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Abstract. Let k denote an algebraically closed field of characteristic zero and

let X denote a smooth elliptic curve over k. In this paper, motivated by work
in [5], we think of two-periodic elliptic helices as noncommutative analogues

of degree two line bundles over X. We classify and study two-periodic ellip-

tic helices in order to generalize the theory of double covers of P1 by X to
the noncommutative setting. This leads to the following problem: given an

integer d > 2 and a real number θ ∈ Q + Q
√
d2 − 4, classify elliptic helices

inducing double covers of P1
d by Cθ, where P1

d is Piontkovski’s noncommutative

projective line and Cθ is Polischuk’s noncommutative elliptic curve. We find
examples of d and θ such that there is essentially one numerical class of elliptic

helices and examples of d and θ such that there are several distinct numerical

classes of elliptic helices, in contrast to the commutative situation.

1. Introduction

Throughout this paper, we let k denote an algebraically closed field of character-
istic zero and we let X denote a smooth elliptic curve over k. Recall the following
result, which classifies linear systems of dimension one and degree two, g12 ’s, on X.

Proposition 1.1. Let L be a degree two line bundle over X. Then

(1) any degree two line bundle over X is isomorphic to L0 ⊗ L, where L0

is a degree zero line bundle. Furthermore, degree zero line bundles are
parameterized by X [2],

(2) given any choice of generating global sections of L, one obtains a double
cover f : X → P1 such that f∗O(1) ∼= L, and

(3) given two double covers f, g : X → P1, there exist automorphisms σ of X
and τ of P1 such that the diagram

X
σ−→X

f

y yg

P1−→
τ

P1

commutes [8, Chapter IV, Lemma 4.4].

The purpose of this paper is to present a noncommutative generalization of this
picture.

Three-periodic elliptic helices in a triangulated category were introduced by Bon-
dal and Polishchuk in [3], and three-periodic elliptic helices composed of line bundles
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overX were used by Bondal and Polishchuk in order to construct and classify Artin-
Schelter regular algebras of global dimension and Gorenstein parameter three. In
order to describe the utility of two-periodic elliptic helices initially studied in [5],
recall that for every θ ∈ R, Polishchuk defined a nonstandard t-structure on Db(X),
and defined the abelian category Cθ as the heart of this t-structure [15]. He then
proved that Cθ has cohomological dimension one and is derived equivalent to X
([15, Proposition 1.4]), justifying the perspective that Cθ is a noncommutative el-
liptic curve. In addition, for d ≥ 2, the space P1

d studied by Piontkovski [13] is a
noncommutative analogue of the projective line (see Section 7.4 for more details).
In [5], two-periodic elliptic helices composed of simple vector bundles over X (see
Definition 2.2 for details) were constructed and used to build double covers of P1

d

by Cθ for certain values of d and θ. Based on the constructions in [5], it seems
reasonable to think of two-periodic elliptic helices as noncommutative analogues
of degree two line bundles over X, and we pursue that perspective here. For this
reason, in this paper we classify all two-periodic elliptic helices, E := (Ei)i∈Z, over
X (Theorem 3.1):

Theorem 1.2. Suppose E−1 and E0 are simple vector bundles over X with slopes
µ−1 and µ0, respectively, such that µ−1 < µ0. Let d := dimHom(E−1, E0). Then
the pair (E−1, E0) extends, via mutation, to an elliptic helix of period two if and
only if

• d = 2. In this case, r−1 = r0 = 1 and d0 = d−1 + 2, or
• d > 2 and

(1-1) dr−1r0 − r2−1 − r20 > 0.

The numerical condition [6, Lemma 7.6], which we didn’t know when [5] was
written, plays a key role in the proof. We next show that, in case d > 2, the
sequence of slopes (in the negative direction) of the vector bundles in a two-periodic
elliptic helix has an irrational limit, θ (Lemma 3.3). The value of θ, which is always

in Q+Q
√
d2 − 4, is explicitly given in terms of the numerical data defining E−1 and

E0. We also prove that all two-periodic elliptic helices are ample (Proposition 4.3).
The significance of this last result is that the Z-algebra BE with i, j-component
Hom(E−j , E−i) and multiplication induced by composition is a noncommutative
homogeneous coordinate ring of the noncommutative elliptic curve Cθ. As θ is
irrational, BE is coherent and nonnoetherian ([15, Proposition 3.1]).

Before we describe our noncommutative version of Proposition 1.1(1), we relate
the d = 2 case of Theorem 1.2 to the commutative case. The following terminology
will be useful:

Definition 1.3. Let E be a two-periodic elliptic helix. If L denotes a line bundle over
X, we let L⊗E denote the two-periodic elliptic helix with ith component L⊗Ei and
call this the twist of E by L. If m ∈ Z, we let E [m] denote the two-periodic elliptic
helix with ith component Ei+m and call E [m] the shift of E by m. We say E and
F are numerically equal if rankFi = rank Ei and degFi = deg Ei for all i. We say
two-periodic elliptic helices are in the same numerical class if they are numerically
equal after shifting and twisting.

Now suppose E is a two-periodic elliptic helix with d = 2. Then, by Theorem
1.2 (and Remark 2.4(3)), we may twist E by either a degree zero or degree one
line bundle so that some component of our helix is OX while the next is a degree
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two line bundle L. It follows that, up to shifting, we may assume E−1
∼= OX and

E0 ∼= L. Since a two-periodic elliptic helix is determined by any two subsequent
terms (see Remark 2.4(4)), the terms of E must be isomorphic to tensor powers of
L by [5, Example 3.5]. Notice that, in this case, the negative limit slope θ is −∞,
and every pair of two-periodic elliptic helices are in the same numerical class.

This leads us to the following

Question 1.4. For which values of d > 2 and θ is there a unique numerical class
of two-periodic elliptic helices? If there is not a unique numerical class, how many
classes are there?

We address Question 1.4 in Section 6 for various values of d and θ, but a com-
prehensive solution is beyond our reach. For example, we show (Proposition 6.6)

that if θ ∈ Q − d
2(d−2)

√
d2 − 4, then any pair of two-periodic elliptic helices are in

the same numerical class. Although twisting will change the rational part of the
negative limit slope by the degree of the twisting bundle, the value of d is unchanged
(see Section 5). Therefore, any two elliptic helices with equal θ (in the set above)
and equal d > 2 are numerically equal up to shifting. This holds, in particular, for
the values of d and θ studied in [5].

We also find many examples for which the answer to Question 1.4 is negative.
For example, we prove (Proposition 6.9) that if d = 10 and θ ∈ Z−

√
6, then there

are two distinct numerical classes of two-periodic elliptic helices.
The heart of the investigation of Question 1.4 involves the classification of solu-

tions to an equation related to a Pell-like equation, as we describe below. Given
a two-periodic elliptic helix E , the left-hand side of (1-1) is an associated positive
integer D such that every consecutive pair of ranks, ri−1, ri of Ei−1, Ei satisfies the
equation

(1-2) dri−1ri − r2i−1 − r2i = D.

Diagonalizing the corresponding quadratic form yields the quadratic form

(1-3) (d− 2)x2 − (d+ 2)y2 = 4D

which has the property that (ri−1 + ri, ri − ri−1) is an integer solution for all i.
Furthermore, any other two-periodic elliptic helix with the same limit slope and
the same value of d also provides solutions to (1-3). By an observation of Lagrange,
there is a Pell-like equation whose integer solutions are related to solutions to (1-3)
[9, Section 17]. Specifically, for every integer solution (x, y) to (1-3), the pair (X,Y )
with X = 4(d2 − 4)y and Y = 2(d− 2)x is an integer solution to

(1-4) X2 − 4(d2 − 4)Y 2 = −64(d2 − 4)(d− 2)D.

In general, there is a finite set S of solutions to (1-4) such that every solution to
(1-4) is a so-called Pell associate of a solution in S. See [9, Section 17] for more
details. Our analysis of solutions to (1-2), however, doesn’t utilize the theory of
Pell-like equations.

We next turn to the study of morphisms induced by two-periodic elliptic helices
(Section 7), and note that a choice of basis of Hom(E−1, E0) induces a double cover
(i.e. a functor)

FE : Cθ −→ P1
d

which has a left-adjoint F ∗
E (see (7-7)). We prove that if O(i) is the twist of the

canonical structure sheaf of P1
d, then F ∗

E (O(i)) ∼= Ei for all i (Proposition 7.12).
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This is our noncommutative version of Proposition 1.1(2). It is interesting to note
that, as was mentioned above, the values of θ that arise are constrained to be
in Q + Q

√
d2 − 4. Noncommutative elliptic curves derived equivalent to X are

parameterized by the real numbers, and it is unclear whether it is possible to
extend our results to other values of θ.

We use Proposition 7.12 to prove the following noncommutative generalization
of Proposition 1.1(3) (Proposition 7.15):

Proposition 1.5. Let E ,F be elliptic helices such that deg Ei = degFi = di,
rk Ei = rkFi = ri for i = −1, 0. Then there exist auto-equivalences σ of Cθ and τ
of P1

d such that the diagram of functors

Cθ σ−→Cθ

FE

y yFF

P1
d−→τ P1

d

commutes up to natural equivalence.

Given this result, one might ask what the group of autoequivalences of P1
d and

Cθ are. We determine the autoequivalences of P1
d in Proposition 7.10:

Proposition 1.6. The group of auto-equivalences of P1
d is isomorphic to Z×PGLd.

The factor Z is generated by graded shifts whilst PGLd corresponds to automor-
phisms of kd.

Our main tool for the proof of this proposition and Proposition 7.12 is a Z-algebra
generalization of the Eilenberg-Watts theorem [12, Theorem 1.2] (see Section 7.2).

Although the autoequivalences ofDb(X) were computed in [15], we have not been
able to determine the autoequivalences of Cθ, but the problem seems an interesting
one (see Remark 7.11).

Notation and conventions: We will let CohX denote the category of coherent
sheaves over X. The symbol µ (decorated by a subscript) will denote the slope of
a vector bundle, that is, the degree of the bundle divided by its rank. Moreover

C will denote a k-linear, Hom-finite abelian category,

where Hom-finite means that the k-dimension of all Hom-spaces over C are finite
dimensional. Other notation will be introduced locally.

2. Definition and basic properties of two-periodic elliptic helices

In this section, we recall, from [5] and [6], the definition and basic properties of
two-periodic elliptic helices over the category CohX. The definitions are motivated
by [3, Section 7].

Definition 2.1. An object E ∈ C is elliptically exceptional if i) Extj(E , E) ∼= k
for j = 0, 1 and is zero otherwise and ii) for any F ∈ C, the natural pairing
Hom(E ,F)⊗ Ext1(F , E) → Ext1(E , E) = k is non-degenerate.

It follows (see [6, Section 6]) that a coherent sheaf E over X is elliptically ex-
ceptional in CohX if and only if E is either a vector bundle with relatively prime
degree and rank or E is a skyscraper sheaf.
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We recall from [1] that if E and F are objects of C such that End E = k = EndF ,
one can define objects Hom(E ,F)⊗k E and ∗ Hom(E ,F)⊗k F of C as in [1, Section
B3]. Moreover, given a choice of basis for Hom(E ,F), there are canonical maps,
the evaluation map

ϵ : Hom(E ,F)⊗k E → F ,

and the coevaluation map

η : E → ∗ Hom(E ,F)⊗k F .

Definition 2.2. An ordered pair E ,F of objects in C is said to be left mutable if
Extj(E ,F) = 0 for j ̸= 0 and furthermore the evaluation map

ϵ : Hom(E ,F)⊗ E → F

is surjective. In this case we define the left mutation LEF := ker ϵ, and remark that,
up to isomorphism, it does not depend on choice of basis of Hom(E ,F). We also
say F left mutates through E in C. The right-handed versions are defined similarly
using coevaluation.

Definition 2.3. Let E = (Ei)i∈Z be a sequence of elliptically exceptional objects in
CohX. We say E is a two-periodic elliptic helix if

(1) for all i < j we have Ext1(Ei, Ej) = 0 and,
(2) for all i, Ei left mutates through Ei−1, and this left mutation is isomorphic

to Ei−2.

Remark 2.4. (1) By [10, Lemma 3], a two-periodic elliptic helix can also be
defined using right mutation.

(2) By the remark following [6, Question 7.1], if E is a helix, then Ei is a simple
bundle for all i ∈ Z.

(3) Every two-periodic elliptic helix E defines, by mutation, a helix in the sense
of [5, Definition 3.1] since Hom(Ei, Ei) = k. In particular, by [10, Lemma
3], for each i there is a short exact sequence

(2-1) 0 −→ Ei −→ Hom(Ei+1, Ei+2)⊗ Ei+1
ϵ−→ Ei+2 −→ 0,

and ∗ Hom(Ei, Ei+1) ∼= Hom(Ei+1, Ei+2).
(4) It follows from (2-1) that every two-periodic elliptic helix is determined up

to term-wise isomorphism by any consecutive pair of terms. We will often
use this fact in the sequel.

3. Classification of two-periodic elliptic helices

In this section, we determine necessary and sufficient conditions for a pair of
simple vector bundles over X, E−1, E0, with ranks r−1 and r0, degrees d−1 and d0,
and slopes µ−1 < µ0, to extend to a two-periodic elliptic helix.

3.1. Preliminaries and notation. Recall that, by [6, Lemma 7.6] applied to both
(E−1, E0) and (E∗

0 , E∗
−1), if

d := dimHom(E−1, E0) > 0

and we let ri, i ∈ Z, be defined by(
rn−1

rn

)
:=

(
0 1
−1 d

)n(
r−1

r0

)
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(see (2-1)), then the pair E−1, E0 extends to a two-periodic elliptic helix if and only
if ri > 0 for all i. In order to find necessary and sufficient conditions under which
this occurs, we first describe the relevant linear algebra in a slightly more general
context.

Suppose d ∈ R is such that |d| ≥ 2, and A =

(
0 1
−1 d

)
. Then A−1 =

(
d −1
1 0

)
,

and both A and A−1 have characteristic equation

(3-1) cpA(λ) = λ2 − dλ+ 1 = 0

whose (real) roots are α± = d
2 ±

√
d2−4
2 . The corresponding eigenvectors of both

A and A−1 are

(
1
α+

)
and

(
1
α−

)
. Motivated by (2-1), given pairs of real numbers

(r−1, d−1) and (r0, d0), we define , sequences of real numbers (ri)i∈Z and (di)i∈Z by
the formula (

an−1

an

)
= An

(
a−1

a0

)
where either ai = ri for all i or ai = di for all i.

• If d = 2, there is only one eigenvalue, λ = 1, whose corresponding eigenvec-

tors are spanned by

(
1
1

)
. Thus, we may write

(
r−1

r0

)
in terms of a Jordan

basis of

(
0 1
−1 2

)
as follows:(

r−1

r0

)
= r0

(
1
1

)
+ (r0 − r−1)

(
−1
0

)
.

In particular, for n ≥ 0, we have(
rn−1

rn

)
= An

(
r−1

r0

)
=

(
nr0 − (n− 1)r−1

(n+ 1)r0 − nr−1.

)
Similarly, we may write

(
r−1

r0

)
in terms of a Jordan basis of

(
2 −1
1 0

)
:(

r−1

r0

)
= r0

(
1
1

)
+ (r−1 − r0)

(
1
0

)
,

so that, for n ≥ 0, we have(
r−(n+1)

r−n

)
= A−n

(
r−1

r0

)
=

(
−nr0 + (n+ 1)r−1

(1− n)r0 + nr−1.

)
In particular, for all n ∈ Z, we have

(3-2) rn = (n+ 1)r0 − nr−1.

• If |d| > 2, there are two distinct one-dimensional eigenspaces and we may
write

(3-3)

(
a−1

a0

)
= a+

(
1
α+

)
+ a−

(
1
α−

)
for a = r or a = d. Thus, for all n ∈ Z, we have

(3-4) an = αn+1
+ a+ + αn+1

− a−,
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3.2. Statement and proof of the classification. In this section, we retain the
notation from Section 3.1. We have the following classification result.

Theorem 3.1. Suppose E−1 and E0 are simple vector bundles over X whose slopes,
µ−1 and µ0 satisfy µ−1 < µ0. Let d := dimHom(E−1, E0). Then the ordered pair
(E−1, E0) extends to an elliptic helix of period two if and only if

• d = 2. In this case, r−1 = r0 = 1 and d0 = d−1 + 2, or
• d > 2 and

(3-5) α− <
r−1

r0
< α+

where α± = d±
√
d2−4
2 .

Proof. Retain the notation from Section 3.1, so that E−1 and E0 have rank and
degree (r−1, d−1), (r0, d0) as in Section 3.1.

If d = 1 and (E−1, E0) extended to an elliptic helix, then we would have exact
sequences 0 → Ei−1 → Ei → Ei+1 → 0 for i ≥ 0 by Remark 2.4. In particular,
r1 = r0 − r−1 while r2 = r1 − r0 = −r−1 < 0, a contradiction.

Now, suppose d = 2. In this case, we show that if (E−1, E0) extends to an elliptic
helix, then ri = 1 and di = di−1 + 2 for all i. By (3-2), rn = (n + 1)r0 − nr−1 for
all n ∈ Z. Thus, rn > 0 for all n if and only if

(3-6) (n+ 1)r0 > nr−1

for all n. Rearranging this inequality for n > 0, we find

(3-7)
n+ 1

n
>

r−1

r0
.

Substituting −n for n in (3-6) yields (−n + 1)r0 > −nr−1. If n > 1, this may be
rearranged to get

(3-8)
r−1

r0
>

n− 1

n
.

and so, considering both inequalities (3-7) and (3-8), we deduce r0 = r1.
Next, we note that

2 = dimHom(E−1, E0)
= d0r−1 − d−1r0

= r0(d0 − d−1),

so that the only possible values of rank are 1 or 2. Finally, if both r−1 and r0 are
2, then d0 = d−1 + 1 and ri = 2 for all i. It follows that di = di−1 + 1 for all i, so
if there was a helix in this case, there would be a term in the helix with rank and
degree both two. Since this bundle isn’t simple, we do not obtain an elliptic helix.

The converse, that if r−1 = 1 = r0 and d0 = d−1 + 2, then (E−1, E0) extends to
an elliptic helix follows from the fact that ri = 1 for all i ∈ Z in this case, so that
ri > 0 for all i.

Finally, suppose d > 2. By (3-4) we have

rm = αm+1
+ r+ + αm+1

− r−

for all m ∈ Z. Thus, if rm > 0 for all m ∈ Z, then, since α+ > 1 and α+α− = 1,
r+α

2m+2
+ > −r− for all m ∈ Z. Since the left-hand side of this inequality is

unbounded as m → ∞, this is only possible if either r+ > 0 or r+ = 0 and r− > 0.
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The latter case is impossible since if r+ = 0, then by (3-3), r− is irrational and
equal to r−1, which is an integer. Thus, r+ > 0. Similarly, r+α

2m+2
+ > −r− for

all m << 0 implies that r− > 0 since α+α− = 1. We conclude that if rm > 0 for
all m ∈ Z, then r+ > 0 and r− > 0. Using (3-4) in case m = −1 and m = 0, we
deduce that

(3-9) r+ =
r0 − α−r−1

α+ − α−

so that r+ > 0 implies r0 > α−r−1, which implies α+ > r−1

r0
. Similarly, since

r− > 0, we find (α+ − α−)r−1 > r0 − α−r−1, which implies r−1

r0
> α−.

Conversely, suppose

(3-10) α+ >
r−1

r0
> α−.

We first claim that r+ > 0 and r− > 0. To prove that r+ > 0, we know that since
α+r0 > r−1 by (3-10), we have

α+(α+r+ + α−r−) > r+ + r−

by (3-3). Simplifying this inequality yields (α2
+ − 1)r+ > 0, whence the first claim.

Next, we prove that r− > 0. We first note that it suffices to prove r−1 > r+
since, if this were true, then the fact that r−1 = r++r− implies that r− > 0. Thus,
we prove that r−1 > r+. To prove this, we note that it suffices to prove α−r0 > r+.
For, if this is the case, then by (3-10), r−1 > α−r0 > r+ as desired. Thus, to prove
r− > 0, it remains to prove α−r0 > r+. To this end, by (3-3), we have

r+ =
r0 − α−r−1

α+ − α−

so we need to prove

(α+ − α−)α−r0 > r0 − α−r−1.

Simplifying this last inequality yields r−1

r0
> α−, which holds by (3-10).

Thus, we have established that r+ and r− are positive, and the result now follows
from (3-4). □

Remark 3.2. Since α± are the roots of the quadratic q(λ) = λ2 − dλ + 1, the
condition (3-5) from Theorem 3.1 amounts to 0 > q( r−1

r0
) which in turn can be

re-written more succinctly as dr−1r0 − (r2−1 + r20) > 0. That is, the integer

D(r−1, r0) := dr−1r0 − r2−1 − r20

is positive.

We now show that the elliptic helices described in Theorem 3.1 with d > 2 have
an irrational limit slope.

Lemma 3.3. Let E denote a two-periodic elliptic helix with d > 2. Let µn denote
the slope of En. Then limn→−∞ µn exists and is irrational.

Proof. By (3-4), we note that since α+ > 1 > α−,

lim
n→−∞

µn =
d−
r−

.
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Furthermore, we may solve for r− and d− given the ranks and degrees of E−1 and
E0. We find that

d− = d−1(
1

2
+

d

2
√
d2 − 4

)− d0
1√

d2 − 4
and

r− = r−1(
1

2
+

d

2
√
d2 − 4

)− r0
1√

d2 − 4
so that the negative limit slope exists and is

d−
r−

=
d−1(

1
2 + d

2
√
d2−4

)− d0
1√

d2−4

r−1(
1
2 + d

2
√
d2−4

)− r0
1√

d2−4

.

A straightforward computation, using the fact that d = d0r−1 − d−1r0, shows that

(3-11) θ(d−1, d0, r−1, r0) :=
d−
r−

=
2(r0d0 + d−1r−1)− d(r0d−1 + d0r−1)

2(r20 + r2−1 − dr0r−1)
+

d

2(r20 + r2−1 − dr0r−1)

√
d2 − 4.

By Remark 3.2, the denominator is nonzero, and by hypothesis, d > 2. Thus, since√
d2 − 4 is irrational, the result follows. □

Remark 3.4. In the formula for the limit slope θ in Lemma 3.3, the denominator
contains the quadratic function of ranks D(r−1, r0) defined in Remark 3.2. Note
that if the values for θ and d are fixed, then so is the value of D(r−1, r0) since√
d2 − 4 is irrational.

4. A condition for ampleness

In this section, we utilize aspects of Polishchuk’s argument from [15, Theorem
3.5] to prove that two-periodic elliptic helices are ample. The argument we give is
general enough to allow us to deduce that the helices we constructed in [6, Theorem
7.23] are ample, as well. Although we stated this fact in [6], we did not include
details there.

For the readers convenience, we recall the definition of ampleness. The definition
is (superficially) distinct from that in [15], as our indexing conventions are different.
We let L = (Li)i∈Z denote a sequence of objects in C such that Hom(Li,Li) = k.

We call L
• projective if for every epimorphism f : M → N in C there exists an integer
n such that HomC(L−i, f) is surjective for all i > n, and

• ample for C if it is projective, and if for every M ∈ C and every m ∈ Z
there exists a surjection

⊕s
j=1L−ij → M

for some i1, . . . , is with ij ≥ m for all j.

Lemma 4.1. Suppose θ is irrational, and suppose L := (Ln)n∈Z is a sequence of
simple bundles over X. Let rn and µn denote the rank and the slope of Ln. If

(1) µn > θ for all n,
(2) limn→−∞ µn = θ and
(3) limn→−∞ r2n(µn − θ) exists and is greater than 1,

then L is ample for Cθ.
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Proof. In what follows, we will write dn for the degree of Ln. By the proof of [15,
Theorem 3.5], two inequalities must be satisfied. First, we must have

µn − θ >
1

r2n

for n << 0 (this is the r = 0 case in Polishchuk’s proof), and, for all integer pairs
(r, d) with r > 0 and µ := d/r > θ,

r2n(µn − θ) >
µ− θ

µ− µn

for n << 0. Since limn→−∞
µ−θ
µ−µn

= 1, both of these inequalities hold by our

hypotheses. □

The hypotheses in the next lemma are purely numerical, but the notation is
consistent with the d > 2 case in Section 3.1.

Lemma 4.2. Let d ∈ R be such that |d| > 2 and α± be the roots of λ2 − dλ + 1
indexed so α+ > 1 > α−. Let d±, r± ∈ R and set dn = d+α

n+1
+ +d−α

n+1
− and rn =

r+α
n+1
+ +r−α

n+1
− for n ∈ Z. Finally, suppose rn ̸= 0 for all n, θ := limn→−∞ dn/rn

and

M =

(
r−1 d−1

r0 d0

)
.

If detM >
√
d2 − 4 then limn→−∞ r2n(dn/rn − θ) exists and is greater than 1.

Proof. We begin by noting that since α+α− = 1, limn→−∞
dn

rn
= d−

r−
. Next, we

observe that

r2n(dn/rn − θ) = rn(dn − rnθ)

= (r+α
n+1
+ + r−α

n+1
− )

(
(d+α

n+1
+ + d−α

n+1
− )− (r+α

n+1
+ + r−α

n+1
− )

d−
r−

)
= (r+α

n+1
+ + r−α

n+1
− )

(
d+α

n+1
+ − r+d−

r−
αn+1
+

)
= (r+α

n+1
+ + r−α

n+1
− )αn+1

+

(
d+ − r+d−

r−

)
Thus,

lim
n→∞

r2−n(µ−n − θ) = r−d+ − r+d− = detD

where

D =

(
r− d−
r+ d+

)
.

Now (
1 1
α− α+

)
D = M

so the condition detD > 1 just amounts to the condition

detM >

∣∣∣∣ 1 1
α− α+

∣∣∣∣ = α+ − α− =
√
d2 − 4.

□

Proposition 4.3. Let E be a two-periodic elliptic helix with negative limit slope θ.
Then E is ample for Cθ.
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Proof. Since detM = det

(
r−1 d−1

r0 d0

)
= d >

√
d2 − 4, this follows immediately

from Lemma 4.2. □

Proposition 4.4. The three-periodic elliptic helices (En)n∈Z constructed in [6, The-
orem 7.23] are ample.

Proof. Note first that the formulas for rn and dn given in [6, Lemma 7.18] are for
n ≥ 0, whereas we are interested in behavior for n << 0. Now, for all n, we have

an+1 = dan − dan−1 + an−2

for aj = rj or aj = dj . It follows thatd −d 1
1 0 0
0 1 0

an−1

an
an+1

 =

an−2

an−1

an

 .

Note that the characteristic polynomial this time is

λ3 − dλ2 + dλ− 1 = (λ− 1)(λ2 − (d− 1)λ+ 1).

Let α± be the roots of λ2−(d−1)λ+1 indexed so α+ > 1 > α− so that the sequences
of ranks and degrees are linear combinations of the geometric series 1, αn

+, α
n
−. Note

first that (d0, r0) = (0, 1), (d1, r1) = (d, 1) and (d2, r2) = (d2−d, d− 2). We deduce
that (d−1, r−1) = (−d, d− 2) and (d−2, r−2) = (−d2 + d, d2 − 3d+ 1).

Solving the initial value problem, we find that the sequences of d−n and r−n

are actually only linear combinations of αn
− and αn

+. Indeed, we have parallel cross
products 1

α−
α2
−

×

 1
α+

α2
+

 = (α+ − α−)

 1
1− d
1

 ,

 d0
d−1

d−2

×

 r0
r−1

r−2

 = d

 1
1− d
1


Hence, we may use Lemma 4.2 to verify the hypotheses of Lemma 4.1. We are

done on noting

det

(
r−1 d−1

r0 d0

)
=

∣∣∣∣d− 2 −d
1 0

∣∣∣∣ = d >
√

(d− 1)2 − 4.

□

5. Helix operations and their numerical incarnations

In this section, we consider operations on a helix E , and how it affects the
numerical data di = deg Ei, ri = rk Ei, i = −1, 0. Of particular interest is the
question, how does the negative limit slope function θ(d−1, d0, r−1, r0) in (3-11)
change with the corresponding changes to d−1, d0, r−1, r0?

We can shift the helix E to give F with Fi = Ei+1. Of course, the corresponding
values of d = dimHom(F−1,F0) and negative limit slope θ for F are the same
as those for E . A direct computation proves more generally the numerical version
below.

Proposition 5.1. Let d−1, d0, r−1, r0 ∈ N. Define(
d′−1

d′0

)
= A

(
d−1

d0

)
,

(
r′−1

r′0

)
= A

(
r−1

r0

)
,
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where A =

(
0 1
−1 d

)
as in Section 3.1. Then θ(d′−1, d

′
0, r

′
−1, r

′
0) = θ(d−1, d0, r−1, r0)

and ∣∣∣∣r′−1 d′−1

r′0 d′0

∣∣∣∣ = ∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣ .
We can also tensor a helix by a line bundle L, say of degree a. Clearly we

have Hom(L ⊗ E−1,L ⊗ E0) ≃ Hom(E−1, E0) and the new negative limit slope has
increased by the integer a. The numerical version of this is the following.

Proposition 5.2. Let

(
r−1

r0

)
∈ Z2

>0 and

(
d−1

d0

)
,

(
d′−1

d′0

)
∈ Z2. Then∣∣∣∣r−1 d′−1

r0 d′0

∣∣∣∣ = ∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣
iff there is a ∈ Q such that

(
d′−1

d′0

)
=

(
d−1

d0

)
+ a

(
r−1

r0

)
in which case

θ(d′−1, d
′
0, r−1, r0) = a+ θ(d−1, d0, r−1, r0).

The final operation we consider on a helix is taking its dual E∗ (and reversing the
order of the sequence so its n-th term is E∗

−n). Clearly, the dimension d of the Hom-
spaces remains the same, as does the quadratic function on ranks D(r−1, r0) defined
in Remark 3.2. However, the negative limit slope changes in a rather interesting
way as the following proposition shows.

Proposition 5.3. Let d−1, d0 ∈ Z2 and r−1, r0 be positive integers and d =∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣ as usual. If θ(d−1, d0, r−1, r0) = a + b
√
d2 − 4 with a, b ∈ Q, then

θ(−d0,−d−1, r0, r−1) = −a+ b
√
d2 − 4

6. Helices with given d and negative limit slope θ

Suppose we fix a positive integer d and slope θ ∈ Q + Q
√
d2 − 4. Consider the

question of classifying “double covers” f : Cθ → P1
d. A natural place to start is

to classify all helices E with negative limit slope θ and consecutive Hom spaces
d-dimensional up to numerical class. In this section, we give a version of this
numerical classification for some easy cases.

We fix a positive integer d and start with a “numerical seed” consisting of two

vectors

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 such that

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣ = d > 2. Note that helices

with d = 2 were numerically classified already in Theorem 3.1 so we exclude this

case. We say

(
r−1

r0

)
,

(
d−1

d0

)
are relatively prime if 1 = gcd(r−1, d−1) = gcd(r0, d0).

For the moment, we do not fix θ, but we do fix

(6-1) D := D(r−1, r0) = dr−1r0 − r2−1 − r20 > 0

which would be fixed if θ were.

We extend

(
r−1

r0

)
,

(
d−1

d0

)
to sequences as in Section 3.1 by(

rn−1

rn

)
= An

(
r−1

r0

)
,

(
dn−1

dn

)
= An

(
d−1

d0

)
for n ∈ Z,
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where A =

(
0 1
−1 d

)
. Recall from Theorem 3.1 that the condition D > 0 is

equivalent to the fact that (ri)i∈Z is a sequence of positive integers and hence, that
(ri)i∈Z, (di)i∈Z are the sequences of ranks and degrees of a 2-periodic elliptic helix

if

(
r−1

r0

)
,

(
d−1

d0

)
are relatively prime.

We first consider the Diophantine equation (6-1) for fixed D. One might try
to solve this using techniques in the theory of Pell-like equations as described in
the introduction, but here, the geometry gives us some extra symmetry. Indeed,
we know from Proposition 5.1, that shifting a helix does not change the quantity

D, so any solution

(
r−1

r0

)
yields the infinite family of solutions An

(
r−1

r0

)
, n ∈ Z.

Amongst all these “shifted” solutions, we can more or less select a unique one as
follows. Since we have assumed d > 2 we know from Equation (3-4) that

rn = r+α
n+1
+ + r−α

n+1
−

where α± are the roots of the characteristic polynomial cpA(λ) = λ2 − dλ+ 1 and
r± are positive reals. This is a concave up function of n so, at the price of shifting
the sequence, we can normalise until r0 is a minimum. Note that if there is another
minimum, then it has to be either r−1 or r1. We thus consider the minimality
criterion r0 ≤ r−1, r1 = dr0 − r−1 which can be more simply expressed as

(6-2) r0 ≤ r−1 ≤ (d− 1)r0.

Note that this minimality criterion on

(
r−1

r0

)
ensures that D(r−1, r0) > 0. It can

also be written as

(6-3) 1 ≤ r−1

r0
≤ d− 1

This can be used to limit solutions to the Diophantine equation (6-1).

Lemma 6.1. Suppose that 0 < D < 4(d− 2). If

(
r−1

r0

)
∈ Z2

>0 satisfies

dr0r−1 − r2−1 − r20 = D.

Then there are integers n, y such that

(
r−1

r0

)
= An

(
y
1

)
where dy − y2 − 1 = D.

Furthermore, D ≥ d− 2.

Proof. Since shifts correspond to multiplication by A, we may assume r0 satisfies
the minimality criterion of (6-3). We wish to establish the first assertion by proving
that r0 = 1. Note

(6-4)
D

r20
= −

(
r−1

r0

)2

+ d

(
r−1

r0

)
− 1 = −cpA

(
r−1

r0

)
and that on the domain [1, d − 1] given by (6-3), −cpA(λ) has its minima at the
endpoints. In addition, this minimum value is d− 2. Thus

(6-5)
D

r20
≥ d− 2

This firstly gives D ≥ d− 2. Furthermore, if r0 ≥ 2 then D ≥ 4(d− 2) so we must
have r0 = 1. □
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This suggests that we have a lot more control when D is small relative to d. We
will mainly be interested in the case where D < 4(d− 2) so r0 = 1 is fixed.

Let us suppose now that

(
r−1

r0

)
∈ Z2

>0 is given and pose the question, when can

you find a relatively prime

(
d−1

d0

)
∈ Z2 such that

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣ = d. The following

gives a necessary criterion.

Proposition 6.2. Let

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 be relatively prime and d =∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣. Then gcd(r−1, r0) = gcd(r−1, d) = gcd(r0, d).

Proof. Note first that gcd(r−1, r0) divides both gcd(r−1, d), gcd(r0, d). Conversely,
suppose a := gcd(r0, d) also divides r−1. Then a|r−1d0 − r0d−1 and hence a|r−1d0.
Now a, d0 are relatively prime so a|r−1 too and the proof is now complete noting
symmetry in r−1, r0. □

We unfortunately only have a partial converse to the above result.

Proposition 6.3. Suppose d ∈ Z and

(
r−1

r0

)
∈ Z2

>0 are such that gcd(r−1, r0) =

gcd(r−1, d) = gcd(r0, d) =: r̄ is odd. Then there exists

(
d−1

d0

)
∈ Z2 relatively prime

to

(
r−1

r0

)
such that

(6-6) d =

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣
If r̄ = 1 then any solution

(
d−1

d0

)
to Equation (6-6) is automatically relatively

prime to

(
r−1

r0

)
.

Proof. The last assertion follows immediately from definitions.

Write

(
r−1

r0

)
= r̄

(
r′−1

r′0

)
, d = r̄d′. Since r′−1, r

′
0, d

′ are pairwise relatively prime,

we can find

(
d′−1

d′0

)
∈ Z2 relatively prime to

(
r′−1

r′0

)
such that d′ =

∣∣∣∣r′−1 d′−1

r′0 d′0

∣∣∣∣. We

seek an integer m such that

(
d−1

d0

)
= m

(
r′−1

r′0

)
+

(
d′−1

d′0

)
has coordinates relatively

prime to r̄. Since any such

(
d−1

d0

)
satisfies Equation (6-6) and is relatively prime

to

(
r′−1

r′0

)
, we will have obtained our desired

(
d−1

d0

)
.

For each prime p|r̄ and i = −1, 0, the fact that r′i, d
′
i are relatively prime ensures

there is at most one value of m(p)i ∈ Z/p such that

m(p)ir
′
i + d′i ≡ 0 mod p.

Since p > 2, we can pick m(p) ∈ Z/p such that m(p) ̸≡ m(p)i mod p for all p. It
suffices now to use the Chinese remainder theorem to pick any m ∈ Z such that
m ≡ m(p) mod p for the finite number of primes p|r̄. □
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Remark 6.4. It is easy to see that the above Proposition fails if the assumption
that r̄ is odd does not hold.

We are interested in helices up to shifting and twisting by line bundles (see
Definition 1.3). Recall from Propositions 5.1, 5.2 that such operations do not
change the dimensions d of consecutive Hom spaces, nor the invariant D, and that
the negative limit slope θ will only change by the integer corresponding to the
degree of the line bundle one twists by.

We will show later, in contrast to the commutative case d = 2, that θ and d do
not uniquely determine the numerical class of a helix. The only uniqueness result
we have is the following.

Proposition 6.5. Let E , E ′ be helices with ranks and degrees given by ri, di, r
′
i, d

′
i

respectively and let θ be the negative limit slope of E. Suppose that i) both helices
have d-dimensional consecutive Hom spaces, ii) D := D(r−1, r0) = D(r′−1, r

′
0), iii)

gcd(r−1, r0) = 1 and iv) ri = r′j for some i, j.
Then

(1) E ′ is in the same numerical class as either E or its dual E∗.

(2) θ is also the negative limit slope of some twist of E∗ iff θ ∈ 1
2Z−

d
2D

√
d2 − 4.

(3) If D < 4(d− 2), E∗, E are in the same numercial class iff ri−1 = ri = 1 or
ri−1 = ri+1 for some i.

Proof. The solutions of the equation

−y2 + dr0y − r20 = D

are y = r−1 and y = r1. After shifting, we may assume, by iv), that r′0 = r0 so
that either r′−1 = r−1 or r′−1 = r1. Proposition 5.2 and our assumption iii) ensure

that E ′ is numerically equal to a twist of E in the first case, and a twist of E∗ in
the second. This proves (1).

If θ = a − d
2D

√
d2 − 4, then the negative limit slope of twists of E∗ must have

the form n− a− d
2D

√
d2 − 4 for some integer n by Proposition 5.3 and Proposition

5.2. These can only be equal if a ∈ 1
2Z, thus proving (2).

Finally, suppose that E∗, E are in the same numerical class. We first shift E so
that r0 ≤ r−1 and r0 < r1. If r−1 ̸= r0, then we must have r−1 = r1. The converse,
is just an elementary calculation. □

We now address the question of determining numerical classes of helices with
given parameters D and d. We wish to use Lemma 6.1, valid when D < 4(d − 2),
which allows us to shift the helix so that r0 = 1. We may thus suppose that the

helix has

(
r−1

r0

)
=

(
y
1

)
for some y ∈ Z>0. Note D = dy − y2 − 1 which suggests

that we should look at the cases y = 1, 2, 3, 4. We look at each of these in turn.
Recall also from Proposition 6.3, given any d relatively prime to y, one can find(
d−1

d0

)
∈ Z2 relatively prime to

(
r−1

r0

)
with

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣ = d. There thus exist

helices corresponding to these numerical invariants.
The y = 1 case is the following.
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Proposition 6.6. Fix an integer d > 2. Let

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 be

relatively prime vectors such that D(r−1, r0) = d − 2 and d =

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣. Then(
r−1

r0

)
= An

(
1
1

)
for some n ∈ Z.

In particular, all helices with d-dimensional consecutive Hom spaces and negative
limit slope θ ∈ Q− d

2(d−2)

√
d2 − 4 are in the same numerical class.

Proof. By Lemma 6.1, we may assume that r0 = 1. Since D(r−1, r0) = d−2, either
r−1 = 1 or r−1 = d − 1. If r−1 = 1, we are done with the first part of the result,
so suppose r−1 = d− 1. Then r1 = dr0 − r−1 = 1, so, after shifting again, we may
assume that r−1 = r0 = 1, and the first assertion follows.

To prove the second assertion, suppose E , E ′ both have negative limit slope in
the indicated range and d-dimensional consecutive Hom spaces. By our negative
limit slope assumption and Remark 3.4, D(r−1, r0) = D(r′−1, r

′
0) = d− 2. Thus, by

Proposition 6.5(1), E ′ is in the same numerical class as either E or E∗. However,
Proposition 6.5(3), shows that E , E∗ are in the same numerical class so we are
done. □

The y = 2 case is the following.

Proposition 6.7. Fix an integer d > 2. Let

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 be

relatively prime vectors such that D(r−1, r0) = 2d − 5 and d =

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣. Then(
r−1

r0

)
= An

(
2
1

)
or An

(
d− 2
1

)
for some n ∈ Z.

Let θ ∈ Q − d
2(2d−5)

√
d2 − 4. If d ̸= 5, then all helices E with d-dimensional

consecutive Hom spaces and negative limit slope θ are in the same numerical class.
For d = 5, there are no helices unless the negative limit slope θ ∈ Z+ 1

2 − 1
2

√
21 in

which case there are two distinct numerical classes.

Proof. The proof of the first assertion follows the same argument as that for Propo-
sition 6.6. To prove the second assertion, let θ′ ∈ Q − d

2(2d−5)

√
d2 − 4, and sup-

pose E ′, denotes a two-periodic elliptic helix with negative limit slope θ′. Then
D(r′−1, r

′
0) = 2d − 5. On the other hand, consider the two-periodic elliptic helix

E with

(
r−1

r0

)
=

(
2
1

)
,

(
d−1

d0

)
=

(
−d
0

)
. Note that D(2, 1) = 2d − 5 and that∣∣∣∣2 −d

1 0

∣∣∣∣ = d. Then, by Proposition 6.5(1), E ′ is in the same numerical class as

either E or E∗. Therefore, it suffices to show that if d ̸= 5, then the negative limit
slope of E , θ, isn’t the negative limit slope of some twist of E∗, while if d = 5, E and
E∗ have the same negative limit slope, up to twisting, so that the assertion follows
from the first part and Proposition 6.5(3).

To prove the claim above, we use Proposition 6.5(2) to check when θ ∈ 1
2Z −

d
2D

√
d2 − 4. From Equation (3-11), the rational part of θ(d−1, d0, r−1, r0) is− 4d−d2

2(2d−5)

so we must solve for the condition 2d− 5|4d− d2. Now by Propostion 6.2, we must
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have d odd so we write d = 2d̄+ 1 and consider the divisibility condition

4d̄− 3
∣∣∣ 4d̄2 − 4d̄− 3.

Using the division algorithm, this is equivalent to 4d̄− 3|d̄+3 from which it is easy
to conclude that the only solutions are d̄ = 1, 2 giving d = 3, 5. The case d = 3 is

actually already covered in Proposition 6.6 since then

(
d− 2
1

)
=

(
1
1

)
. □

Example 6.8. For an explicit example, the case d = 5, θ = 1
2 − 1

2

√
21 can be

obtained from helices with numerical seeds

(
r−1

r0

)
=

(
2
1

)
,

(
d−1

d0

)
=

(
−3
1

)
or(

r−1

r0

)
=

(
3
1

)
,

(
d−1

d0

)
=

(
−5
0

)
. They are not in the same numerical class.

The y = 3 case is the following.

Proposition 6.9. Fix an integer d ≥ 4. Let

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 be

relatively prime vectors such that D(r−1, r0) = 3d− 10 and d =

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣. Then(
r−1

r0

)
= An

(
3
1

)
or An

(
d− 3
1

)
for some n ∈ Z.

Let θ ∈ Q − d
2(3d−10)

√
d2 − 4. If d ̸= 5, 10, then all two-periodic elliptic helices

E with d-dimensional consecutive Hom spaces and negative limit slope θ are in the
same numerical class. For d = 10, there are no two-periodic elliptic helices unless
the negative limit slope θ ∈ Z−

√
6 in which case there are two numerical classes.

The case d = 5 is covered in Proposition 6.7.

Proof. The proof of the first assertion is similar to the proof of the first assertion
in Proposition 6.6. For the second assertion, we repeat the proof used in Propo-

sition 6.7 using this time the vectors

(
r−1

r0

)
=

(
3
1

)
,

(
d−1

d0

)
=

(
−d
0

)
. Also, d is

coprime to 3 so we write d = 3d̄+ b where b = 1 or 2. The condition that the ratio-
nal part of θ(d−1, d0, r−1, r0) is half an integer corresponds now to the divisibility
condition

9d̄+ 3b− 10
∣∣∣ 9d̄2 + (6b− 18)d̄+ b2 − 6b.

Examining cases b = 1, 2 one readily arrives at the unique solutions d = 4, 5, 10.
The solution d = 4 is covered by Proposition 6.6, the solution d = 5 is covered by
Proposition 6.7 leaving the only new case d = 10. □

Example 6.10. For an explicit example, the case d = 10, θ = −
√
6 can be obtained

from helices with numerical seeds

(
r−1

r0

)
=

(
3
1

)
,

(
d−1

d0

)
=

(
−7
1

)
or

(
r−1

r0

)
=(

7
1

)
,

(
d−1

d0

)
=

(
−17
−1

)
. They are not in the same numerical class.

The y = 4 case is the following.
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Proposition 6.11. Fix an integer d ≥ 5. Let

(
r−1

r0

)
∈ Z2

>0,

(
d−1

d0

)
∈ Z2 be

relatively prime vectors such that D(r−1, r0) = 4d− 17 and d =

∣∣∣∣r−1 d−1

r0 d0

∣∣∣∣. Then(
r−1

r0

)
= An

(
4
1

)
of An

(
d− 4
1

)
for some n ∈ Z.

In particular, all helices with d-dimensional consecutive Hom spaces and neg-
ative limit slope θ ∈ Q − d

2(4d−17)

√
d2 − 4 are in the same numerical class un-

less d = 17. If d = 17, then there are two numerical equivalence classes for
θ ∈ Z− d

2(4d−17)

√
d2 − 4.

Proof. We again repeat the proof used in Proposition 6.7 using this time the vec-

tors

(
r−1

r0

)
=

(
4
1

)
,

(
d−1

d0

)
=

(
−d
0

)
. We determine when θ(d−1, d0, r−1, r0) has

rational part half an integer. Since d must be odd, we may write d = 4d̄+ b where
b = 1 or 3. The required divisibility condition now is

16d̄+ 4b− 17
∣∣∣16d̄2 + (8b− 32)d̄+ b2 − 8b.

Using the division algorithm, this is equivalent to

(6-7) 16d̄+ 4b− 17
∣∣∣(4b+ 1)d̄+ b2 − 4b− 17.

Suppose first that b = 1. Then we must have 16d̄−13
∣∣∣5d̄−20. In particular, either

5d̄− 20 = 0 which corresponds to d = 17, or we have the inequality

(6-8) |16d̄− 13| ≤ |5d̄− 20|.

Solving this gives d̄ ≤ 11
7 . For such d̄, 16d̄− 13

∣∣∣5d̄− 20 only when d̄ = 1 giving the

solution d = 5 which is already covered in Proposition 6.6. Note that when d = 17,
the rational part of θ(d−1, d0, r−1, r0) is integral.

Suppose now that b = 3 so that Equation (6-7) becomes 16d̄−5
∣∣∣13d̄−20. Again

we have an inequality, this time

(6-9) |16d̄− 5| ≤ |13d̄− 20|.
Solving gives d̄ ≤ 25

29 so there are no solutions with d ≥ 5. □

Example 6.12. We now consider the case d = 5 and θ = 23
10 − 1

30

√
21. In this

case, D = 75, so D ̸= d − 2, 2d − 5, 3d − 10, 4d − 17. In particular, our previous

analysis cannot be used. We let

(
r−1

r0

)
=

(
4
7

)
,

(
d−1

d0

)
=

(
9
17

)
, or

(
r−1

r0

)
=

(
5
5

)
,(

d−1

d0

)
=

(
11
12

)
. Since, in the second case, 5|ri for all i, corresponding two-periodic

elliptic helices are not in the same numerical class.

7. Double covers of noncommutative projective lines by
noncommuative elliptic curves

Modulo the automorphism group PGL2 of P1, the finite 2-to-1 morphisms from
X to P1 are given by the complete linear systems of a degree two line bundle
(Proposition 1.1(2)), and the automorphism group of X acts transitively on these
(Proposition 1.1(3)). The goal of this subsection is to investigate the corresponding
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noncommutative story where we replace X with Cθ and P1 with Piontkovski’s
noncommutative line P1

d.

7.1. Basic notions from noncommutative algebraic geometry. Recall that
a Z-algebra over k is a ring A with decomposition A = ⊕i,j∈ZAij such that

• Aij are vector spaces over k,
• multiplication is induced by associative multiplication maps

Aij ⊗k Ajl → Ajl

(multiplication AijAkl = 0 if j ̸= k), and
• each Aii contains a unit element ei satisfying the usual unit axiom.

See [16] for more information about Z-algebras. If A is a Z-algebra, we let GrA
denote the category of graded right A-modules. If, in addition, A is coherent, we
may define an abelian category

projA := cohA/torsA

where cohA denotes the full subcategory of graded right A-modules consisting of
coherent modules and torsA is the full subcategory of A consisting of right-bounded
modules [14]. In addition, we let π : cohA → projA denote the quotient functor.

If E is a sequence of objects in C, then we let BE denote the Z-algebra with i, j-
component Hom(E−j , E−i) and product induced by composition, and we let Snc(E)
is the quadratic part of BE (see [5, Definition 2.1, 2.2]). We let

ΓE : C −→ GrBE

denote the functor
⊕

i≥0 Hom(E−i,−), where components of the image in degrees

less than 0 are just 0 modules. Recall that, by [14, Proposition 2.3], if E is ample,
and X is an object of C, then ΓE(X) is a coherent module.

7.2. The Eilenberg-Watts Theorem for Z-algebras. The goal of this section is
to prove a version of the Eilenberg-Watts Theorem for Z-algebras (Proposition 7.7).
This result will be used to compute the automorphism group of noncommutative
projective lines (Proposition 7.10), and to classify double covers (Proposition 7.12).

As the classical Eilenberg-Watts theorem characterizes those functors which are
tensoring with a bimodule, we will need to first specify the notion of bimodule we
will be using. Below, given a finite dimensional vector space V and object F ∈ C,
we let V ⊗k F be the object in C which represents the covariant functor V ∗ ⊗k

HomC(F ,−) ≃ Homk(V,HomC(F ,−)). For v ∈ V and ϕ ∈ Homk(V,HomC(F ,G)),
we use the notation ϕ(v) : v ⊗F → G.

Definition 7.1. An (A,C)-bimodule is a collection of objects F• = {Fi}i∈Z in C and
morphisms µij : Aij ⊗k Fj → Fi for i, j ∈ Z satisfying the usual module axioms.

Example 7.2. Given a k-linear functor F : coh(A) → C we obtain the (A,C)-
bimodule, F (A)• := {F (eiA)}. Indeed, given a ∈ Aij , if ma : ejA → eiA denotes
left multiplication by a, then F (a) : F (ejA) → F (eiA) gives the A-module struc-
ture.

Suppose now thatA is coherent and F• is an (A,C)-bimodule. GivenM ∈ coh(A)
we wish to define M ⊗A F• ∈ C. If C has countably infinite direct sums then we
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can define

(7-1) M ⊗A F• :=

(⊕
i

Mi ⊗k Fi

)/
Ω ∈ C

where Ω is the sum of the images of the maps

(7-2) ρij := mij ⊗ 1− 1⊗ µij : Mi ⊗Aij ⊗Fj → Mj ⊗Fj ⊕Mi ⊗Fi

andmij denotes module multiplication inM . If C does not have infinite direct sums,
then we need to revert back to the universal property implied by Equations (7-1)
and (7-2) as follows.

Definition 7.3. We define M ⊗A F• to be the object in C that is universal with
respect to the following property.

(1) There are morphisms ιj : Mj ⊗k Fj → M ⊗A F• for all j ∈ Z such that
(2) the composite morphisms

Mi ⊗Aij ⊗Fj
ρij−−→ Mj ⊗Fj ⊕Mi ⊗Fi

(ιj −ιi)−−−−−→ M ⊗A F•

are all zero.

Example 7.4. One readily checks that eiA⊗A F• ≃ Fi with defining morphisms
ιj = µij : eiAej ⊗k Fj → Fi.

To show existence of M ⊗A F• more generally, we give an explicit construction
as follows. Note that M is coherent so there is a finite presentation

(7-3)
⊕
s

ejsA
Φ−→
⊕
r

eirA → M → 0

where Φ is viewed as a matrix with entries in A. We may thus define

(7-4) M⊗AF• := coker

(⊕
s

Fjs
Φ−→
⊕
r

Fir

)
which we shall show is M ⊗A F•.

Proposition 7.5. We have M⊗AF• ≃ M ⊗A F•

Proof. We check the universal property for M⊗AF•. We first construct

ιl : Ml ⊗k Fl → M⊗AF•

as follows. Note first that

Ml =

⊕
r eirAel

Φ(
⊕

s ejsAel)

Now multiplication, as in Example 7.4 defines a morphism

ι′l :
⊕
r

eirAel ⊗Fl →
⊕
r

Fir → M⊗AF•.

By definition of M⊗AF•, this factors through the quotient Ml ⊗Fl to give ιl. The
A-module compatibility conditions in Definition 7.3(2) holds since it holds in ι′l.

It remains only to show that M⊗AF• is universal so suppose there is another
object G ∈ C equipped with morphisms ωl : Ml ⊗k Fl → G satisfying the compat-
ibility condition in Definition 7.3(2). The ωir and (7-3) can be used to define a
morphism

⊕
r Fir → G and the compatibility condition ensures it factors through

M⊗AF• as desired. □
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Proposition 7.6. We have a right exact k-linear functor (−)⊗AF• : coh(A) → C.

Proof. Universality defines the k-linear functor so we prove right exactness. Given
any exact sequence

M∗ : 0 → M ′ → M → M ′′ → 0

of coherent A-modules, we can find a Cartan-Eilenberg resolution P ∗
1 → P ∗

0 →
M∗ → 0. Note that the P ∗

i ⊗A F• are still split exact. Hence right exactness
follows from Proposition 7.5 and right exactness of cokernels. □

We have our first version of the Eilenberg-Watts theorem.

Proposition 7.7. Let F : coh(A) → C be a right exact functor. Then F is naturally
isomorphic to (−)⊗A F (A)• where F (A)• is the (A,C)-bimodule in Example 7.2.

Proof. We first construct the morphism ηM : M ⊗A F (A)• → F (M) for any M ∈
coh(A) by using the universal property as follows. We define χl : Ml ⊗ F (elA) →
F (M) to be m ⊗ F (elA)

F (λm)−−−−→ F (M) for any m ∈ Ml where λm : elA → M is
left multiplication by m. Checking the compatibility condition in Definition 7.3(2)
ensures this induces the morphism ηM . The naturality of η follows from the uni-
versal property. To show that ηM is an isomorphism, first observe that it is an
isomorphism for M = eiA and then apply the right exact functor F to (7-3) to
identify F (M) with M⊗AF (A)•. The result now follows from Proposition 7.5. □

Corollary 7.8. Let A be the Z-algebra associated to some ample sequence so in
particular, A is coherent. Let F : proj(A) → C be a right exact functor. Then
(−) ⊗A F (πA)• induces a functor on proj(A) and there is a natural isomorphism
η : (−)⊗AF (πA)• → F . Here F (πA)• is the (A,C)-bimodule of Example 7.2 applied
to the functor F ′ := F ◦ π.

Proof. Note first that the composite functor F ′ : coh(A)
π−→ proj(A)

F−→ C is right
exact so by Proposition 7.7,there is a natural isomorphism η′ : (−) ⊗A F ′(A)• →
F ′. Since F ′ maps morphisms with torsion kernel and cokernel to isomorphisms,
the same is true of (−) ⊗A F ′(A)• so it follows readily that η′ induces a natural
isomorphism η : (−)⊗A F (πA)• → F . □

7.3. Functors preserving exactness of Euler sequences. Given objects F ,G ∈
C, recall that we have two universal morphisms

ιuniv : F → ∗ Hom(F ,G)⊗ G, πuniv : Hom(F ,G)⊗F → G.

Universality for ιuniv means that given a finite dimensional vector space V and
morphism ι : F → V ⊗kG, then there exists a unique linear map λι :

∗ Hom(F ,G) →
V such that ι = (λι ⊗ idG) ◦ ιuniv. Universality for πuniv is dual, any morphism
π : V ⊗F → G factors uniquely as πuniv ◦ (ρπ ⊗ idF ) for some linear ρπ.

Proposition 7.9. Suppose V is a finite dimensional vector space, O0,O1,O2 ∈ C
and

(7-5) 0 → O0
ι−→ V ⊗O1

π−→ O2 → 0

is an exact sequence in C.

(1) Then ι is determined, up to Aut(O0), by π, and π is determined, up to
Aut(O2), by ι.
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(2) Suppose D is a k-linear, Hom-finite abelian category and F : C → D is
a k-linear functor which preserves exactness of (7-5). If π is universal
(so V ≃ Hom(O1,O2)) then FO1,O2 : Hom(O1,O2) → Hom(FO1, FO2) is
completely determined, up to Aut(FO2), by the map FO0,O1

: Hom(O0,O1) →
Hom(FO0, FO1). Dually, if ι is universal, then FO0,O1

is completely de-
termined, up to Aut(FO0), by FO1,O2

.

Proof. Part (1) is clear so we prove (2) and suppose that π is universal, the case ι
universal being dual. By assumption we have an exact sequence

0 → FO0
Fι−→ V ⊗ FO1

Fπ−−→ FO2 → 0.

First note that we have a commutative diagram

V
ρπ //

ρFπ &&

Hom(O1,O2)

FO1,O2

��
Hom(FO1, FO2)

Now ρπ is an isomorphism so FO1,O2 is completely determined by Fπ, which, by
part (1), is in turn completely, determined, up to Aut(FO2) by Fι. Now Fι is
completely determined by FO0,O1

. □

7.4. The space P1
d and its automorphism group. Before we classify k-linear

autoequivalences of P1
d, it will be convenient to review the construction and basic

properties of this space. Recall that, in [13], Piontkovski proves that a Z-graded
k-algebra

A = k⟨x1, . . . , xd⟩/(Σd
i=1xiσ(xd−i))

where σ is a graded automorphism of the free algebra, is graded coherent. Pio-
ntkovski defines P1

d as the quotient of the category of graded coherent modules over
A modulo the full subcategory of finite-dimensional modules.

Since A is Z-graded, the category of graded right A-modules has a graded shift
functor, which descends to a functor [−] in P1

d. By [11, Section 8], the sequence
Li := π(A[i]), is ample for P1

d, so that there is an equivalence between P1
d and

projSnc(L). Finally, by [5, Proposition 3.6(1)], Snc(L) ∼= Snc(Hom(L−1,L0)), where,
for a finite dimensional vector space V , Snc(V ) denotes M. Van den Bergh’s non-
commutative symmetric algebra [17]. Since Hom(L−1,L0) ∼= A1, fixing a basis for
Hom(L−1,L0) induces an isomorphism Snc(Hom(L−1,L0)) −→ Snc(kd). Putting
these maps together gives us an equivalence

projSnc(kd) −→ P1
d.

We will often write S for Snc(kd).
For i ∈ Z, we let O(i) denote the object πe−iS ∼= Li, and we abuse notation

by writing O for O(0). In particular, the sequence (O(i))i∈Z is an ample helix for
projS. The “helices” are the Euler exact sequences

(7-6) 0 → O(i) → kd ⊗k O(i+ 1) → O(i+ 2) → 0

for i ∈ Z. The morphisms in this helix are universal so that Proposition 7.9(2)
applies.
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Proposition 7.10. The group of k-linear auto-equivalences of projS is isomorphic
to Z× PGLd. The factor Z is generated by graded shifts whilst PGLd corresponds
to automorphisms of kd.

Proof. It is clear that the automorphism group of projS contains the copy of
Z × PGLd described above so it suffices to show that every auto-equivalence F
is generated by graded shifts and automorphisms of kd. By Corollary 7.8, we know
that F is naturally isomorphic to (−) ⊗S FO(•) where FO(•) is the (S, proj(S))-
bimodule {FO(−i)} with scalar multiplication by Sij = Hom(O(−j),O(−i)) de-
fined by

FO(−j),O(−i) : Hom(O(−j),O(−i)) → Hom(FO(−j), FO(−i))

Our first goal is to show that F can only shift the sequence {O(i)|i ∈ Z} in
the sense that there is some m ∈ Z such that FO(i) ≃ O(i + m) for all i ∈ Z.
We need to recall some facts from [4]. Let F be the full subcategory of projS of
objects isomorphic to direct sums of the O(i). Then there is a torsion theory (T,F)
where T consists of torsion sheaves by [4, Corollary 5.5]. Furthermore, both F,T
are stable under the Serre functor ⊗ω and in fact we have O(i) ⊗ ω ≃ O(i − 2).
Thus the O(i) can be characterised as those indecomposable sheaves F for which
(F ⊗ωn)n∈Z is an ample sequence. This proves that F must permute the O(i) and
computing Hom spaces, one sees that F can only shift them.

We may thus shift and assume that there are isomorphisms ηi : FO(i)
∼−→ O(i)

for all i. Now F induces an automorphism Φ of Hom(O(−1),O), i.e. an element of
GLd. The Euler exact sequences (7-6) mean that we can apply Proposition 7.9 and
conclude that, up to adjusting the ηi, Φ determines all the FO(−j−1),O(−j) for all j.
Now S is generated in degree 1 so the isomorphism class of the (S, proj(S))-bimodule
FO(•) is now completely determined by Φ, so that the result follows from Corollary
7.8. □

Remark 7.11. Unfortunately, we have not been able to compute the automorphism
group of the noncommutative elliptic curve Cθ. We do know quite a bit because
Polischchuk has classified the automorphism group of Db(X). To understand his re-
sult, we recall that the degree and rank map give a surjective group homomorphism
K0(X) → Z2. There is thus a group homomorphism Ψ: AutDb(X) → SL2(Z).
By [15, Theorem 1.2], the kernel of this map is generated by automorphisms of the
genus one curve X (as an algebraic variety as opposed to a group variety), tensoring
by degree 0 line bundles and cohomological shifts in even degree. Automorphisms
in this kernel of course also restrict to automorphisms of Cθ. The image of Aut Cθ

under Ψ should be the stabilizer AutCθ in SL2(Z) of the half-plane where the slope
is > θ. Identifying AutCθ explicitly appears to be a number-theoretic problem we
have not solved.

7.5. Double covers from two-periodic elliptic helices. Now suppose E is a
two-periodic elliptic helix with

dimHom(E−1, E0) = d > 2.

Let θ equal the negative limit slope of E . By [5, Corollary 3.7], E induces a map of
Z-algebras

fE : Snc(E) → BE ,
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The functor fE induces a restriction of scalars functor

fE∗ : cohBE −→ cohSnc(E),
and by [7, Corollaire 2, p. 368], fE∗ descends to a functor

projBE → projSnc(E).
In what follows, we will abuse notation by writing fE∗ for the functor between
quotient categories.

On the other hand, since E is ample for Cθ by Proposition 4.3, the composition
of the first two functors in

Cθ ΓE−→ cohBE
π−→ projBE

fE∗−→ projSnc(E)
is an equivalence. We denote the triple composition by FE , and, as in the proof of
[5, Theorem 1.1], FE is a double cover in a suitable sense (see [5, Corollary 5.8]).
We further remark that, by [5, Proposition 3.6(1)] and Remark 2.4(3), Snc(E) ∼=
Snc(Hom(E−1, E0)). Since fixing a basis for Hom(E−1, E0) yields an equivalence
projSnc(Hom(E−1, E0)) −→ projSnc(kd), and since, as we will see below, projSnc(kd)
is equivalent to P1

d, we will sometimes abuse notation by writing our double cover
as

(7-7) FE : Cθ −→ P1
d

7.6. Comparison of double covers. In this section, we prove our noncommuta-
tive version of [8, Chapter IV, Lemma 4.4] classifying g12 ’s.

We first consider the effect of composing the double cover morphism FE with

automorphisms of P1
d and Cθ. This is best approached using the adjoint f∗

E to fE∗
as recalled in the following result.

Proposition 7.12. The internal tensor functor −⊗SBE induces a left adjoint

f∗
E : projS → projBE

to fE∗. In particular, FE has a left adjoint, say GE and GEO(i) ∼= Ei. The functor
GE is determined, up to natural isomorphism by the isomorphism classes of the

objects Ei and the isomorphism ϕ : kd ≃ Hom(E−1, E0) up to scalar.

Proof. The existence and description of the left adjoint of fE∗ is [6, Theorem 4.10].

Applying the inverse to the natural isomorphism π ◦ΓE : C
θ → projBE to BE shows

that GEO(i) ∼= Ei and in fact, GE is naturally isomorphic to (−)⊗S E where E is an

(S,Cθ)-bimodule in the obvious way. It remains only to show that the isomorphism
class of the (S,Cθ)-bimodule E is determined by the isomorphism classes of the
Ei and ϕ. By (7-6) and Remark 2.4(3), Proposition 7.9 applies to GE so that we
can follow the proof of Proposition 7.10. More precisely, ϕ determines the module
action of S01 on E and by Proposition 7.9 and induction, this also determines the
module action of all Si,i+1. Since S is generated in degree 1, we are done. □

Remark 7.13. It follows from Proposition 7.12 that if E and E ′ are two-periodic
elliptic helices which are not in the same numerical class, then the functors FE and
FE′ are not isomorphic.

Proposition 7.12 allows us to track what happens to FE when you compose with

automorphisms of P1
d and Cθ. We omit the proof of the following result which is a

corollary of Proposition 7.12 or more precisely, its proof.
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Corollary 7.14. Let (−)[n] be the graded shift by n functor on cohP1
d. Then the

composite functor (FE(−))[n] is naturally isomorphic to the functor FE′ where E ′

is the shifted helix defined by E ′
i = Ei−n.

We now turn to composing with automorphisms of Cθ. The result of relevance
for us is the following, which generalizes [8, Chapter IV, Lemma 4.4].

Proposition 7.15. Let E ,F be two-periodic helices such that deg Ei = degFi =:
di, rk Ei = rkFi =: ri for i = −1, 0 (and hence all i ∈ Z). Then there is an
auto-equivalence F of Cθ such that FE ◦F is naturally isomorphic to FF (for some
appropriate isomorphism Hom(E−1, E0) ≃ Hom(F−1,F0)).

Proof. From Proposition 7.12, it suffices to find an auto-equivalence G of Cθ such
that GEi ≃ Fi for i = −1, 0 (and hence by the helix property, all i ∈ Z). Given that
Ei of rank ri, its isomorphism class is determined completely by the isomorphism
class of the determinant bundle det Ei. Now if G is given by tensoring with the
degree 0 line bundle L then det(GEi) ≃ L⊗ri ⊗det(Ei). If G corresponds to pulling
back by some translation on the elliptic curve, then det(GEi) ≃ N⊗di ⊗ det(Ei)
where N is the degree 0 line bundle corresponding to that translation. It thus
suffices to show that for arbitrary degree 0 line bundles L−1,L0, we can find L,N
such that

L⊗r−1 ⊗N⊗d−1 ≃ L−1, L⊗r0 ⊗N⊗d0 ≃ L0.

In other words, we need to show that the morphism of abelian varieties E × E →
E × E given by the matrix Φ :=

(
r−1 d−1

r0 d0

)
is surjective. Pre-composing with the

adjoint matrix gives the morphism E × E → E × E corresponding to the matrix
ΦAdj(Φ) =

(
d 0
0 d

)
which is surjective since the multiplication by d map on E is. It

follows that Φ is also surjective as desired. □
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