7.8. (Il

Remark 7.11. Unfortunately, we have not been able to compute the automorphism
group of the noncommutative elliptic curve C?. We do know quite a bit because
Polischchuk has classified the automorphism group of D®(X). To understand his re-
sult, we recall that the degree and rank map give a surjective group homomorphism
Ko(X) — Z2. There is thus a group homomorphism ¥: Aut D*(X) — SLy(Z).
By [15, Theorem 1.2], the kernel of this map is generated by automorphisms of the
genus one curve X (as an algebraic variety as opposed to a group variety), tensoring
by degree 0 line bundles and cohomological shifts in even degree. Automorphisms
in this kernel of course also restrict to automorphisms of C?. The image of Aut C?
under ¥ should be the stabilizer AutC? in SLo(Z) of the half-plane where the slope
is > 6. Identifying AutC? explicitly appears to be a number-theoretic problem we
have not solved.

7.5. Double covers from two-periodic elliptic helices. Now suppose £ is a
two-periodic elliptic helix with

dimHom(g_l,go) =d>2.

Let 0 equal the negative limit slope of £. By [5, Corollary 3.7], £ induces a map of
Z-algebras

f§ : Snc(é) — Bé,
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The functor fg induces a restriction of scalars functor
fe, : cohBg — cohS™“(£),
and by [7, Corollaire 2, p. 368], fg_ descends to a functor
proj Bg — projS™ (€).

In what follows, we will abuse notation by writing fg  for the functor between
quotient categories.

On the other hand, since £ is ample for C? by Proposition 4.3, the composition
of the first two functors in

r ™ . Sk Qnc
C? =5 cohBg - projBg Tey projS™<(€)

is an equivalence. We denote the triple composition by Fg, and, as in the proof of
[5, Theorem 1.1], F¢ is a double cover in a suitable sense (see [5, Corollary 5.8]).
We further remark that, by [5, Proposition 3.6(1)] and Remark 2.4(3), S"¢(£) =
S™(Hom(E_1,&y)). Since fixing a basis for Hom(€_1, &) yields an equivalence
projS™¢(Hom(E_1,&)) — projS™c(k?), and since, as we will see below, projS™¢(k?)
is equivalent to ]P’}i, we will sometimes abuse notation by writing our double cover
as

(7-7) Fe:Cl — P

7.6. Comparison of double covers. In this section, we prove our noncommuta-
tive version of [8, Chapter IV, Lemma 4.4] classifying g3’s.

We first consider the effect of composing the double cover morphism Fg with
automorphisms of P} and C?. This is best approached using the adjoint f& to feu
as recalled in the following result. B

Proposition 7.12. The internal tensor functor —&¢Be induces a left adjoint

f&: projS — proj Be

to fe«. In particular, Fg has a left adjoint, say Gg and GeO(i) = &;. The functor
Gg is determined, up to natural isomorphism by the isomorphism classes of the
objects & and the isomorphism ¢: k% ~ Hom(E_1,&) up to scalar.

Proof. The existence and description of the left adjoint of fg. is [6, Theorem 4.10].
Applying the inverse to the natural isomorphism moT's: cl — projBg to Bg shows
that GeO(3) = &, and in fact, G¢ is naturally isomorphic to (—) ®s € where £ is an
(S, C?)-bimodule in the obvious way. It remains only to show that the isomorphism
class of the (S, C?)-bimodule £ is determined by the isomorphism classes of the
& and ¢. By (7-6) and Remark 2.4(3), Proposition 7.9 applies to G¢ so that we
can follow the proof of Proposition 7.10. More precisely, ¢ determines the module
action of Sp; on £ and by Proposition 7.9 and induction, this also determines the
module action of all S; ;41. Since S is generated in degree 1, we are done. (]

Remark 7.13. It follows from Proposition 7.12 that if £ and £ are two-periodic
elliptic helices which are not in the same numerical class, then the functors Fg and
F¢/ are not isomorphic.

Proposition 7.12 allows us to track what happens to F¢ when you compose with
automorphisms of P} and C?. We omit the proof of the following result which is a
corollary of Proposition 7.12 or more precisely, its proof.
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Corollary 7.14. Let (—)[n] be the graded shift by n functor on cohPL. Then the
composite functor (Fg(—))[n| is naturally isomorphic to the functor Fg: where £
is the shifted heliz defined by & = &€;_,,.

We now turn to composing with automorphisms of C?. The result of relevance
for us is the following, which generalizes [8, Chapter IV, Lemma 4.4].

Proposition 7.15. Let £, F be two-periodic helices such that deg&; = deg F; =:
di, tk& = 1k F; =t r; for i = —1,0 (and hence all i € Z). Then there is an
auto-equivalence F of C? such that Fg¢ o F is naturally isomorphic to Fr (for some
appropriate isomorphism Hom(E_1,&y) ~ Hom(F_1,Fp)).

Proof. From Proposition 7.12, it suffices to find an auto-equivalence G of C? such
that GE; ~ F; for i = —1,0 (and hence by the helix property, all ¢ € Z). Given that
&; of rank r;, its isomorphism class is determined completely by the isomorphism
class of the determinant bundle det&;. Now if G is given by tensoring with the
degree 0 line bundle £ then det(G¢E;) ~ LZ" @ det(&;). If G corresponds to pulling
back by some translation on the elliptic curve, then det(G&;) ~ N®% @ det(&;)
where N is the degree 0 line bundle corresponding to that translation. It thus
suffices to show that for arbitrary degree 0 line bundles £_1, Ly, we can find £, N
such that
LBT-1 ®N®d71 ~L_q, L®To ®N®do ~ Lo.

In other words, we need to show that the morphism of abelian varieties E X F —
E x E given by the matrix ® := (7"7;)1 dd*;) is surjective. Pre-composing with the
adjoint matrix gives the morphism F x F — E x E corresponding to the matrix
P Adj(®) = (& 9) which is surjective since the multiplication by d map on E is. It

follows that @ is also surjective as desired. O
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